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PREFACE 



By enrolling in this self-study course, you have demonstrated a desire to improve yourself and the Navy. 
Remember, however, this self-study course is only one part of the total Navy training program. Practical 
experience, schools, selected reading, and your desire to succeed are also necessary to successfully round 
out a fully meaningful training program. 

COURSE OVERVIEW: The objective of this course is to enable the student to identify and perform 
calculations involving the equations to the various conic sections; recognize and work with concepts in 
calculus (limits, differentiation, and integration); and recognize the elements of introductory probability 
theory. 

THE COURSE: This self-study course is organized into subject matter areas, each containing learning 
objectives to help you determine what you should learn along with text and illustrations to help you 
understand the information. The subject matter reflects day-to-day requirements and experiences of 
personnel in the rating or skill area. It also reflects guidance provided by Enlisted Community Managers 
(ECMs) and other senior personnel, technical references, instructions, etc., and either the occupational or 
naval standards, which are listed in the Manual of Navy Enlisted Manpower Personnel Classifications 
and Occupational Standards, NAVPERS 18068. 

THE QUESTIONS: The questions that appear in this course are designed to help you understand the 
material in the text. 

VALUE: In completing this course, you will improve your military and professional knowledge. 
Importantly, it can also help you study for the Navy-wide advancement in rate examination. If you are 
studying and discover a reference in the text to another publication for further information, look it up. 
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INSTRUCTIONS FOR TAKING THE COURSE 



ASSIGNMENTS 

The text pages that you are to study are listed at 
the beginning of each assignment. Study these 
pages carefully before attempting to answer the 
questions. Pay close attention to tables and 
illustrations and read the learning objectives. 
The learning objectives state what you should be 
able to do after studying the material. Answering 
the questions correctly helps you accomplish the 
objectives. 

SELECTING YOUR ANSWERS 

Read each question carefully, then select the 
BEST answer. You may refer freely to the text. 
The answers must be the result of your own 
work and decisions. You are prohibited from 
referring to or copying the answers of others and 
from giving answers to anyone else taking the 
course. 

SUBMITTING YOUR ASSIGNMENTS 

To have your assignments graded, you must be 
enrolled in the course with the Nonresident 
Training Course Administration Branch at the 
Naval Education and Training Professional 
Development and Technology Center 
(NETPDTC). Following enrollment, there are 
two ways of having your assignments graded: 
(1) use the Internet to submit your assignments 
as you complete them, or (2) send all the 
assignments at one time by mail to NETPDTC. 

Grading on the Internet: Advantages to 
Internet grading are: 

• you may submit your answers as soon as 
you complete an assignment, and 

• you get your results faster; usually by the 
next working day (approximately 24 hours). 

In addition to receiving grade results for each 
assignment, you will receive course completion 
confirmation once you have completed all the 



assignments. To submit your assignment 
answers via the Internet, go to: 

http ://courses.cnet.na vy.mil 

Grading by Mail: When you submit answer 
sheets by mail, send all of your assignments at 
one time. Do NOT submit individual answer 
sheets for grading. Mail all of your assignments 
in an envelope, which you either provide 
yourself or obtain from your nearest Educational 
Services Officer (ESO). Submit answer sheets 
to: 

COMMANDING OFFICER 
NETPDTC N331 
6490 SAUFLEY FIELD ROAD 
PENSACOLA FL 32559-5000 

Answer Sheets: All courses include one 
"scannable" answer sheet for each assignment. 
These answer sheets are preprinted with your 
SSN, name, assignment number, and course 
number. Explanations for completing the answer 
sheets are on the answer sheet. 

Do not use answer sheet reproductions: Use 

only the original answer sheets that we 
provide — reproductions will not work with our 
scanning equipment and cannot be processed. 

Follow the instructions for marking your 
answers on the answer sheet. Be sure that blocks 
1, 2, and 3 are filled in correctly. This 
information is necessary for your course to be 
properly processed and for you to receive credit 
for your work. 

COMPLETION TIME 

Courses must be completed within 12 months 
from the date of enrollment. This includes time 
required to resubmit failed assignments. 
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PASS/FAIL ASSIGNMENT PROCEDURES 

If your overall course score is 3.2 or higher, you 
will pass the course and will not be required to 
resubmit assignments. Once your assignments 
have been graded you will receive course 
completion confirmation. 

If you receive less than a 3.2 on any assignment 
and your overall course score is below 3.2, you 
will be given the opportunity to resubmit failed 
assignments. You may resubmit failed 
assignments only once. Internet students will 
receive notification when they have failed an 
assignment-they may then resubmit failed 
assignments on the web site. Internet students 
may view and print results for failed 
assignments from the web site. Students who 
submit by mail will receive a failing result letter 
and a new answer sheet for resubmission of each 
failed assignment. 

COMPLETION CONFIRMATION 

After successfully completing this course, you 
will receive a letter of completion. 

ERRATA 

Errata are used to correct minor errors or delete 
obsolete information in a course. Errata may 
also be used to provide instructions to the 
student. If a course has an errata, it will be 
included as the first page(s) after the front cover. 
Errata for all courses can be accessed and 
viewed/downloaded at: 

http://www.advancement.cnet.navy.mil 

STUDENT FEEDBACK QUESTIONS 

We value your suggestions, questions, and 
criticisms on our courses. If you would like to 
communicate with us regarding this course, we 
encourage you, if possible, to use e-mail. If you 
write or fax, please use a copy of the Student 
Comment form that follows this page. 



For subject matter questions: 

E-mail: n3222.products@cnet.navy.mil 
Phone: Comm: (850) 452-1001, Ext. 1520 
or 1518 

DSN: 922-1001, Ext. 1520 or 1518 
FAX: (850)452-1694 
(Do not fax answer sheets.) 
Address: COMMANDING OFFICER 
NETPDTC N3222 
6490 SAUFLEY FIELD ROAD 
PENSACOLA FL 32509-5237 
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(Do not fax answer sheets.) 

Address: COMMANDING OFFICER 
NETPDTC N331 
6490 SAUFLEY FIELD ROAD 
PENSACOLA FL 32559-5000 

NAVAL RESERVE RETIREMENT CREDIT 

If you are a member of the Naval Reserve, you 
may earn retirement points for successfully 
completing this course, if authorized under 
current directives governing retirement of Naval 
Reserve personnel. For Naval Reserve retire- 
ment, this course is evaluated at 12 points. 
(Refer to Administrative Procedures for Naval 
Reservists on Inactive Duty, BUPERSINST 
1001.39, for more information about retirement 
points.) 
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CHAPTER 1 

STRAIGHT LINES 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Calculate the distance between two points. 

2. Locate a point by dividing a line segment. 

3. Define the inclination of a line and determine the line's slope. 

4. Solve for the slopes of parallel and perpendicular lines. 

5. Compute the angle between two lines. 

6. Determine the equation of a straight line using the point-slope 
form, the slope-intercept form, and the normal form. 

7. Determine the equations of parallel and perpendicular lines. 

8. Calculate the distance from a point to a line. 



INTRODUCTION 

The study of straight lines provides an excellent introduction 
to analytic geometry. As its name implies, this branch of 
mathematics is concerned with geometrical relationships . 
However, in contrast to plane and solid geometry, the study of 
these relationships in analytic geometry is accomplished by 
algebraic analysis. 

The invention of the rectangular coordinate system made 
algebraic analysis of geometrical relationships possible. Rene 
Descartes, a French mathematician, is credited with this inven- 
tion; the coordinate system is often designated as the Cartesian 
coordinate system in his honor. 
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You should recall our study of the rectangular coordinate 
system in Mathematics, Volume 1, NAVEDTRA 10069-D1, in 
which we reviewed the following definitions and terms: 

1 . The values of x along, or parallel to, the X axis 
are abscissas. They are positive if measured to the right 
of the origin; they are negative if measured to the left 
of the origin. (See fig. 1-1.) 

2. The values of y along, or parallel to, the Y axis 
are ordinates. They are positive if measured above the 
origin; they are negative if measured below the origin. 

3. The abscissa and ordinate of a point are its 
coordinates. 

Any point on the coordinate system is designated by 
naming its abscissa and ordinate. For example, the 
abscissa of point P (fig. 1-1) is 3 and the ordinate is 
- 2. Therefore, the symbolic notation for P is 

P(3,-2) 

In using this symbol to designate a point, the abscissa is always 
written first, followed by a comma. The ordinate is written last. 
The general form of the symbol is 

P(x,y) 



-3 -2 



+ X 
3 



-■-2 



• P(3,-2) 



+ -3 



Figure 1-1 . — Rectangular coordinate 

system. 



DISTANCE BETWEEN TWO POINTS 



The distance between two points, Pi and P 2 , can 
be expresssed in terms of their coordinates by using 
the Pythagorean theorem. From your study of 
Mathematics, Volume 1 , you should recall that this 
theorem is stated as follows: 

In a right triangle, the square of the length of the 
hypotenuse (longest side) is equal to the sum of the 
squares of the lengths of the other two sides. 

Let the coordinates of P, be (x ly yi) and let those 
of P 2 be (x 2 ,y 2 ), as shown in figure 1-2. By the 
Pythagorean theorem, 
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d = V (P,N) 2 + (iW 



Figure 1-2.— Distance between two points. 
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where PiN represents the distance between x t and x 2) P 2 N 
represents the distance between y x and y 2 , and d represents the 
distance from P, to P 2 . We can express the length of P X N in terms 
of Xi and x 2 and the length of P?N in terms of y x and y 2 as follows: 



= V (x 2 - x,) 2 + (y 2 - ytf 

Although we have demonstrated the formula for the first quadrant 
only, it can be proven for all quadrants and all pairs of points. 

EXAMPLE: In figure 1-2, x, = 2, x 2 = 6, y t = 2, andj> 2 =5. 
Find the length of d. 

SOLUTION: 



d = V (6 - 2) 2 + (5 - 2) 2 Step (1) 



= V4 2 + 3 2 (2) 



= V 16 + 9 (3) 

= \f25 (4) 

= 5 (5) 

This result could have been foreseen by observing that triangle 
PiNP 2 is a 3-4-5 triangle. 

EXAMPLE: Find the distance between P, (4,6) and P 2 (10,4). 



SOLUTION: 



d = \/ (10 - 4) 2 + (4 - 6) 2 Step (1) 



= V36 + 4 (2) 

= n/40 (3) 

= V (4) (10) (4) 

= 2^ (5) 



DIVISION OF A LINE SEGMENT 

Many times you may need to find the coordinates of a point 
that is some known fraction of the distance between P t and P 2 . 
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In figure 1-3, P is a point lying on the line 
joining Pi and P 2 so that 



PiP 
PiPi 



= k 



If P should lie 1/4 of the way between Pi and P 2 , 
then k would equal 1/4. 

Triangles P X MP and P\NP 2 are similar. 
Therefore, 




PM _ P X P 
PxN PiP 2 



Figure 1-3. — Division of a 



Since is the ratio that defines k, then 



PM 

PiN 



= k 



Therefore, 



PM = k(P,N) 



Refer again to figure 1-3 and observe that PiN is equal to 
Likewise, Pi A/ is equal to x - JCi. When you replace P X M 
and PjTVwith their equivalents in terms of x, the preceding equa- 
tion becomes 



x — X\ — k{x 2 — X\) 



Step (1) 



x — X\ + k{x 2 ~ X\) 



(2) 



By similar reasoning, 



y = )>\ + k(y 2 - yi) 



The x and y found as a result of the foregoing discussion are 
the coordinates of the desired point, whose distances from Pi and 
P 2 are determined by the value of k. 



EXAMPLE: Find the coordinates of a point 1/4 of the way 
from Pi (2,3) to P 2 (4,l). 
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SOL UTION: 



k = \, x 2 - xr = 2, y 2 - y l = -2 Step (1) 
x = 2 + \(2) = 2 + ^ = | (2) 
y = 3 + k-2) = 3-\ = l (3) 



Therefore, point P is (I'l/* 



When the midpoint of a line segment is to be found, the value 
of (K) is 1/2. Therefore, 

X = X: + l(X 2 - Xi) 
^ 1 1 

1 . 1 



2^i + 2* 2 



such that 



x = Uxi + x 2 ) 



By similar reasoning, 



EXAMPLE: Find the midpoint of the line between P,(2,4) and 
P 2 (4,6). 



SOL UTION: 



k = ± Step (1) 

* = ^(2 + 4) (2) 

= 3 (3) 

y = \<A + 6) (4) 

= 5 (5) 



Therefore, the midpoint is (3,5). 
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INCLINATION AND SLOPE 



The angle of inclination, denoted by the Greek let- 
ter alpha (a), as portrayed in figure 1-4, views A and 
B, is the angle formed by the line crossing the X axis 
and the positively directed portion of the A" axis, such 
thatO°<a< 180°. 

The slope of any line is equal to the tangent of its 
angle of inclination. Slope is denoted by the letter m. 
Therefore, 

m = tan a 

If the axes are in their conventional positions, a line, 
such as AB in figure 1-4, view A, that slopes upward 
and to the right will have a positive slope. A line, such 
as CD in figure 1-4, view B, that slopes downward and 
to the right will have a negative slope. 

Since the tangent of a is the ratio of P 2 M to PiM, 
we can relate the slope of line AB to the points Pi and 
P 2 as follows: 

M P 2 M 

m = tan a = 

P,M 

Designating the coordinates of Pi as (x u yi) and those 
of P 2 as (x 2 ,y 2 ), we recall that 

P 2 M - y 2 - yi Figure 1-4. 

P\M = x 2 - Xx 

so that 

m yi - y\ 

YYl — — 

X 2 — X\ 

The quantities (x 2 - Xi) and (y 2 - yi) represent changes that 
occur in the values of the x and y coordinates as a result of the 
change from P 2 to Pi on line AB. The symbol used by mathemati- 
cians to represent an increment of change is the Greek letter delta 
(A). Therefore, A* means "the change in x" and Ay means "the 
change in y." The amount of change in the x coordinate, as we 
change from P 2 to P u is x 2 - x x . Therefore, 

Ax = x 2 - Xi 
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and likewise, 

Ay = y 2 - y>\ 

We use this notation to express the slope of line AB as follows: 

Ay 
Ax 

EXAMPLE: Find the slope of the line connecting P 2 (7,6) and 

P,(-l,-4). 



SOLUTION: 



m = ¥ Step (1) 



Ay = y 2 -y 1 =6-(-4) = 10 (2) 



Ay 




Ax 




y2 - 


yi 


x 2 - 




10 


5 


8 " 


4 



Ax = x 2 - x x = 7 - (-1) = 8 (3) 



(4) 



Note that the choice of labels for Pi and P 2 is strictly arbitrary. 
In the previous example, if we had chosen the point (7,6) to be 
Pi and the point (- 1, -4) to be P 2 , the following results would 
have occurred: 

m = % Step (1) 

Ay = y 2 -y, = -4-6 = - \0 (2) 
Ax = x 2 - Xi = - 1 - 7 = - 8 (3) 

m = ^8 = 4 (4) 

Notice that this solution yields the same result as the last example. 

A slope of 5/4 means that a point moving along this line would 
move vertically + 5 units for every horizontal movement of + 4 
units. This result is consistent with our definition of positive slope; 
that is, sloping upward and to the right. 

If line AB in figure 1-4, view A, was parallel to the 
X axis, y x and y% would be equal and the difference 
0> 2 - ^i) would be 0. Therefore, 

0 = Q 
X2 — ^1 
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We conclude that the slope of a horizontal line is 0. We can also 
reach this conclusion by noting that angle a (fig. 1-4, view A) is 
0° when the line is parallel to the X axis. Since the tangent of 0° 
is 0, then 

m = tan 0° = 0 

The slope of a line that is parallel to the Y axis becomes mean- 
ingless. The tangent of the angle a increases indefinitely as a 
approaches 90°. We sometimes say that (m approaches in- 
finity) when a approaches 90°. 



SLOPES OF PARALLEL AND 
PERPENDICULAR LINES 

If two lines are parallel, their slopes must be equal. 
Each line will cut the X axis at the same angle a so 
that if 



then 



nix — tan a and m 2 = tan a 



m ] - m 2 

We conclude that two lines which are parallel have the 
same slope. 

Suppose that two lines are perpendicular to 
each other, as lines L x and L 2 in figure 1-5. The 
slope and angle of inclination of L x are m x and a u 
respectively. The slope and angle of inclination of 
L 2 are m 2 and a 2y respectively. Then the following 
is true: 



m x = tan a, 

m 2 = tan a 2 

Although not shown here, the fact that a 2 (fig. 
1-5) is equal to a { plus 90° can be proven geometri- 
cally. Because of this relationship 

tan a 2 = tan (a, + 90°) 

= -cot a { 

= 1 
tan a, 




Figure 1-5. — Slopes of 
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Replacing tan a { and tan a 2 by their equivalents in 
terms of slope, we have 

1 



We conclude that if two lines are perpendicular 9 
the slope of one is the negative reciprocal of the slope 
of the other. Conversely, if the slopes of two lines 
are negative reciprocals of each other, the lines are 
perpendicular. 

EXAMPLE: In figure 1-6 show that line L x is 
perpendicular to line L 2 . Line L x passes through 
points Pi(0,5) and P 2 ( - 1,3). LineL 2 passes through 
points P 2 (- 1,3) and P 3 (3,l). 

SOLUTION: Let m x and m 2 represent the slope of lines L x 
and L 2 , respectively. Then we have 

3-5 -2 

1-3 _ -2 _ _ 1 
m2 ~ 3 4 ~ 2 

Since their slopes are negative reciprocals of each other, the lines 
are perpendicular. 




PRACTICE PROBLEMS: 

1. Find the distance between Pi(5,3) and P 2 (6,7). 

2. Find the distance between P,(l/2,1) and P 2 (3/2,5/3). 

3. Find the midpoint of the line connecting Pi (5, 2) and 
P:(-l,-3). 

4. Find the slope of the line joining Pj( - 2, - 5) and P 2 (2,5). 

5. Find the slope of the line perpendicular to the line joining 
P,(-3,6) and P 2 (-5,-2). 
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ANSWERS: 
1. 

2. Vj3 

3 

3. (2,-±) 




ANGLE BETWEEN TWO LINES 

When two lines intersect, the angle between 
them is defined as the angle through which one of 
the lines must be rotated to make it coincide with 
the other line. For example, the angle <{> (the Greek 
letter phi) in figure 1-7 is the acute angle between 
lines L x and L 2 . 

Referring to figure 1-7, 

.". ^ = a 2 — or i 

We will determine the value of <|> directly from 
the slopes of lines L x and L 2 , as follows: 

tan <|> = tan (a 2 - <*\) Figure 1-7.— 

_ tan a 2 ~ tan a x 
~" 1 + tan ai tan a 2 

We obtain this result by using the trigonometric identity for the 
tangent of the difference between two angles. Trigonometric iden- 
tities are discussed in chapter 6 of Mathematics, Volume 2-A, 
NAVEDTRA 10062. 
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Recalling that the tangent of the angle of inclination is the slope 
of the line, we have 

tan a { = m x (the slope of L x ) 



tan a 2 = m 2 (the slope of L 2 ) 



such that 



m 2 > m x 



Substituting these expressions in the tangent formula derived in 
the above discussion, we have 

tan * = 1 + m x m 2 

EXAMPLE: Referring to figure 1-7, find the acute angle 
between the two lines that have ^\~\ and m 2 = 2 for their 
slopes. 



SOL UTION: 



2-1 
2 

tan <J> = 



1 + (A 



0)< 2 > 



_ 3 
~ 4 

= .75 



such that 



<}> = arctan (.75) 



or, referring to Appendix I, 

4> = 36°52' 

NOTE: To find the obtuse angle between lines L x and L 2 , just 
subtract the acute angle between L x and L 2 from 180°. Referring 
to figure 1-7, 

f = 180° - <}> 
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If the obtuse angle in the previous example was to be found, 
then 

f = 180° - 36° 52' 
= 143° 8' 

If one of the lines was parallel to the Faxis, its slope would 
be infinite. This would render the slope formula for tan $ useless, 
because an infinite value in both the numerator and denominator 

of the fraction 4^ — produces an indeterminate form. 

1 + m x m 2 

However, if only one of the lines is known to be parallel to the 
Y axis, the tangent of § may be expressed by another method. 

Suppose that L 2 (fig 1-7) was parallel to the Taxis. Then we 
would have 

a 2 = 90° 

If Li has a positive slope, then the acute angle between L x and 
L 2 would be found by 

+ = 90°- a x 

tan <|> = cot a x 

= J_ 
m x 

If Li has a negative slope, then 

4 = a x - 90° 
= -(90° -a,) 

tan <J> = -cot ot\ 

= 1_ 

m, 

As before, the obtuse angle can be found by using 

f = 180° - <J> 



PRACTICE PROBLEMS: 

1 . Find the acute angle between the two lines that have m x = 3 
and m 2 -l for their slopes. 

2. Find the acute angle between two lines whose slopes are 
m x - 0 and m 2 = 1 . (m x = 0 signifies that line L x is horizon- 
tal and the formula still holds.) 
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3. Find the acute angle between the Y axis and a line with a 
slope of m = -8. 

4. Find the obtuse angle between the X axis and a line with 
a slope of m = -8. 



ANSWERS: 

1. 10° 18' 

2. 45° 

3. 7° r 

4. 97° r 



EQUATION OF A STRAIGHT LINE 

In Mathematics, Volume 1 , equations such as 

2x + y = 6 

are designated as linear equations, and their graphs are shown to 
be straight lines. The purpose of this discussion is to study the 
relationship of slope to the equation of a straight line. 

POINT-SLOPE FORM 

Suppose that we want to find the equation of a straight line 
that passes through a known point and has a known slope. Let 
(x,y) represent the coordinates of any point on the line, and let 
(jti,j>i) represent the coordinates of the known point. The slope 
is represented by m. 

Recalling the formula defining slope in terms of the coordinates 
of two points, we have 



.'. y - y x = m(x - x x ) 
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EXAMPLE: Find the equation of a line passing through the 
point (2,3) and having a slope of 3. 

SOLUTION: 

x x =2 and y t = 3 Step (1) 

y - yi = m{x - x x ) (2) 

.-. y - 3 = 3(x - 2) (3) 

.y - 3 = 3* - 6 (4) 

or y - 3x = - 3 

The point-slope form may be used to find the equation of a 
line through two known points. The values of x u x 2 , yi, and y 2 
are first used to find the slope of the line; then either known point 
is used with the slope in the point-slope form. 

EXAMPLE: Find the equation of the line through the points 
(-3,4) and (4,-2). 

SOL UTION: 

m =^F^T Step(l) 
_2-4 = ^6 

4 + 37 w 

Letting (x,y) represent any point on the line and using ( - 3,4) as 
a known point, we have 

y -4 = ^[x-(-3)] (3) 

70 - 4) = - 6(x + 3) (4) 

ly - 28 = -6x- 18 (5) 

ly + 6x = 10 (6) 

Using (4,-2) as the known point will also give ly + 6x = 10 as 
the linear equation. 

SLOPE-INTERCEPT FORM 

Any line that is not parallel to the Y axis intersects the Y axis 
at some point. The x coordinate of the point of intersection is 
0, because the Y axis is vertical and passes through the origin. 
Let the y coordinate of the point of intersection be represented 
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by b. Then the point of intersection is (0,6), as shown 
in figure 1-8. The y coordinate, b y is called the y 
intercept. 

The slope of the line in figure 1-8 is 

The value of Ay in this expression is y - b, where y 
represents the y coordinate of any point on the line. 
The value of Ax: is x - 0 = x, so 



Ay y - b 

m = -r~ - 

Ax x 



mx - y - b 
y = mx + b 

This is the standard slope-intercept form of a straight 
line. 




i Ay 

! SLOPE 4^ 
A x 



Figure 1-8. — Slope-intercept form. 



EXAMPLE: Find the equation of a line that intersects the Y 
axis at the point (0,3) and has a slope of 5/3. 



SOLUTION: 



y = mx + b 



Step (1) 



y = 5 x + ^ 



(2) 



3y = 5x + 9 



(3) 



or 3y - 5x = 9 



PRACTICE PROBLEMS: 

Write equations for lines having points and slopes as follows: 

1. P(3,5), m = -2 

2. />(-2,-l), m = j 

3. Pi(2,2) and P 2 (-4,-l) 

4. y intercept = 2, m = 3 
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ANSWERS: 



1. 


>> = -2x + 11 


or 


^ + 2x = 


2. 


3.y = * - 1 or 




- x= -1 


3. 


2y = x + 2 or 




-x = 2 


4. 


.y = 3x + 2 or 


y - 


- 3x = 2 



NORMAL FORM 

Methods for determining the equation of a line usually depend 
upon some knowledge of a point or points on the line. Let's now 
consider a method that does not require advance knowledge con- 
cerning any of the line's points. All that is known about the line 
is its perpendicular distance from the origin and the angle 
between the perpendicular and the X axis, where the angle is 
measured counterclockwise from the positive side of the X axis. 

In figure 1-9, line AB is a distance p away from the origin, 
and line OM forms an angle 0 (the Greek letter theta) with the 
X axis. We select any point P{x,y) on line AB and develop the 



Y 




X 



Figure 1-9. — Normal form. 



1-16 



equation of line AB in terms of the x and y of P. Since P represents 
ANY point on the line, the x and y of the equation will represent 
EVERY point on the line and therefore will represent the line itself. 

PR is constructed perpendicular to OB at point R. NR is drawn 
parallel to AB, and PN is parallel to OB. PS is perpendicular to 
NR and to AB. A right angle is formed by angles NRO and PRN. 
Triangles ONR and OMB are similar right triangles. Therefore, 
angles NRO and MBO are equal and are designated as 0'. Since 
0 + 0' = 90° in triangle OMB and angle NRO is equal to 0', then 
angle PRN equals 0. Finally, the x distance of point P is equal 
to OR, and the y distance of P is equal to PR. 

To relate the distance p to x and y, we reason as follows: 



ON = (OR) (cos 0) 

= X" cos 0 
PS = (PR) (sin 0) 

= y sin 0 
OM = ON+ PS 
p = ON+PS 
p = x cos 0 + j sin 0 



This final equation is the normal form. The word "normal" in 
this usage refers to the perpendicular relationship between OM 
and AB. "Normal" frequently means "perpendicular" in 
mathematical and scientific usage. The distance p is always con- 
sidered to be positive, and 0 is any angle between 0° and 360°. 

EXAMPLE: Find the equation of the line that is 5 units away 
from the origin, if the perpendicular from the line to the origin 
forms an angle of 30° from the positive side of the X axis. 

SOL UTION: 



p = 5; 0 = 30° 



Step (1) 



p = x cos 8 + y sin 0 



(2) 



5 =xcos 30° + ^ sin 30° 



(3) 




(4) 



10 = x\/l + y 



(5) 
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PARALLEL AND PERPENDICULAR LINES 

The general equation of a straight line is often written with 
capital letters for coefficients, as follows: 

Ax + By + C = 0 

These literal coefficients, as they are called, represent the numerical 
coefficients encountered in a typical linear equation. 

Suppose we are given two equations that are duplicates except 
for the constant term, as follows: 

Ax + By + C = 0 

Ax + By + D = 0 

By placing these two equations in slope-intercept form, we can 
show that their slopes are equal, as follows: 

-B> + (-§) 

Thus, the slope of each line is -A/B. 

Since lines having equal slopes are parallel, we reach the follow- 
ing conclusion: In any two linear equations, if the coefficients of 
the x and y terms are identical in value and sign, then the lines 
represented by these equations are parallel. 

EXAMPLE: Write the equation of a line parallel to 
3x - y - 2 = 0 and passing through the point (5,2). 

SOLUTION: The coefficients of x and y in the desired equa- 
tion are the same as those in the given equation. Therefore, the 
equation is 

3x - y + D = 0 

Since the line passes through (5,2), the values x = 5 and j> = 2 must 
satisfy the equation. Substituting these, we have 

3(5) - (2) + D = 0 

D = -13 
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Thus, the required equation is 

Zx-y- 13 =0 

A situation similar to that prevailing with parallel lines involves 
perpendicular lines. For example, consider the equations 

Ax + By + C = 0 

Bx - Ay + D = 0 

Transposing these equations into the slope-intercept form, we have 

>-(*)>+(*) 

Since the slopes of these two lines are negative reciprocals, the 
lines are perpendicular. 

The conclusion derived from the foregoing discussion 
is as follows: If a line is to be perpendicular to a given 
line, the coefficients of x and y in the required equation 
are found by interchanging the coefficients of x and y 
in the given equation and changing the sign of one of 
them. 

EXAMPLE: Write the equation of a line perpendicular to the 
line x + 3y + 3 = 0 and having a y intercept of 5. 

SOLUTION: The required equation is 

3x - y + D = 0 

Notice the interchange of coefficients and the change of sign. At 
the point where the line crosses the Y axis, the value of a: is 0 and 
the value of y is 5. Therefore, the equation is 

3(0) - (5) + D = 0 

D = 5 

The required equation is 

3x - y + 5 = 0 
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PRACTICE PROBLEMS: 

1. Find the equation of the line whose perpendicular 
forms an angle of 135° from the positive sideof the 
X axis and whose perpendicular distance is v2 units 
from the origin. 

Find the equations of the following lines: 

2. Through (1,1) and parallel to 5x - 3y = 9. 

3. Through (-3,2) and perpendicular to x + y = 5. 



ANSWERS: 

1. 2 = -x + y 

2. 5x - 3y = 2 

3. x - y = -5 



DISTANCE FROM A POINT 
TO A LINE 

We must often express the distance from a point to a line in 
terms of the coefficients in the equation of the line. To do this, 
we compare the two forms of the equation of a straight line, as 
follows: 

General equation: Ax + By + C = 0 

Normal form: x cos 8 + y sin 6 - p = 0 

The general equation and the normal form represent the same 
straight line. Therefore, A (the coefficient of at in the general form) 
is proportional to cos 6 (the coefficient of x in the normal form). 
By similar reasoning, B is proportional to sin 9, and C is propor- 
tional to -p. Recalling that quantities proportional to each other 
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form ratios involving a constant of proportionality, let k be this 
constant. Thus, we have 



cos 0 



= k 



sin 8 
B 



= k 



cos 8 = kA 



sin 8 = kB 



Squaring both sides of these two expressions and then adding, 
we have 

cos 2 0 + sin 2 0 = k\A 2 + B 2 ) 

1 = k\A 2 + B 2 ) 



k 2 = 



1 



A 2 + B 



k = 



1 



± ^/A 2 + B 2 



The coefficients in the normal form, ex- 
pressed in terms of A, B, and C, are as 
follows: 



cos 8 = 



sin 8 = 



± \J A 2 + B 2 

B 

±V A 2 + B 2 



-P = 



±V A 2 +fl 2 



The sign of V A 2 + B 2 is chosen so as to 
make p (a distance) always positive. 

The conversion formulas developed in the 
foregoing discussion are used in finding the 
distance from a point to a line. Let p 
represent the distance of line LK from the 
origin. (See fig. 1-10.) To find d, the distance 
from point Pi to line LK, we construct a line 




Figure 1-10.— Distance 
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through Pi parallel to LK. The distance of this line from the origin 
is OS, and the difference between OS and p is d. 



We obtain an expression for d, based on the coordinates of 
Pi, as follows: 



OS = JCi cos 6 + y x sin 9 



and 



d=OS-p 
= Xi cos & + yi sin 0 - p 

Returning to the expressions for sin 0, cos 0, and -p in terms of 
A 9 B, and C (the coefficients in the general equation), we have 



± \/A 2 + B 2 



In the formula for d, the denominator in each of the expressions 
is the same. Therefore, we may combine terms as follows: 



d = 



x t A +y t B + C 
V A 2 + B 2 



We use the absolute value, since d is a distance, and thus avoid 
any confusion arising from the ± radical. 

Note that the absolute value, | | , of a number is defined as 
follows: 



\b\= b for b > 0 



and 



\b\ = -b for b < 0 



That is, for the positive number 2, 



2 I = 2 



For the negative number - 2, 



|-2|= -(-2) = 2 
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fl 1 2 

The absolute value of — = — is 



6-12 




-6 




-2 


3 




3 







= -(-2) = 2 



EXAMPLE: Find the distance from the point (2, 1) to the line 
4x + 2y + 7 = 0. 

SOLUTION: 



d = 



(4)(2) + (2X1) + 7 

\/4 2 + 2 2 



Step (1) 



8 + 2 + 7 



^20 



17 



2\Ts 

17 VI 
10 



(2) 



(3) 



(4) 



PRACTICE PROBLEMS: 

In each of the following problems, find the distance from the 
point to the line: 

1. (5,2), 3*->> + 6 = 0 

2. (-2,5), 3x+ 4y- 9 = 0 



ANSWERS: 



1. 



19^ 
10 



2. 1 
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SUMMARY 

The following are the major topics covered in this chapter: 
1. Distance between two points: 



d = V(x 2 -x,) 2 + iy 2 -yi) 2 

where {x u y\) and (x 29 y 2 ) are given points on a line. 

2. Division of a line segment: 

x = xi + k(x 2 - x v ) 

y = yi + k(y 2 ~ yO 

where A: is the desired proportion of the distance between points 
(x t9 y { ) and (x u y 2 ) and (x,y) is the desired point. 

3. Midpoint of a line segment: 

x = ^(Xi + * 2 ) 
J> = jOi + 

4. Inclination: The angle of inclination is the angle the line 
crossing the X axis makes with the positively directed 
portion of the X axis, such that 0° < a < 180°. 



5. Slope: 



y 2 - yi Ay 



where A means "change in. 



The slope of a horizontal line is zero. 
The slope of a vertical line is meaningless. 
6. Slopes of parallel lines: Slopes are equal or 

m ] = m 2 

where m, and m 2 are the slopes of the lines L { and L u 
respectively. 
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7. Slopes of perpendicular lines: Slopes are negative 
reciprocals or 

m 2 = — — 
m { 

8. Acute angle between two lines: 

+ = arctan m > \ 

11 + m l m 2 1 

However, if one line, L 2 , is parallel to the Y axis and the other, 
L i9 has a positive slope, then 

<j> = arctan 

If L 2 is parallel to the Y axis and Li has a negative slope, then 

<j> = arctan 

9. Obtuse angle between two lines: 

f = 180° - + 
where § is the acute angle between the two lines. 

10. Point-slope form of a straight line: 

y - V\ = m(x - x x ) 

1 1 . Slope-intercept form of a straight line: 

y = mx + b 
where b is the y intercept. 

12. Normal form of a straight line: 

p = x cos 0 + y sin 0 

where p is the line's perpendicular distance from the origin 
and 0 is the angle between the perpendicular and the X axis. 
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13. Parallel lines: 

In any two linear equations, if the coefficients of the x and 
y terms are identical in value and sign, then the lines 
represented by these equations are parallel; that is, 

Ax + By + C = 0 and Ax + By + D = 0 
are parallel lines. 

14. Perpendicular lines: 

If a line is to be perpendicular to a given line, the 
coefficients of x and y in the required equations are found by 
interchanging the coefficients of x and y in the given equa- 
tion and changing the sign of one of them; that is, 

Ax + By + C = 0 and Bx - Ay + D = 0 

are perpendicular lines. 

15. Distance from a point to a line: 




x x A + yiB + C 

V A 2 + B 2 



where A, B, and C are the coefficients of the general equa- 
tion of a line Ax + By + C = 0 and (*i are the coordinates 
of the point. 
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ADDITIONAL PRACTICE PROBLEMS 

1. Find the distance between P^-3,-2) and P 2 (-7,l). 

2. Find the distance between Pi(- 3/4, -2) and P 2 (l, - 1/2). 

3. Find the coordinates of a point 1/5 of the way from P t ( - 2,0) 
to P 2 (3,-5). 

4. Find the midpoint of the line between P x (-8/3,4/5) and 
P 2 (- 4/3,6/5). 

5. Find the slope of the line joining Pi(4,6) and P 2 (-4,6). 

6. Find the slope of the line parallel to the line joining Pi (7,4) 
and P 2 (4,7). 

7. Find the slope of the line perpendicular to the line joining 
Pt (8,1) and P 2 (2,4). 

8. Find the obtuse angle between the two lines which have m { = 7 
and m 2 = - 3 for slopes. 

9. Find the obtuse angle between the Y axis and a line with a 
slope of m = - 1/4. 

10. Find the equation of the line through the points (-6,5) and 
(6,5). 

1 1 . Find the equation of the line whose y intercept is (0,0) and 
whose slope is 4. 

12. Find the slope and y intercept of the line whose equation is 
4y + Sx= 7. 

13. Find the equation of the line that is 3/2 units away from the 
origin, if the perpendicular from the line to the origin forms an 
angle of 210° from the positive side of the X axis. 

14. Find the equation of the line through (2,3) and perpendicular 
to 3* - 2y = 7. 

15. Find the equation of the line through (2,3) and parallel to 
3x - 2y = 7. 

16. Find the distance from the point (3,-5) to the line 
2x + y + 4 = 0. 

17. Find the distance from the point (3,-4) to the line 
4x + 3y = 10. 
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ANSWERS TO ADDITIONAL PRACTICE PROBLEMS 

1.5 10. >> = 5 

2. V r 85/4 11. y = 4x 

3 - ("I." 1 ) 12. -2,7/4 

4 - (_2,1) 13. 3 = -V^c-y 
5. 0 



6. -1 



7. 2 



8. 153° 26' 



14. 2x + 3j> = 13 

15. 3x-2>> = 0 
16. 



9. 104° 2' 17. 2 
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CHAPTER 2 

CONIC SECTIONS 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Determine the equation of a curve using the locus of the 
equation. 

2. Determine the equation and properties of a circle, a parabola, 
an ellipse, and a hyperbola. 

3. Transform polar coordinates to Cartesian coordinates and vice- 
versa. 



INTRODUCTION 

This chapter is a continuation of the study of 
analytic geometry. The figures presented in this 
chapter are plane figures, which are included in the 
general class of conic sections or simply ' 'conies.' ' 

Conic sections are so named because they are all 
plane sections of a right circular cone. A circle is 
formed when a cone is cut perpendicular to its axis. 
An ellipse is produced when the cone is cut obliquely 
to the axis and the surface. A hyperbola results when 
the cone is intersected by a plane parallel to the axis, 
and a parabola results when the intersecting plane 
is parallel to an element of the surface. These are 
illustrated in figure 2-1. 

When such a curve is plotted on a coordinate 
system, it may be defined as follows: 

A conic section is the locus of all points in a plane 
whose distance from a fixed point is a constant ratio 
to its distance from a fixed line. The fixed point is 
the focus, and the fixed line is the directrix. 




CIRCLE 




ELLIPSE 




HYPERBOLA 




PARABOLA 



Figure 2-1. — Conic sections. 




The ratio referred to in the definition is called the eccentricity 
(e). If the eccentricity is greater than 0 and less than 1, the curve 
is an ellipse. If e is greater than 1, the curve is a hyperbola. If 
e is equal to I, the curve is a parabola. A circle is a special case 
having an eccentricity equal to 0. It is actually a limiting case of 
an ellipse in which the eccentricity approaches 0. Thus, if 

0 < e < 1 , it is an ellipse; 

e > 1, it is a hyperbola; 

e - 1, it is a parabola; 

e = 0, it is a circle. 

The eccentricity, focus, and directrix are used in the algebraic 
analysis of conic sections and their corresponding equations. The 
concept of the locus of an equation also enters into analytic 
geometry; this concept is discussed before the individual conic 
sections are presented. 



THE LOCUS OF AN EQUATION 

In chapter 1 of this course, methods for analysis of linear 
equations are presented. If a group of x and y values [or ordered 
pairs, P(x,y)] that satisfy a given linear equation are plotted on 
a coordinate system, the resulting graph is a straight line. 

When higher-ordered equations such as 

x 2 + y 2 = 1 or y = \J 2x + 3 

are encountered, the resulting graph is not a straight line. 
However, the points whose coordinates satisfy most of the equa- 
tions in x and y are normally not scattered in a random field. If 
the values are plotted, they will seem to follow a line or curve (or a 
combination of lines and curves). In many texts the plot of an 
equation is called a curve, even when it is a straight line. This curve 
is called the locus of the equation. The locus of an equation is 
a curve containing those points, and only those points, whose 
coordinates satisfy the equation. 

At times the curve may be defined by a set of conditions rather 
than by an equation, though an equation may be derived from 
the given conditions. Then the curve in question would be the locus 
of all points that fit the conditions. For instance a circle may be 
said to be the locus of all points in a plane that is a fixed distance 
from a fixed point. A straight line may be defined as the locus 
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of all points in a plane equidistant from two fixed points. 
The method of expressing a set of conditions in analytical 
form gives an equation. Let us draw up a set of 
conditions and translate them into an equation. 

EXAMPLE: What is the equation of the curve that 
is the locus of all points equidistant from the two points 
(5,3) and (2,1)? 

SOLUTION: First, as shown in figure 2-2, choose 
some point having coordinates (x,y). Recall from chapter 
1 of this course that the distance between this point and 
(2,1) is given by 

V (jc - 2) 2 + 0> - l) 2 

The distance between point (x,y) and (5,3) is given by _ „ T . . , 

^ vv/ v>/o j Figure 2-2.— Locus of points equidis- 

tant from two given points. 

V (x - 5) 2 + (y- 3) 2 

Equating these distances, since the point is to be equidistant from 
the two given points, we have 

V (x - 2) 2 + (y- l) 2 = V (x - 5) 2 + (y - 3) 2 
Squaring both sides, we have 

(x - 2) 2 + (y - l) 2 = (x - 5) 2 + (y- 3) 2 
Expanding, we have 

x 2 - Ax + 4 + y 2 - 2y + 1 
= x 2 - lOx + 25 + y 2 - 6y + 9 
Canceling and collecting terms, we see that 

4y + 5 = - 6x + 34 
4y= - 6x + 29 
y = - l.5x + 7.25 

This is the equation of a straight line with a slope of minus 1.5 
and a y intercept of +7.25. 
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EXAMPLE: Find the equation of the curve that 
is the locus of all points equidistant from the line 
x = -3 and the point (3,0). 

SOLUTION: As shown in figure 2-3, the distance 
from the point (x,y) on the curve to the line x = - 3 
is 



V[jc-(-3)] 2 + (j-7) 2 = V(jc+3) 2 

The distance from the point (x,y) to the point (3,0) is 



V (x - 3) 2 + (y - 0) 

Equating the two distances yields 



V (x + 3) 2 = V (x - 3) 2 + y 
Squaring and expanding both sides yields 

x 2 + 6a: + 9 = x 2 - 6x + 9 + y 2 
Canceling and collecting terms yields 

y 2 = I2x 

which is the equation of a parabola. 




Figure 2-3. — Parabola. 



EXAMPLE: What is the equation of the 
curve that is the locus of all points in which 
the ratio of its distance from the point (3,0) 
to its distance from the line x = 25/3 is equal 
to 3/5? Refer to figure 2-4. 

SOLUTION: The distance from the point 
(x,y) to the point (3,0) is given by 



d, = V (jc - 3) 2 + (y- 0) 2 

The distance from the point (x,y) to the line 
x = 25/3 is 




w 25 

di = -it - x 



Figure 2-4.— Ellipse. 
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Since 



di 3 j 3 j 
^ = 5 ord,= 5 d 2 



then 

3/25 



V(x-3) 2 + y -|r 



- X 



Squaring both sides and expanding, we have 

2 ^ , n , 2 9 / 2 50 ^ 625 
x 2 - 6x + 9 + y 2 = 25 1 * - y* + "9" 

x 2 - 6x + 9 + y 2 = ^x 2 -6x + 25 
Collecting terms and transposing, we see that 

16 .2 . „ 2 _ 



25 



x 2 + y 2 = 16 



Dividing both sides by 16, we have 

25 16 1 
This is the equation of an ellipse. 



PRACTICE PROBLEMS: 

Find the equation of the curve that is the locus of all points 
equidistant from the following: 

1. The points (0,0) and (5,4). 

2. The points (3,-2) and (-3,2). 

3. The line x = -4 and the point (3,4). 

4. The point (4,5) and the line y = 5x - 4. 

HINT: Use the standard distance formula to find the 
distance from the point P(x,y) and the point P(4,5). Then 
use the formula for finding the distance from a point to 
a line, given in chapter 1 of this course, to find the distance 
from P(x,y) to the given line. Put the equation of the line 
in the form Ax + By + C = 0. 
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ANSWERS: 

1. 10x + 8y - 41 = 0 or y = - 1.25* + y 

2. 2y = 3jc or y - 

3. y 2 - Sy = \4x- 9 or (y - 4) 2 = I4x + 7 

4. jc 2 + lOxy + 25y 2 - l6Sx - 268y + 1050 = 0 



THE CIRCLE 



A circle is the locus of all points, in a plane that 
is a fixed distance from a fixed point, called the 
center. 

The fixed distance spoken of here is the radius 
of the circle. 

The equation of a circle with its center at the 
origin (fig. 2-5) is 

V (x - 0) 2 + (y - 0) 2 = r 

where (x,y) is a point on the circle and r is the radius 
(r replaces d in the standard distance formula). Then 




Figure 2-5. — Circle with center at the origin, 



x 2 + y 2 = r 



or 



2 _ -2 



x' + jr = r 



(2.1) 



If the center of a circle, figure 2-6, is at some 
point where x = h, y = k, then the distance of the 
point (x,y) from the center will be constant and equal 
to 

V (x - h) 2 + (y - k) 2 = r 



or 



(x - h) 2 + (y - k) 2 = r 2 



(2.2) 




Figure 2-6. — Circle with center at (h,k). 
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Equations (2.1) and (2.2) are the standard forms for the equation 
of a circle. Equation (2.1) is merely a special case of equation (2.2) 
in which h and k are equal to zero. 

The equation of a circle may also be expressed in the general 
form: 

x 2 + y 2 + Bx + Cy + D = 0 (2.3) 

where B, C, and D are constants. 

Theorem: An equation of the second degree in which the 
coefficients of the x 2 and y 2 terms are equal and the xy term 
does not exist, represents a circle. 

Whenever we find an equation in the form of equation 
(2.3), we should convert it to the form of equation (2.2) so 
that we have the coordinates of the center of the circle and 
the radius as part of the equation. This may be done as shown 
in the following example problems: 

EXAMPLE: Find the coordinates of the center and the 
radius of the circle described by the following equation: 

X 2 + y 2 - 4x - 6y - 3 = 0 
SOLUTION: First rearrange the terms 

x 2 - Ax + y 2 - 6y - 3 = 0 

and complete the square in both x and y. Completing the square 
is discussed in the chapter on quadratic solutions in Mathematics, 
Volume 1. The procedure consists basically of adding certain 
quantities to both sides of a second-degree equation to form the 
sum of two perfect squares. When both the first- and second- 
degree members are known, the square of one-half the coefficient 
of the first-degree term is added to both sides of the equation. 
This will allow the quadratic equation to be factored into the sum 
of two perfect squares. To complete the square in x in the given 
equation 

x 2 - 4x + y 2 - 6y - 3 = 0 
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add the square of one-half the coefficient of x to both sides of 
the equation 



x 2 - 4jc + (2) 2 + j> 2 -6y-3 = 0 + (2) 



then 



(x 2 - Ax + 4) + y 2 - 6y - 3 = 4 
(a: - 2) 2 + y 2 - 6y - 3 =4 



completes the square in x. 
If we do the same for y, 

(x - 2) 2 +y 2 -6y + (3) 2 -3 = 4 + (3) 2 

(x - 2) 2 + (y 2 - 6y + 9) - 3 =4 + 9 

(x - 2) 2 + (y - 3) 2 - 3 =4 + 9 

completes the square in y. 

Transpose all constant terms to the right-hand side and 
simplify: 

(x - 2) 2 + 0> - 3) 2 = 4 + 9 + 3 

(jt-2) 2 + (>>-3) 2 = 16 

The equation is now in the standard form of equation (2,2). This 
equation represents a circle with the center at (2,3) and with a 
radius equal to \fl6 or 4. 

EXAMPLE: Find the coordinates of the center and the radius 
of the circle given by the equation 

x 2 +y 2 + |*-3j-f* = 0 

SOLUTION: Rearrange and complete the square in both 
x and y: 

x 2 + ^x + y 2 -3y-j^ =0 
2 1 l\ ^ i 2 , ^ 9\ 27 19 
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Transposing all constant terms to the right-hand side and adding, 
results in 

(^ + l> C + 1 L) + (/-3^ + |) = 4 

Reducing to the equation in standard form results in 

(* + 0 ! + (' - O = (2)i 

Thus, the equation represents a circle with its center at 
(-1/4,3/2) and a radius equal to 2. 



PRACTICE PROBLEMS: 

Find the coordinates of the center and the radius for the 
circles described by the following equations: 

4 29 

1. x 2 -jx + y 2 -4y + ^ = 0 

2. x 2 + 6x + y 2 - Uy = 23 

3. x 2 -\4x+y 2 + 22y = -26 

2 2 2 

4. x 2 + y 2 + jx + p = 25 

5. X 2 +y 2 - 1 =0 



ANSWERS: 

1. Center ^,2V radius >/3 

2. Center (-3,7), radius 9 

3. Center (7,-11), radius 12 



( * 0 



4. Center | -£,-41, radius ^jy^ 



5. Center (0,0), radius 1 



In certain situations you will want to consider the following 
general form of a circle 

x 2 + y 2 + Bx + Cy + D =0 

as the equation of a circle in which the specific values of the 
constants B, C, and D are to be determined. In this problem the 
unknowns to be found are not x and y y but the values of the 
constants B, C, and D. The conditions that define the circle are 
used to form algebraic relationships between these constants. For 
example, if one of the conditions imposed on the circle is that 
it pass through the point (3,4), then the general form is written 
with x and y replaced by 3 and 4, respectively; thus, 

x 2 + y 2 + Bx + Cy + D = 0 

is rewritten as 

(3) 2 + (4) 2 + B(3) + C(4) + D = 0 

3B + 4C + D = -25 

Three independent constants (B 9 C, and D) are in the 
equation of a circle; therefore, three conditions must be given to 
define a circle. Each of these conditions will yield an equation 
with B 9 C, and D as the unknowns. These three equations are then 
solved simultaneously to determine the values of the constants, 
which satisfy all of the equations. In an analysis, the number of 
independent constants in the general equation of a curve indicate 
how many conditions must be set before a curve can be completely 
defined. Also, the number of unknowns in an equation indicates 
the number of equations that must be solved simultaneously to 
find the values of the unknowns. For example, if B y C, and D 
are unknowns in an equation, three separate equations involving 
these variables are required for a solution. 

A circle may be defined by three noncollinear points; that is, 
by three points not lying on a straight line. Only one circle is 
possible through any three noncollinear points. To find the 
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equation of the circle determined by three points, substitute the 
x and y values of each of the given points into the general 
equation to form three equations with B, C, and D as the 
unknowns. These equations are then solved simultaneously to find 
the values of B> C, and D in the equation which satisfies the three 
given conditions. 

The solution of simultaneous equations involving two variables 
is discussed in Mathematics, Volume 1 . Systems involving three 
variables use an extension of the same principles, but with three 
equations instead of two. Step-by-step explanations of the 
solution are given in the example problems. 

EXAMPLE: Write the equation of the circle that passes 
through the points (2,8), (5,7), and (6,6). 

SOLUTION: The method used in this solution corresponds 
to the addition-subtraction method used for solution of equations 
involving two variables. However, the method or combination of 
methods used depends on the particular problem. No single 
method is best suited to all problems. 

First, write the general form of a circle: 

x 2 + y 2 + Bx + Cy + D = 0 

For each of the given points, substitute the given values for x and 
y and rearrange the terms: 



For (2,8) 


4 + 64 + IB + 8C + D = 


0 






2B + 8C + D = 




68 


For (5,7) 


25 + 49 + 5B + lC+D = 


0 






5B + 1C + D = 




74 


For (6,6) 


36 + 36 + 6B + 6C + D = 


0 






6B + 6C + D = 




72 



To aid in the explanation, we number the three resulting 
equations: 

IB + 8C + D = -68 Equation (1) 

5B+1C+D=-14 (2) 
6B + 6C + D = - 72 (3) 
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The first step is to eliminate one of the unknowns and have two 
equations and two unknowns remaining. The coefficient of D is 
the same in all three equations and is, therefore, the one most 
easily eliminated by addition and subtraction. To eliminate D y 
subtract equation (2) from equation (1): 

2B + SC + D = -68 (1) 

5B+1C + D = - 74 (-) (2) 

-3B+ C = 6 (4) 

Subtract equation (3) from equation (2): 

5B + 1C + D = -74 (2) 
6B + 6C+ D = -72 (-) (3) 

-B + C = -2 (5) 

We now have two equations, (4) and (5), in two unknowns that 
can be solved simultaneously. Since the coefficient of C is the same 
in both equations, it is the most easily eliminated variable. 
To eliminate C, subtract equation (4) from equation (5): 

-B+ C= -2 (5) 
-3B+C= 6 (-) (4) 

2B = -8 

B - -4 (6) 

To find the value of C, substitute the value found for B in 
equation (6) in equation (4) or (5) 

-B + C = -2 using (5) 

-(-4) + C= -2 

C=-6 (7) 

Now the values of B and C can be substituted in any one of the 
original equations to determine the value of D. 
If the values are substituted in equation (1), 

2B + 8C + D= -68 (1) 

2(-4) + 8(-6) +D = -68 

-8-48 + D = -68 

D = - 68 +56 

D = - 12 (8) 
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The solution of the system of equations gave values for three 
independent constants in the general equation 

x 2 + y 2 + Bx + Cy + D = 0 

When the constant values are substituted, the equation takes the 
form of 

x 2 +y 2 -4x-6y- 12 = 0 

Now rearrange and complete the square in both x and y: 

(x 2 - 4x + 4) + (y 2 - 6y + 9) - 12 = 4 + 9 

(x - 2) 2 + (y - 3) 2 = 25 

The equation now corresponds to a circle with its center at (2,3) 
and a radius of 5. This is the circle passing through three given 
points, as shown in figure 2-7, view A. 

The previous example problem showed one method we can 
use to determine the equation of a circle when three points are 
given. The next example shows another method we can use to solve 
the same problem. One of the most important things to keep in 
mind when you study analytic geometry is that many problems 
may be solved by more than one method. Each problem should 
be analyzed carefully to determine what relationships exist 
between the given data and the desired results of the problem. 
Relationships such as distance from one point to another, distance 
from a point to a line, slope of a line, and the Pythagorean 
theorem will be used to solve various problems. 




B 



Figure 2-7.— Circle described by three points. 
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EXAMPLE: Find the equation of the circle that passes through 
the points (2,8), (5,7), and (6,6), Use a method other than that 
used in the previous example problem. 

SOLUTION: A different method of solving this problem 
results from the reasoning in the following paragraphs: 

The center of the desired circle will be the intersection of the 
perpendicular bisectors of the chords connecting points (2,8) with 
(5,7) and (5,7) with (6,6), as shown in figure 2-7, view B. 

The perpendicular bisector of the line connecting two points 
is the locus of all points equidistant from the two points. Using 
this analysis, we can get the equations of the perpendicular 
bisectors of the two lines. 

Equating the distance formulas that describe the distances from 
the center, point (x 9 y), which is equidistant from the points (2,8) 
and (5,7), gives 

V (x - 2) 2 + (y - 8) 2 = V (x - 5) 2 + (y - I) 2 

Squaring both sides gives 

{x- 2) 2 + (y - 8) 2 = (jc - 5) 2 + CV " 7) 2 

or 

x 1 - Ax + 4 + y 2 - I6y + 64 = 
x 2 - 10* + 25 + y 2 - 14^ + 49 
Canceling and combining terms results in 

6x -2y = 6 

or 

3x - y = 3 

Follow the same procedure for the points (5,7) and (6,6): 

V (x - 5) 2 + (y - I) 2 = \/(x- 6) 2 + (y- 6) 2 
Squaring each side gives 

(jc - 5) 2 + 0> - 7) 2 = (x - 6) 2 + (y - 6) 2 

or 

x 2 - IOjc + 25 + y 2 - I4y + 49 = 
x 2 - \2x + 36 + y 2 - I2y + 36 
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Canceling and combining terms gives a second equation in x and j>: 

2x - 2y = - 2 

or 

x - y = -1 

Solving the equations simultaneously gives the coordinates of the 
intersection of the two perpendicular bisectors; this intersection 
is the center of the circle. 

3x - y - 3 

x - y - - 1 (Subtract) 
2x =4 

x = 2 

Substitute the value x = 2 in one of the equations to find the 
value of y: 

x - y = - 1 
2-y= -1 

~y = -3 
J> = 3 

Thus, the center of the circle is the point (2,3). 

The radius is the distance between the center (2,3) and one of 
the three given points. Using point (2,8), we obtain 

r = V (2 - 2) 2 + (8 - 3) 2 = >/25 = 5 

The equation of this circle is 

(jc - 2) 2 + (y - 3) 2 = 25 

as was found in the previous example. 

If a circle is to be defined by three points, the points must be 
noncollinear. In some cases the three points are obviously 
noncollinear. Such is the case with the points (1,1), (-2,2), and 
(-1,-1), since these points cannot be connected by a straight 
line. However, in many cases you may find difficulty 
determining by inspection whether or not the points are collinear; 
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therefore, you need a method for determining this analytically. 
In the following example an attempt is made to find the circle 
determined by three points that are collinear. 

EXAMPLE: Find the equation of the circle that passes through 
the points (1,1), (2,2), and (3,3). 

SOLUTION: Substitute the given values of x and y in the 
general form of the equation of a circle to get three equations in 
three unknowns: 





x 2 + y 1 + Bx + Cy + D 


= 0 




For (1,1) 


1 + 1+5+ C + D 


= 0 






B+C + D 




2 


For (2,2) 


4 + 4 + 2B + 2C + D 


= 0 






2B + 2C + D 




8 


For (3,3) 


9 + 9 + 3B + 3C + D 


= 0 






3B+3C + D 




18 



Equation (1) 



(2) 



(3) 

To eliminate D, first subtract equation (1) from equation (2): 

2B + 2C + D = - 8 (2) 
B+ C + D= -2 (-)O) 
B+ C = -6 (4) 

Next subtract equation (2) from equation (3): 

3B + 3C+ D = -18 (3) 
2B + 2C + D = - 8 (-)(2) 
B + C = - 10 (5) 

Then subtract equation (5) from equation (4) to eliminate one of 
the unknowns: 

B + C = - 6 (4) 
B + C= -10 (-) (5) 

0 + 0 = 4 
0 = 4 
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This solution is not valid, so no circle passes through the three 
given points. You should attempt to solve equations (4) and (5) 
by the substitution method. When the three given points are 
collinear, an inconsistent solution of some type will result. 

If you try to solve the problem by eliminating both B and C 
at the same time (to find D), another type of inconsistent 
solution results. With the given coefficients you can easily 
eliminate both A and B at the same time. First, multiply 
equation (2) by 3 and equation (3) by - 2 and add the resultant 
equations: 

6B + 6C + 3D = -24 3 (x) (2) 

- 6B - 6C - 2D = 36 ( + ) -2 (x) (3) 

D = 12 

Then multiply equation (1) by -2 and add the resultant to 
equation (2): 

-2B-2C-2D= 4 -2(x)(l) 
2B + 2C + D= -8 ( + )(2) 

-D= -4 
D = 4 

This gives two values for D, which is inconsistent since 
each of the constants must have a unique value consistent 
with the given conditions. The three points are on the straight 
line y = x. 



PRACTICE PROBLEMS: 

In each of the following problems, find the equation of the 
circle that passes through the three given points: 

1. (14,0), (12,4), and (3,7) 

2. (10,3), (11,8), and (7,14) 

3. (1,1), (0,0), and (-1,-1) 

4. (12,-5), (-9,-12), and (-4,3) 



2-17 



ANSWERS: 

1. x 2 + y 2 — lOx + 4y = 56 

2. x 2 + y 2 - 6x - I4y = 7 

3. No solution; the given points describe the straight line 
y = x. 

4. x 2 + y 2 - 2x+ I4y = 75 



THE PARABOLA 

A parabola is the locus of all points in a plane 
equidistant from a fixed point, called the focus, 
and a fixed line, called the directrix. In the 
parabola shown in figure 2-8, point F, which lies 
halfway between the focus and the directrix, is 
called the vertex of the parabola. In this figure 
and in many of the parabolas discussed in the 
first portion of this section, the vertex of the 
parabola falls at the origin; however, the vertex 
of the parabola, like the center of the circle, can 
fall at any point in the plane. 

The distance from the point (x,y) on the 
curve to the focus (a,0) is 

V (x - a) 2 + y 2 

The distance from the point (x y y) to the 
directrix jc = - a is 

x + a 

Since by definition these two distances are equal, 
we may set them equal: 

V (jc - a) 2 + y 2 = x + a 
Squaring both sides, we have 




Figure 2-8.— The parabola. 



(x - a) 2 + y 2 = (x + a) 
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Expanding, we have 

x 2 - lax + a 2 + y 2 =x 2 + lax + a 2 

Canceling and combining terms, we have an equation for the 
parabola: 

y 2 = 4ax 

For every positive value of x in the equation of the parabola, 
we have two values of y. But when x becomes negative, the values 
of y are imaginary. Thus, the curve must be entirely to the right 
of the Y axis when the equation is in this form. If the equation is 

y 2 = -4ax 

the curve lies entirely to the left of the Y axis. 
If the form of the equation is 

x 2 = 4ay 

the curve opens upward and the focus is a point on the Y axis. 
For every positive value of y, you will have two values of x, and 
the curve will be entirely above the X axis. When the equation 
is in the form 

x 2 = - 4ay 

the curve opens downward, is entirely below the X axis, and has 
as its focus a point on the negative Y axis. Parabolas that are 
representative of the four cases given here are shown in 
figure 2-9. 

When x is equal to a in the equation 

y 2 = 4ax 

then 

y 2 = 4a 2 

and 

y = la 

This value of y is the height of the curve at the focus or the distance 
from the focus to point D in figure 2-8. The width of the curve 
at the focus, which is the distance from point D to point D' in 
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Figure 2-9. — Parabolas corresponding to four forms of the equation. 

the figure, is equal to 4a. This width is called the focal 
chord. The focal chord is one of the properties of a 
parabola used in the analysis of a parabola or in the sketching 
of a parabola. 

EXAMPLE: Give the length of a; the length of the 
focal chord; and the equation of the parabola, which is 
the locus of all points equidistant from the point (3,0) 
and the line x = -3. 
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Figure 2-10.— Sketch of a parabola. 



SOLUTION: First plot the given information on a coordinate 
system as shown in figure 2-10, view A. Figure 2-8 shows you that 
the point (3,0) corresponds to the position of the focus and that 
the line x = -3 is the directrix of the parabola. Figure 2-8 also 
shows you that the length of a is equal to one half the distance 
from the focus to the directrix or, in this problem, one 
half the distance from x= -3 to x=3. Thus, the length 
of a is 3. 
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The second value required by the problem is the length of the 
focal chord. As stated previously, the focal chord length is equal 
to 4a. The length of a was found to be 3, so the length of the 
focal chord is 12. Figure 2-8 shows that one extremity of the focal 
chord is a point on the curve 2a or 6 units above the focus, and 
the other extremity is a second point 2a or 6 units below the focus. 
Using this information and recalling that the vertex is one-half 
the distance from the focus to the directrix, plot three more points 
as shown in figure 2-10, view B. 

Now a smooth curve through the vertex and the two points 
that are the extremities of the focal chord provide a sketch of the 
parabola in this problem. (See fig. 2-10, view C.) 

To find the equation of the parabola, refer to figure 2-10, view 
D, and use the procedure used earlier. We know by definition that 
any point P(x,y) on the parabola is equidistant from the focus 
and directrix. Thus, we equate these two distances: 

V (x - a) 2 + y 2 = * + a 

However, we have found distance a to be equal to 3, so we 
substitute: 

V (x - 3) 2 + y 2 = x + 3 
We square both sides: 

(x - 3) 2 +y 2 = (x+ 3) 2 

Then we expand: 

x 2 - 6x + 9 + y 2 = x 2 + 6x + 9 

We cancel and combine terms to obtain the equation of the 
parabola: 

y 2 = I2x 

If we check the consistency of our findings, we see that the 
form of the equation and the sketch agree with figure 2-9, view 
A. Also, the 12 in the right side of the equation corresponds to 
the 4a in the standard form, which is correct since we determined 
that the value of a was 3. Or, since the curve is entirely to the 
right of the Y axis, then we can apply the formula y 2 = 4ax by 
substituting a - 3 to give 

y = 4(3)x 
= I2x 
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NOTE: When the focus of a parabola lies on the Y axis, the 
equated distance equation is 

V (y - a) 2 + x 2 = y + a 



PRACTICE PROBLEMS: 

Give the equation; the length of a; and the length of the focal 
chord for the parabola, which is the locus of all points 
equidistant from the point and the line, given in the following 
problems: 

1 . The point ( - 2,0) and the line x = 2 

2. The point (0,4) and the line y = -4 

3. The point (0,-1) and the line y = 1 

4. The point (1,0) and the line x = - 1 



ANSWERS: 

1. y 2 = -8*, a = 2, f.c. = 8 

2. x 2 = \6y, a = 4, f.c. = 16 

3. x 2 = -Ay, a = 1, f.c. = 4 

4. y 2 = 4x, a= I, f.c. = 4 



Up to now, all of the parabolas we have dealt with have had 
a vertex at the origin and a corresponding equation in one of the 
four following forms: 

1 . y 2 = Aax 

2. y 2 = -Aax 
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3. x 2 = 4ay 

4. x 2 = -4ay 

We will now present four more forms of the equation of a 
parabola. Each one is a standardized parabola with its vertex at 
point V(h,k). When the vertex is moved from the origin to the 
point V(h,k), the x and y terms of the equation are replaced by 
(x - h) and (y - k). Then the standard equation for the parabola 
that opens to the right (fig. 2-9, view A) is 

(y - k) 2 = 4a(x - h) 

The four standard forms of the equations for parabolas with 
vertices at the point V(h,k) are as follows: 

1 • (y - k) 2 = 4tf (* - h), corresponding to y 2 = 4ax, 
parabola opens to the right 

2 . (y - k) 2 = - 4a(x - h), corresponding to y 2 = —4ax, 
parabola opens to the left 

3 . (x - h) 2 = 4a(y - k), corresponding to x 2 = 4ay, 
parabola opens upward 

4 . (x - h) 2 = -4a(y - k), corresponding to x 2 = -4ay 9 
parabola opens downward 

The method for reducing an equation to one of these 
standard forms is similar to the method used for reducing 
the equation of a circle. 

EXAMPLE: Reduce the equation 

y 2 - 6y - 8jc + 1 - 0 

to standard form. 

SOL UTION: Rearrange the equation so that the second-degree 
term and any first-degree terms of the same unknown are on the 
left side. Then group the unknown term appearing only in the first 
degree and all constants on the right: 

y * - 6y = Sx - 1 
Then complete the square in y: 

y 2 - 6y + 9 = Sx - 1 + 9 
(y - 3) 2 = Sx + 8 
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To get the equation in the form 

(y - k) 2 = Aa(x - h) 
factor an 8 out of the right side. Thus, 

Cy-3) 2 = 8(x+ 1) 
is the equation of the parabola with its vertex at (-1,3). 



PRACTICE PROBLEMS: 

Reduce the equations given in the following problems to 
standard form: 

1. x 2 + A = Ay 

2. y 2 - Ax = 6y - 9 

3. Ax + 8y + y 2 + 20 = 0 

4. Ax - I2y + AO + x 2 = 0 



ANSWERS: 

1. x 2 = A(y- 1) 

2. (y - 3) 2 = Ax 

3. (y + A) 2 = -A(x+ 1) 

4. (x + 2) 2 = I2(y - 3) 



THE ELLIPSE 

An ellipse is a conic section with an eccentricity greater than 
0 and less than 1. 
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Referring to figure 2-11, let 



PO = a 



FO = c 



OM=d 



where F is the focus, O is the center, and P 
and P' are points on the ellipse. Then from 
the definition of eccentricity, 




Figure 2-11. — Development of focus and directrix, 



Q - C 

d-a 



= e or a - c = ed - ea 



and, 



a + c 
d + a 



— e or a + c = ed + ea 



Subtraction and addition of the two equations give 



2c = 2ae or c = ae 



(2.4) 



2a - 2de or d = ~ 



Place the center of the ellipse at the origin so that one focus 
lies at (-ae,0) and one directrix is the line x = -a/e. 

Figure 2-12 shows a point on the Y axis that 
satisfies the conditions for an ellipse. If 

P"0 = b 



and 



FO = c 



then 



P'F = b 2 + c 



By definition, e is the ratio of the distance of P" from 
the focus and the directrix, so 



e = 



P"F 
P"N 



i 
i 

i 

i 
i 



1 ' 



DIRECTRIX 



OP 



II 



o 



M P F 



Figure 2-12. — Focus, directrix, and point P' 
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or 



e - 



a 

€ 



Multiplying both sides by a/e gives 



or 



b 2 + c 2 = a 2 



so 



b 2 = a 2 - c 



(2.5) 



Now combining equations (2.4) and (2.5) gives 



b 2 = a 2 - a 2 e 2 



or 



b 2 = a 2 (l -e 2 ) 



(2.6) 



Refer to figure 2-13. If the point (jc,j>) is on the 
ellipse, then the ratio of its distance from F to its 
distance from the directrix is e. The distance from 
(jcjO to the focus (-ae,0) is 

V (x + ae) 2 + y 2 
and the distance from (x,y) to the directrix x = - f is 



, 0 

x + ^ 



The ratio of these two distances is equal to e, so 



= e 




Figure 2-13.— The ellipse. 
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or 



V (x + </<?) 2 + y 2 = + |^ 

= ex + a 

Squaring and expanding both sides gives 
x 2 + 2aex + a 2 e 2 + y 1 — e 2 x 2 + 2aex + a 2 

Canceling like terms and transposing terms in x 
to the left-hand side of the equation gives 

x 2 - e 2 x 2 + y 2 = a 2 - a 2 e 2 
Removing a common factor gives 

jc 2 (1 - e 2 )+y =a 2 (l -e 2 ) (2.7) 

Dividing both sides of equation (2.7) by the 
right-hand member gives 



+ 



y 



a\\ - e 2 ) 



- 1 



From equation (2.6) we obtain 



b 2 - a 2 (l - e 2 ) 
so that the equation becomes 



a 



b 2 



+ = 1 



This is the equation of an ellipse in standard 
form. In figure 2-14, views A and B, a is the 
length of the semimajor axis and b is the length 
of the semiminor axis. 

The curve is symmetrical with respect to the 
.Yand Y axes, so you can easily see that figure 
2-14, view A, has another focus at (ae,Q) and a 
corresponding directrix, x = a/e. The curve also 
has vertices at (±a,0). 

The distance from the center through the 
focus to the curve is always designated a and is 
called the semimajor axis. This axis may be in 
either the x or y direction. When it is in the y 
direction, the directrix is a line denoted by the 
equation 

y = k 




Figure 2-14. — Ellipse showing axes. 
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In the case we have studied, the directrix was denoted by the 
formula 



x = k 

where A: is a constant equal to ± a/e. 

The perpendicular distance from the midpoint of the major 
axis to the curve is called the semiminor axis and is always signified 
by b. 

The distance from the center of the ellipse to the focus is 
called c. In any ellipse the following relations are true for 
a, b, and c: 

c = V a 2 - b 2 or c 2 = a 2 - b 2 
b = \J a 1 - c 1 or b 2 = a 2 - c 2 
a = V b 2 + c 2 or a 2 = b 2 + c 2 

Whenever the directrix is a line denoted by the equation y = k, 
the major axis is in the y direction and the equation of the ellipse 
is as follows: 

^ + ^=1 
b 2 a 2 

Refer to figure 2-14, view B. This curve has foci at (0, ± c) and 
vertices at (0, ±a). 

In an ellipse the position of the a 2 and b 2 terms indicates the 
orientation of the ellipse axis. As shown in figure 2-14, views A 
and B, value a is the semimajor or longer axis. 

In the previous paragraphs formulas were given showing the 
relationship between a, b> and c. In the first portion of this discus- 
sion, a formula showing the relationship between a, c, and the 
eccentricity was given. These relationships are used to find the 
equation of an ellipse in the following example: 

EXAMPLE: Find the equation of the ellipse with its center 
at the origin and having foci at (±2\/~6,0) and an eccentricity 

equal to 



SOLUTION: With the focal points on the X axis, the ellipse 
is oriented as in figure 2-14, view A, and the standard form of 
the equation is 

^ + ^ = i 

a 1 b 2 
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With the center at the origin, the numerators of the fractions 
on the left are x 2 and y 2 . The problem is to find the values of 
a and b. 

The distance from the center to either of the foci is equal to 
c (fig. 2-14, view A), so in this problem 

c = 2\f6 

from the given coordinates of the foci. 

The values of a, c, and e (eccentricity) are related by 

c = ae 

or 

c 

a = e 

From the known information, substitute the values of c and e, 

2v/6 

a = i^ 

7 

a = 2sr * ( 

and 

a = 1 
a 2 = 49 
Then, using the formula 

b = sfj~7 2 

or 

b 2 = a 2 - c 2 
and substituting for a 2 and c 2 , 

b 2 = 49- (2s/6) 2 
b 2 = 49- (4) (6) 
b 2 = 49 - 24 
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gives the final required value of 



b 2 = 25 



Then the equation of the ellipse is 



49 25 



PRACTICE PROBLEMS: 



Find the equation of the ellipse with its center at the origin 
and for which the following properties are given: 

1. Foci at (±\/^7,0) and an eccentricity of 

4 

2. Length of the semiminor axis is 5 along the X axis and 
e = \fn/6. 

3. Vertices at (±4,0) and directrices x = ±8\/~3/3. 

4. Foci at (0, ±4) and vertices at (0, ±5). 



ANSWERS: 



.2 *.2 



1. 77 + ^=1 or 77 + ^-=l 
4 2 3 2 16 9 



3.£ + £=l or £ + £=1 
4 2 2 2 16 4 



A -^ + y-=\ or ^ + ^=1 
3 2 5 2 9 25 
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An ellipse may be defined as the locus of 
all points in a plane, the sum of whose 
distances from two fixed points, called the 
foci, is a constant equal to 2a. This is shown 
as follows: 

Let the foci be F, and F 2 at (±c,0), as 
shown in figure 2-15. Using the standard form 
of an ellipse, 



* 2 + f _ 



a 



2 b 2 



= 1 




Figure 2-15.— Ellipse, center at origin, 



or 



+ y 1 

a 1 a 1 - c 2 



= 1 



solve for y 2 \ 



, _ (a 2 - c 2 )(a 2 - x 2 ) 
y a 1 



Referring to figure 2-15, we see that 



F\P = v/ (x - c) 2 + 



and 



F 2 P = V (x + c) 2 + y 



Substitute y 2 into both equations above and simplify 



■p = \/ ix _ # + (jLz W -jo 



= a - 



cx 
a 



and 



FrP 



-V 



a 2 



= a + 



cx 
a 
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0 



A 



B 



Figure 2-16.— Ellipse, center at (h,k). 



SO 



F X P + F 2 P = a - 



cx 



+ a + 



cx 



a 



a 



= 2a 



Whenever the center of the ellipse is at some point other than 
(0,0), such as the point (h y k) in figure 2-16, views A and B, the 
equation of the ellipse must be modified to the following 
standard forms: 



Subtracting h from the value of x reduces the value of the term 
(jc - h) to the value x would have if the center were at the origin. 
The term (y - k) is identical in value to the value of y if the center 
were at the origin. 

Whenever we have an equation in the general form, such as 



where the capital letters refer to independent constants and>l and 
C have the same sign, we can reduce the equation to the standard 



(x - hf (y - kf 
a 2 b 2 



(2.8) 



(x - hf + (y- k) 2 
b 2 a 2 



(2.9) 



Ax 2 + Cy 2 + Dx + Ey + F = 0 
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form for an ellipse. Completing the square in both x and y and 
performing a few simple algebraic transformations will change 
the form to that of equations (2.8) and (2.9). 

Theorem: An equation of the second degree, in which the xy 
term does not exist and the coefficients of x 2 and y 2 are different 
but have the same sign, represents an ellipse with axes parallel 
to the coordinate axes. 

EXAMPLE: Reduce the equation 

Ax 2 + 9y 2 - 40x - 54y + 145 = 0 

to an ellipse in standard form. 

SOLUTION: Collect terms in x and y and remove the 
common factors of these terms: 

4x 2 - 40x + 9y 2 - 54y + 145 = 0 

4(x 2 - lOx) + 9(y 2 - 6y) + 145 = 0 

Transpose the constant terms and complete the square in both 
x and y. When factored terms are involved in completing the 
square, as in this example, an error is frequently made. The 
factored value operates on the term added inside the parentheses 
as well as the original terms. Therefore, the values added to the 
right side of the equation are the products of the factored values 
and the terms added to complete the square: 

4(x 2 - lOx + 25) + 9{y 2 - 6y + 9) 

= - 145 + 4(25) + 9(9) 

= - 145 + 100 + 81 

= 36 

4(x - 5) 2 +9(^-3) 2 = 36 

Divide both sides by the right-hand (constant) term. This 
reduces the right member to 1 as required by the standard form: 

4(x-5) 2 9(.y-3) 2 
36 36 

(x - 5) 2 (y - 3) 2 _ { 
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This reduces to the standard form 

(* - 5) 2 (y - 3) 2 , 
(3) 2 (2) 2 

corresponding to equation (2.8). This equation represents an ellipse 
with the center at (5,3); its semimajor axis, a, equal to 3; and its 
semiminor axis, 6, equal to 2. 

EXAMPLE: Reduce the equation 

3jc 2 + y 2 + 20jc + 32 = 0 

to an ellipse in standard form. 

SOLUTION: First, collect terms in jc and y. As in the previous 
example, the coefficients of x 2 and y 2 must be reduced to 1 to 
complete the square in both x and j\ Thus the coefficient of the 
x 2 term is divided out of the two terms containing jc, as follows: 

3jc 2 + 20* + y 2 + 32 = 0 

\ X * + ) +yl = ~ 32 

Complete the square in x> noting that a product is added to the 
right side: 

3i* + f)' + y=f 

Divide both sides by the right-hand term: 

31*+^ _ ^ 

4 T = 1 

3 3 
10' 

3 ^ + -Z_ = , 



a: + 
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This equation reduces to the standard form, 




3 / v 2 

+ — y - = 1 



\T3 



X+ ™K + y = 1 




corresponding to equation (2.9), and represents an ellipse with 
the center at / - y><>) . 



PRACTICE PROBLEMS: 

Express the following equations as an ellipse in standard 
form: 

1. 5x* - 110* + 4y 2 +425 = 0 

2. x 2 - 14* + 36/ - 2\6y + 337 = 0 

3. 9* 2 - 54* + Ay 2 + I6y + 61 = 0 

4. 3** - 14* + 4/ + 11 =0 



ANSWERS: 

1 (*- ") 2 1 y 1 - 1 

(6) 2 (3/5) 2 

2 (^_7) ! + (^_3) ! 

(6) 2 (l) 2 
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THE HYPERBOLA 

A hyperbola is a conic section with an 
eccentricity greater than 1 . 

The formulas 



c - ae 



and 



€ 



developed in the section concerning the ellipse 
were derived so that they are true for any value 
of eccentricity. Thus, they are true for the 
hyperbola as well as for an ellipse. Since e is 
greater than 1 for a hyperbola, then 

c = ae and c > a 



d = - and d < a 
e 



I 

II 




X 

u 

Ui 



»- 
o 

111 
CE 



o|«> 



ii 



Therefore c > a > d. 

According to this analysis, if the center 
of symmetry of a hyperbola is the origin, 
then the foci lies farther from the origin 
than the directrices. An inspection of figure 2-17 
shows that the curve never crosses the Y axis. 
Thus the solution for the value of b, the 
semiminor axis of the ellipse, yields no real 



Figure 2-17.— The hyperbola. 
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value for b. In other words, b is an imaginary number. This can 
easily be seen from the equation 



b = yfj~^7 2 
since c > a for a hyperbola. 

However, we can square both sides of the the above equation, 
and since the square of an imaginary number is a negative real 
number we write 

-b 2 = a 2 -c 2 

or 

b 2 = c 2 - a 2 

and, since c = ae y 

b 2 = a 2 e 2 -a 2 = a 2 (e 2 - 1) 

Now we can use this equation to obtain the equation of a 
hyperbola from the following equation, which was developed in 
the section on the ellipse: 



a 2 a\\ - e 2 ) 

and since 

a 2 {\ - e 2 ) = -a\e 2 - 1) = - b 2 

we have 

a 2 b 2 

This is a standard form for the equation of a hyperbola with 
its center, O, at the origin. The solution of this equation for y gives 

y = ±~\/x 2 -a 2 

which shows that y is imaginary only when x 2 < a 2 . The curve, 
therefore, lies entirely beyond the two lines x = ±a and crosses 
the X axis at V x (a 9 0) and F 2 (-a,0), the vertices of the hyperbola. 
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The two straight lines 



bx + ay = 0 and bx - ay = 0 (2.10) 

can be used to illustrate an interesting property of a hyperbola. 
The distance from the line bx - ay = 0 to the point (*i ,.Vi) on the 
curve is given by 

d = t>xi- ay K (2.H) 

Va 2 + b 2 

Since (Xij>i) is on the curve, its coordinates satisfy the equation 

b 2 x\ - a 2 y\ = a 2 b 2 

which may be written 

(bx\ - ay x ){bx x + ay x ) = a 2 b 2 



or 



• a 2 b 2 
bx x - ay 1 = 



bxi + ay x 



Now substituting this value into equation (2.11) gives us 



a 2 + b 2 V* 1 + W ) 



As the point (JCi,^i) is chosen farther and farther from the 
center of the hyperbola, the absolute values for x { and y x will 
increase and the distance, d, will approach zero. A similar result 
can easily be derived for the line bx + ay = 0. 

The lines of equation (2.10), which are usually written 

b A ^b 
y = — x and y = + -jc 
J a J a 

are called the asymptotes of the hyperbola. They are very 
important in tracing a curve and studying its properties. The 
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asymptotes of a hyperbola, figure 2-18, are the diagonals of the 
rectangle whose center is the center of the curve and whose sides 
are parallel and equal to the axes of the curve. The focal chord 

2b 2 

of a hyperbola is equal to — . 

Another definition of a hyperbola is the locus of all points 
in a plane such that the difference of their distances from two 
fixed points is constant. The fixed points are the foci, and the 
constant difference is 2a. 

The nomenclature of the hyperbola is slightly different from 
that of an ellipse. The transverse axis is of length 2a and is the 
distance between the intersections (vertices) of the hyperbola with 
its focal axis. The conjugate axis is of length 2b and is 
perpendicular to the transverse axis. 

Whenever the foci are on the Y axis and the directrices are 
lines of the form y - ± k, where k is a constant, the equation of 
the hyperbola will read 

z! _ = i 

a 2 b 2 

This equation represents a hyperbola with its transverse axis on 
the Y axis. Its asymptotes are the lines by - ax = 0 and 
by + ax - 0 or 

x = - v and x = — y 
a J a J 
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The properties of the hyperbola most often used in analysis 
of the curve are the foci, directrices, length of the focal chord, 
and the equations of the asymptotes. 

Figure 2-17 shows that the foci are given by the points F l (c,0) 
and F 2 ( - c,0) when the equation of the hyperbola is in the form 



= i 

a 2 b 2 



If the equation were 



a 2 b 2 " 



the foci would be the points (0,c) and (0, -c). The value of c is 
either determined from the formula 



c 2 = a 2 + b 2 



or the formula 



c - ae 



Figure 2-17 also shows that the directrices are the lines 

x = ±- or, in the case where the hyperbolas open upward and 
^? 

downward, y = ±-. This was also given earlier in this discussion 

^? 

, a 
as a = 

e 

The equations of the asymptotes were given earlier as 

bx + ay - 0 and bx - ay - 0 

or 

y = - -x and y = + -x 

The earlier reference also pointed out that the length of the 

2b 2 

focal chord is equal to — . 

a 

Note that you have no restriction of a > b for the hyperbola 
as you have for the ellipse. Instead, the direction in which the 
hyperbola opens corresponds to the transverse axis on which the 
foci and vertices lie. 
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The properties of a hyperbola can be determined from the 
equation of a hyperbola or the equation can be written given 
certain properties, as shown in the following examples. In these 
examples and in the practice problems immediately following, all 
of the hyperbolas considered have their centers at the origin. 

EXAMPLE: Find the equation of the hyperbola with an 
eccentricity of 3/2, directrices x = ±4/3, and foci at (±3,0). 

SOLUTION: The foci lie on the X axis at the points (3,0) and 
(-3,0), so the equation is of the form 



This fact is also shown by the equation of the directrices. 

Since we have determined the form of the equation and since 
the center of the curve in this section is restricted to the origin, 
the problem is reduced to finding the values of a 2 and b 2 . 

First, the foci are given as ( ± 3,0); and since the foci are also 
the points (±c,0), then 



The eccentricity is given and the value of a 2 can be 
determined from the formula 




c = 3 



c 



ae 



c 



a 



e 



a 



a 



6 
3 



a 



2 



4 
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The relationship of a, b, and c for the hyperbola is 

b 2 = c 2 - a 2 



and 



b 2 = (3) 2 - (2) 2 
b 2 = 9 - 4 
Z? 2 = 5 

When these values are substituted in the equation 

^ _ y = , 

a 2 Z> 2 



the equation 



4 5 



results and is the equation of the hyperbola. 

The equation could also be found by the use of other 
relationships using the given information. 

The directrices are given as 



x=± 4 - 
3 



and, since 



d = °e 



or 

a = de 

substituting the values given for d and e results in 



-K0 



therefore, 

a = 2 

and 

a 2 = 4 
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While the value of c can be determined by the given information 
in this problem, it could also be computed since 



c = ae 

3 

and a has been found to equal 2 and e is given as -; 
therefore, 

- 3 

With values for a and c computed, the value of b is found as 
before and the equation can be written. 

EXAMPLE: Find the foci, directrices, eccentricity, length 
of the focal chord, and equations of the asymptotes of the 
hyperbola described by the equation 

^ _ 2l = l 
9 16 

SOLUTION: This equation is of the form 

*!_l! = 1 
a 2 b 2 

and the values for a and b are determined by inspection to be 

a 2 = 9 

a = 3 

and 

b 2 = 16 
b =4 
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With a and b known, we find c by using the formula 

c 2 = a 2 + b 2 

c = V a 2 + b 2 
c =V 9 + 16 
c = >/25 
c = 5 

From the form of the equation, we know that the foci are at the 
points 

Fi(c,0) 

and 

F 2 (-c,0) 

so the foci = (±5,0). 

The eccentricity is found by the formula 

c 




Figure 2-17 shows that with the center at the origin, c and a will 
have the same sign. 

The directrix is found by the formula 




or, since this equation will have directrices parallel to the Y axis, 
by the formula 



Then 




* =±3 0) 
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So the directrices are the lines 



The focal chord (f.c.) is found by 

, 2b 2 



fc - 2(16) 
J 3 

, 32 



Finally, the equations of the asymptotes are the equations of the 
two straight lines: 



bx + ay = 0 



and 



bx — ay — 0 



In this problem, substituting the values of a and 6 in each 
equation gives 



4x + 3y = 0 



and 



4jc - 3 >> = 0 



or 



4x ± 3y = 0 

The equations of the lines asymptotic to the curve can also 
be written in the form 



y = -x 
J a 



and 



y=- b - X 
' a 
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In this form the lines are 

4 

y = - 3 x 

and 

4 



or 




If we think of this equation as a form of the slope-intercept 
formula 

y — mx + b 

from chapter 1 , the lines would have slopes of ± - and each 
would have its y intercept at the origin as shown in figure 2-18. 



PRACTICE PROBLEMS: 

1 . Find the equation of the hyperbola with an eccentricity of 

\/2, directrices y = ± and foci at (0, ± \fl). 

2 

2. Find the equation of the hyperbola with an eccentricity 
of 5/3, foci at (±5,0), and directrices x = ±9/5. 

Find the foci, directrices, eccentricity, equations of the 
asymptotes, and length of the focal chord of the hyperbolas 
given in problems 3 and 4. 
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ANSWERS: 

1. y 1 -x 2 = 1 

9 16 

-i- 3 

3. foci = (±3v2,0); directrices x = -=; 
eccentricity = \j2\f.c. = 6; asymptotes >> = ±jc 

4. foci = (0, ±\fTi)\ directrices .y = — — ; 

N/13 

eccentricity = /.c. = |; asymptotes x = ±^y 



The hyperbola can be represented by an equation in the general 
form 

Ax 2 + Cy 2 + Dx + Ey +F = 0 

where the capital letters refer to independent constants and 
A and C have different signs. These equations can be reduced to 
standard form in the same manner in which similar equations for 
the ellipse were reduced to standard form. The standard forms 
with the center at (h 9 k) are given by the equations 

(x -h) 2 O - k) 2 = 
a 2 b 2 

and 

(y ~ k) 2 (x - h) 2 _ 
a 2 b 2 " 1 

POLAR COORDINATES 

So far we have located a point in a plane by giving the distances 
of the point from two perpendicular lines. We can define the 
location of a point equally well by noting its distance and bear- 
ing. This method is commonly used aboard ship to show the 
position of another ship or target. Thus, 3 miles at 35° locates 
the position of a ship relative to the course of the ship making the 
reading. We can use this method to develop curves and bring out 
their properties. Assume a fixed direction OX and a fixed point O on 
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the line in figure 2-19. The position of any point, P, 
is fully determined if we know the directed distance 
from O to P and the angle that the line OP makes 
with reference line OX. The line OP is called the 
radius vector and the angle POX is called the polar 
angle. The radius vector is denoted by q, while 6 
denotes the polar angle. 

Point O is the pole or origin. As in 
conventional trigonometry, the polar angle is positive 
when measured counterclockwise and negative when 
measured clockwise . However, unlike the convention 
established in trigonometry, the radius vector for 
polar coordinates is positive only when it is laid off o 
on the terminal side of the angle. When the radius 
vector is laid off on the terminal side of the ray Fjgu 
produced beyond the pole (the given angle plus 180°), 
a negative value is assigned the radius vector. For this 
reason, more than one equation may be used in polar 
coordinates to describe a given locus. It is sufficient 
that you remember that the radius vector can be 
negative. In this course, however, the radius vector, 
e, will always be positive. 



At times you will find working with the 
equation of a curve in polar coordinates will be 
easier than working in Cartesian coordinates. 
Therefore, you need to know how to change 
from one system to the other. Sometimes both 
forms are useful, for some properties of the 
curve may be more apparent from one form of 
the equation. 

We can make transformations by applying 
the following equations, which can be derived 
from figure 2-20: 



TRANSFORMATION FROM 
CARTESIAN TO POLAR 
COORDINATES 



Y 



X = Q cos 6 



(2.12) 



0 



y = q sin 6 



q 2 = x 2 + y 2 



(2.13) 



Figure 2-20 
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EXAMPLE: Change the equation 

y = x 2 

from rectangular to polar coordinates. 

SOLUTION: Substitute q cos 9 for x and q sin 9 for y so that 
we have 

q sin 9 = q 2 cos 2 0 
sin 0 = e cos 2 0 

or 

sin 0 
cos 2 0 

6 = tan 6 sec 0 

EXAMPLE: Express the equation of the 
following circle with its center at (a,0) and with 
radius a, as shown in figure 2-21, in polar Y 
coordinates: 

(x — a) 2 + y 2 = a 2 

SOLUTION: First, expanding this equation 
gives us 

x 2 - lax + a 2 + y 2 = a 2 
Rearranging terms, we have 

x 2 + y 2 = lax 
The use of equation (2.13) gives us 

Figure 2-21. — Circle with center (a,0). 

q 2 = lax 

and applying the value of x given by equation (2.12), results in 

q 2 = lag cos 6 

Dividing both sides by g, we have the equation of a circle with 
its center at (a,0) and radius a in polar coordinates 

q - 2a cos 9 
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TRANSFORMATION FROM POLAR 
TO CARTESIAN COORDINATES 



To transform to an equation in Cartesian or rectangular 
coordinates from an equation in polar coordinates, use the 
following equations, which can be derived from figure 2-22: 



cos 6 = 



sin 6 = 



tan 6 = 



sec 0 = 



esc 0 = 



vV 


+ y 2 




X 


Vx 2 






y 




+ y 2 


l 




X 




V* 2 


+ y 2 


X 


Vx 2 


+ T 2 



(2.14) 



(2.15) 



(2.16) 




Figure 2-22. — Polar to cartesian 
relationship. 



COt 0 = ^ 



EXAMPLE: Change the equation 



q = sec 6 tan 0 

to an equation in rectangular coordinates. 

SOLUTION: Applying relations (2.14), (2.15), and (2.16) to 
the above equation gives 



Dividing both sides by Vx 2 +/, we obtain 



1 = 



or 



y = x 2 



which is the equation we set out to find. 
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EXAMPLE: Change the following equation to an equation 
in rectangular coordinates: 



Q = 



sin 6 - 3 cos 0 



SOLUTION: Written without a denominator, the polar 
equation is 

q sin d - 3q cos 0 = 3 



Using the transformations 



q sin 0 = y 
q cos 6 = x 



we have 



y - 3x = 3 



as the equation in rectangular coordinates. 



PRACTICE PROBLEMS: 

Change the equations in problems 1 through 4 to equations 
having polar coordinates. 

1 . x 2 + y 2 = 4 

3. 3y - Ix = 10 

4. ^ = 2x - 3 

Change the equations in the following problems to equations 
having Cartesian coordinates. 

5. q = 4 sin 6 

6. q = sin 6 + cos 6 

7. e = a 2 
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ANSWERS: 

1. Q = ±2 

2. q = 3 tan 6 

3. e - !? 

3 sin 0 - 7 cos 0 

4. „- ^ 

sin 0 - 2 cos 0 

5. x 2 + y 2 - 4y = 0 

6. at 2 +y 2 = y + x 

7. x 2 + y 2 = a* 



SUMMARY 



The following are the major topics covered in this chapter: 

1 . Conic section: A conic section is the locus of all points in a 
plane whose distance from a fixed point is a constant ratio to 
its distance from a fixed line. The fixed point is the focus, and 
the fixed line is the directrix. The ratio referred to is called the 
eccentricity. 

2 . Eccentricity: 

If 0 < e < 1 , then the curve is an ellipse. 
If e > 1, then the curve is a hyperbola. 
If e = 1, then the curve is a parabola. 
If e = 0, then the curve is a circle. 

3 . Locus of an equation: The locus of an equation is a curve 
containing those points, and only those points, whose 
coordinates satisfy the equation. 

4 . Circle: A circle is the locus of all points, in a plane that 
is always a fixed distance, called the radius, from a fixed 
point, called the center. 

Theorem: An equation of the second degree, in which the 
coefficients of the x 2 and y 2 terms are equal and the xy term 
does not exist represents a circle. 

5 . Standard equation of a circle: 

(x - h) 2 + (y - k) 2 = r 1 

where (x,y) is a point on the circle, (h,k) is the center, 
and r is the radius of the circle. 

6 . General equation of a circle: 

x 2 + y 2 + Bx + Cy + D = 0 
where B, C, and D are constants. 

7 . Circle defined by three points: A circle may be defined by 
three noncollinear points; that is, by three points not lying on 
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a straight line. Only one circle is possible through any three 
noncollinear points. To find the equation of the circle 
determined by three points, substitute the x and y values of each 
of the given points into the general equation to form three 
equations with B 9 C, and D as the unknowns. These equations 
are then solved simultaneously to find the values of B, C, and 
D in the equation that satisfies the three given conditions. 

8. Parabola: A parabola is the locus of all points in a plane 
equidistant from a fixed point, called the focus, and a fixed 
line, called the directrix. 

The point which lies halfway between the focus and the 
directrix is called the vertex. 

The focal chord is equal to 4a, where a is the distance from 
the vertex to the focus. 

A parabola with its vertex at the origin and opening to the 
right has its focus at (a,0) and its directrix at x= -a; its 
corresponding equation is y 2 - Aax. 

A parabola with its vertex at the origin and opening to the 
left has its focus at (-#,0) and its directrix at x = a; its 
corresponding equation is y 2 = - 4ax. 

A parabola with its vertex at the origin and opening upward 
has its focus at (0,a) and its directrix at y=-a; its 
corresponding equation is x 2 - 4ay. 

A parabola with its vertex at the origin and opening downward 
has its focus at (0, - a) and its directrix at y = a; its 
corresponding equation is x 2 = - 4ay. 

9. Standard equations for parabolas: 



1. 




- kf = 


4a(x - 


h) (parabola opening to the right) 


2. 




- kf = 


-4a(x - 


- h) (parabola opening to the left) 


3. 


(x 


- hf = 


4a(y - 


k) (parabola opening upward) 


4. 


(x 


- h) 2 = 


-4a(y 


- k) (parabola opening downward) 



where {h y k) is the coordinate of the vertex and a is the 
distance from the vertex to the focus. 
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10. Ellipse: An ellipse is the locus of all points, in a plane 
the sum of whose distances from two fixed points (the 
foci) is a constant equal to 2a. 

The ellipse is symmetrical with respect to the X and Y axes, 
so an ellipse with its center at the origin and its major 
axis along the X axis has foci at (±ae,0) or (±c,0), 
vertices at (±a,0), and directrices at x=±a/e; its 

x 2 v 2 

corresponding equation is ^ + ^ = 1 . 

An ellipse with its center at the origin and its major axis 
along the Y axis has foci at (0, ±ae) or (0, ±c), vertices at 
(0, ±a), and directrices at y = ±a/e; its corresponding 

x 2 v 2 
equation is + ^ = 1 . 

The distance from the center through the focus to the 
curve is always designated by a and is called the 
semimajor axis. The perpendicular distance from the 
midpoint of the major axis to the curve is called the 
semiminor axis and is always signified by b. The distance 
from the center of the ellipse to the focus is called c. The 
eccentricity is designated by e, which is equal to c/a. 

The following relationships are true for a, 6, and c in an 
ellipse: 

c = W _ 6 2 or c 2 = a 2 - b 2 
b = V a 2 - c 2 or b 2 = a 2 - c 2 
a = V b 2 + c 2 or a 2 = b 2 + c 2 
c < a and b < a 

Theorem: An equation of the second degree, in which the xy 
term does not exist and the coeficients of x 2 and y 2 are 
different but have the same sign, represents an ellipse with 
axes parallel to the coordinate axes. 

11. Standard equations for ellipses: 

(x-hY (y-kf 
a 2 b 2 

L ' b 2 a 2 

where (h, k) is the center of the ellipse, a is the length of the 
semimajor axis, and b is the length of the semiminor axis. 
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12. General equation of an ellipse: 

Ax 2 + Cy 2 + Dx + Ey + F = 0 

where the capital letters refer to independent constants 
and A and C have the same sign. 

13. Hyperbola: A hyperbola is the locus of all points in a plane 
such that the difference of their distances from two 
fixed points is constant. The fixed points are the foci and the 
constant difference is 2a. 

The transverse axis is of length 2a and is the distance between 
the intersections (vertices) of the hyperbola with its focal axis. 
The conjugate axis is of length 2b and is perpendicular to the 
transverse axis. 

The focal chord of a hyperbola is equal to 2b 2 /a. 

A hyperbola with its center at the origin and transverse axis 
along the X axis has foci at (±ae 9 0) or (±c,0), vertices 
at (±a,0), directrices at x=±a/e, and asymptotes 

2 2 

at y = ±(b/a)x', its corresponding equation is ^ - ^ = 1. 

A hyperbola with its center at the origin and transverse axis 
along the Y axis has foci at (0, ±ae) or (0, ±c), vertices at 

(0, ±a), directrices at y = ±a/e, and asymptotes at 

2 2 

x = ±(b/a)y\ its corresponding equation is ^ - ^ = 1. 

a 2 b 2 

The following relationships are true for a, b y and c in a 
hyperbola: 

c 2 = a 2 + b 2 

b 2 = c 2 ~ a 2 

a 2 = c 2 - b 2 

c > a 

14. Standard equations for hyperbolas: 

i (x - h) 1 (y - kf 
a 2 b 2 

a 2 b 2 _1 

where (h,k) is the center of the hyperbola, a is half the 
length of the transverse axis, and b is half the length of 
the conjugate axis. 
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15. General equation of a hyperbola: 



Ax 2 + Cy 2 + Dx + Ey + F = 0 

where the capital letters refer to independent constants and 
A and C have different signs. 

16. Polar coordinates: The position of any point, P, is fully 
determined if we know the directed distance, called the 
radius vector, and the angle that the radius vector makes with 
the reference line, called the polar angle. The radius vector 
is denoted by g, while 6 denotes the polar angle. The origin 
is also called the pole. 

The polar angle is positive when measured counterclockwise 
and negative when measured clockwise. The radius vector is 
positive only when it is laid off on the terminal side of the 
angle. When the radius vector is laid off on the terminal side 
of the ray produced beyond the pole (the given angle plus 
180°), a negative value is assigned the radius vector. 

17. Transformation from Cartesian to polar coordinates: 

x = q cos 0 y = q sin 0 

q 2 = x 2 + y 2 tan 8 = \ 

18. Transformation from polar to Cartesian coordinates: 



e - V x 2 + y 2 



cos 0 



x 



sec 0 



V x 2 + y 2 



V x 2 + y 1 



x 



sin 6 



V x 2 + y 2 



esc d 



V x 2 + y 2 

y 



tan 9 



y 



cot 0 



x 



x 
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ADDITIONAL PRACTICE PROBLEMS 

1 . Find the equation of the curve that is the locus of all points 
equidistant from the point (-3,-4) and the line 
6jc- 8y = -2. 

2. Find the coordinates of the center and the radius of a circle 
for the equation x 1 + y 2 - IOjc = - 9. 

3. Find the equation of the circle that passes through points 
(-4,3), (0,-5), and (3,-4). 

4. Give the equation; the length of a; and the length of the focal 
chord for the parabola, which is the locus of all points 
equidistant from the point (0,-23/4) and the line ^ = 23/4. 

5 . Reduce the equation 3x 2 - 30jc + 24j> + 99 = 0 to a parabola 
in standard form, 

6. Find the equation of the ellipse with its center at the origin, 
semimajor axis of length 14, and directrices y = ±28. 

7. Reduce the equation 4x 2 + y 2 - I6x - 16y = 64 to an ellipse 
in standard form. 

8. Find the equation of the hyperbola with asymptotes at 
y = ±(4/3)jc and vertices at (±6,0). 

9. Find the foci, directrices, eccentricity, equations of the 
asymptotes, and length of the focal chord of the hyperbola 

25 100 

10. Change the equation x 2 + 2x + y 2 = 0 from rectangular to 
polar coordinates. 

1 1 . Change the equation q = tan 6 cos 6 to an equation in 
rectangular coordinates. 
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ANSWERS TO ADDITIONAL 
PRACTICE PROBLEMS 

1 . 64* 2 + 96xy + 36y 2 + 576* + 832^ + 2496 = 0 

or 

16x 2 + 24xy + 9y 2 + I44x + 208y + 624 = 0 

2. center (5,0), radius 4 

3. x 2 +y 2 = 25 

4. x 2 = -23y, a = 23/4, f.c. = 23 

5. (x- 5) 2 = -B(y + 1) 

6 _^_ + ^l_ = ior -^ + 4=1 
' (IsH) 2 (14) 2 147 196 

7 ^-2) 2 + (^-8) 2 = 1 

(6) 2 (12) 2 

*' 36 64 1 

9. foci = (0,±5\/~5); directrices y = ±\/5; eccentricity 
asymptotes x= ±2y; f. c. = 40 

10. g = -2 cos 0 

11. x 2 +y 2 -y = 0 
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CHAPTER 3 



TANGENTS, NORMALS, AND 
SLOPES OF CURVES 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Find the slope and equation of the tangent line for a 
standard parabola and for other curves at a given 
point. 

2. Find equations of the tangent line and the normal line 
and lengths of the tangent and the normal between 
a point on a curve and the X axis for various 
curves. 

3. Apply parametric equations to motion in a straight line 
and in a circle; and also, find equations and lengths of 
tangents and normals of curves using parametric 
equations. 



INTRODUCTION 



In chapter 1 , the notation ^ was introduced to represent the 

slope of a line. The straight line discussed had a constant 
slope and the symbol Ay was defined as (y 2 - J>i) and Aa: 
was defined as (x 2 - JCi). In this chapter we will discuss 
the slope of curves at specific points on the curves. 
We will do this with as little calculus as possible, but 
our discussion will be directed toward the study of 
calculus . 
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SLOPE OF A CURVE AT A POINT 



In figure 3-1 the slope of the curve is represented 
at two different places by The value of 

=^ on the lower part of the curve is extremely 
Ax 

close to the actual slope at Pi because Pi lies 
on a nearly straight portion of the curve. 
The value of the slope at P 2 is less accurate 
than the slope near P, because P 2 lies on a 
portion of the curve that has more curvature 
than the portion of the curve near P,. To 
obtain an accurate measure of the slope of the 
curve at each point, as small a portion of the 
curve as possible should be used. When the 
curve is nearly a straight line, a very small 
error will occur when you are finding the slope, 
regardless of the value of the increments Ay and Ax. 
If the curvature is great and large increments 
are used when you are finding the slope of a 
curve, the error will become very large. 

Thus, the error can be reduced to as small an amount as you 
want provided you choose your increments to be sufficiently small. 
Whenever the slope of a curve at a given point is desired, the 
increments Ay and Ax should be extremely small. Consequently, 
the arc of the curve can be replaced by a straight line, 
which determines the slope of the line tangent to the curve 
at that point. 

You must understand that when we speak 
of the line tangent to a curve at a specific 
point, we are really considering the secant line, 
which cuts a curve in at least two points. Refer 
to figure 3-2. As point P 2 moves closer to point 
P,, the slope of the secant line varies by smaller 
and smaller amounts and causes the secant line 
between P, and P 2 to approach Pi. Pi is then 
extended to form the line tangent to the curve 
at that specific point. 

If we allow 





/l A V 




/ Ax 




P "/Ay 










0 





Figure 3-1.— Curve with increments Ay and 

Ajc. 



to represent the equation of a curve, then g is 
the slope of the line tangent to the curve at P(x,y). 




Figure 3-2.— Curve with secant line and 

tangent line. 
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The direction of a curve is defined as the direction 
of the tangent line at any point on the curve. Let 0 
equal the inclination of the tangent line; then the 
slope equals tan 6 and 



Ax 



= tan d 



is the slope of the curve at any point P(x,y). The angle 
0i is the inclination of the tangent line at P x in figure 
3-3. This angle is acute and the value of tan 0 X is pos- 
itive. Hence, the slope of the tangent line is positive at 
point P { . The angle 0 2 is an obtuse angle, tan 9 2 is 
negative, and the slope of the tangent line at point P 2 
is negative. All lines leaning to the right have positive 
slopes, and all lines leaning to the left have negative 
slopes. At point P 3 the tangent line to the curve is 
horizontal and 6 equals 0. This means that 




Figure 3-3. — Curve with tangent lines. 



Ax 



= tan 0° = 0 



The fact that the slope of a curve is zero when the tangent line 
to the curve at that point is horizontal is of great importance in 
calculus when you are determining the maximum or minimum 
points of a curve. Whenever the slope of a curve is zero, the curve 
may be at either a maximum or a minimum. 

Whenever the inclination of the tangent line to 
a curve at a point is 90 °, the tangent line is vertical 
and parallel to the Y axis. This results in an infinitely 
large slope where 



Ax 



= tan 90° = °o 



P'fx,+Ax f y,+Ay) 



TANGENT AT A GIVEN POINT 
ON THE STANDARD PARABOLA 

The standard parabola is represented by the 
equation 

y 1 = 4ax 

Let Pi with coordinates (x u y { ) be a point on the 
curve. Choose P' on the curve, figure 3-4, near 
the given point so that the coordinates of P' are 
(x 2y y 2 ). As previously stated 




Figure 3-4. — Parabola. 



Ax = X 2 - Xi 
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and 



by = yi - y\ 



so that by rearranging terms, the coordinates of F may be 
written as 

(xi + bx, yi + Ay) 

Since P' is a point on the curve, 

y 2 - 4ax 

the values of its coordinates may be substituted for x and y. This 
gives 

iy x + Ly) 2 = 4a(Xi + Ax) 



or 

y\ + 2y x by + (by) 2 = 4ax x + 4a Lx (3 .1) 

The point Pi(xi,.yi) also lies on the curve, so we have 

y\ = 4ax x 

Substituting this value for y\ into equation (3.1) transforms it 
into 

4ax x + 2y { t±y + (&y) 2 = 4ax x + 4abx 

Simplifying, we obtain 

2y x Ay + (by) 2 = 4aAx (3.2) 
Divide both sides by Ax, obtaining 

2y x by {by) 2 4aAx 



Lx Ax Ax 



which gives 
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Solving for W e find 



Ay _ 4o _ Ax - 

Ax ~~ 2y x 2y x 



la Ax 



2 



yx 2y, (3.3) 



Before proceeding, we need to discuss the term 



Ax 



2yi 

in equation (3.3). If we solve equation (3.2) for Ly, we find 



lyiLy + (Aj>) 2 = 4#Ax 



then 



Ay(2yi + by) - 4a&x 



and 



a _ 4a Ax 

* y " 2^ + Aj> 

Since the denominator contains a term not dependent upon Ly 
or Ax, as we let Ax approach zero, Ay will also approach zero. 

NOTE: We may find a value for Ax that will make Ly less than 
1 ; then when A>> is squared, it will approach zero at least as rapidly 
as Ax does. 

We now refer to equation (3.3) again and make the statement 

mi 



so that we may disregard Ax 
since it approaches zero when Ax approaches zero. 
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Then 

^ = 2a (34) 
Ax y x 

The quantity ^ is the slope of the line connecting Pi and 

P\ From figure 3-4, the slope of the curve at Pi is obviously dif- 
ferent from the slope of the line connecting Pi and P'. 

As Ax and Ay approach zero, the ratio ^ will approach 

more and more closely the true slope of the curve at Pi. We 
designate the slope by m. Thus, as Ajc approaches zero, equation 
(3.4) becomes 

la 

m - — 

The equation for a straight line in the point-slope form is 

y - y\ = m(x - x { ) 

la 

Substituting — for m gives 

y\ 

Clearing fractions, we have 



yy\ -y\= 2a* - 2ax x (3.5) 



but 



y\ = 4axi (3.6) 



Adding equations (3.5) and (3.6) yields 



yy x = lax + lax x 



Dividing by y x gives 



lax , lax x 
y = — + 

' yx yx 
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which is an equation of a straight line in the slope-intercept form. 
This is the equation of the tangent line to the parabola 



y 2 = 4ax 



at the point (x lt yi). 



EXAMPLE: Given the equation 

y 2 = Sx 



find the slope of the curve and the equation of the tangent line 

at the* nr\\nt O A\ 



at the point (2,4). 
SOL UTION: 



y 2 = 8* 



has the form 



y 2 = 4ax 



where 



4a = 8 

a = 2 



and 



2a = 4 



The slope, m, at point (2,4) becomes 



2a 

m = — 

=!=> 

Since the slope of the line is 1 , then the equation of the tangent 
to the curve at the point (2,4) is 

2ax , 2aX\ 
y = + 

(2) (2) (x) (2) (2) (2) 
4 + 4 

= x + 2 
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TANGENT AT A GIVEN POINT ON 
OTHER CURVES 



The technique used to find the slope and equation of the 
tangent line for a standard parabola can be used to find the slope 
and equation of the tangent line to a curve at any point regardless 
of the type of curve. The method can be used to find these rela- 
tionships for circles, hyperbolas, ellipses, and general algebraic 
curves. 

This general method is outlined as follows: To find the slope, 
m, of a given curve at the point P\(x x ,y x ), choose a second point, 
P f , on the curve so that it has coordinates (x x + Ajc, y x + Ly); then 
substitute each of the coordinates of P' and P x in the equation 
of the curve and simplify. Divide both sides by hx and eliminate 
terms that contain powers of Ay higher than the first power, as 

previously discussed. Solve for Let Ajc approach zero and 

^ will approach the slope of the tangent line, m, at point P x . 

When the slope and coordinates of a point on the curve are 
known, you can find the equation of the tangent line by using 
the point-slope method, 

EXAMPLE: Using the method outlined, find the slope and 
equation of the tangent line to the curve 

x 2 + y 2 = r 2 at (x u y x ) Equation (1) 

SOL UTION: Choose a second point such that it has 
coordinates 

(x x + Axj>! + Ay) 
Substitute into equation (1) 

(jCi + Ajc) 2 + (y { + Ay) 2 = r 2 



Thus 



xi + 2Xibx + (Ax) 2 + y\ + 2y x by + (A>>) 2 = r 



Then 

2x,Ax + (Ax) 2 + 2y,Ly + (Aj>) 2 = r 2 - x\ - y\ 



— r — (xi + yi) 
= 0 
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Divide both sides by Ax 



ST + ~~Ax~ + ~Ax~ + IT ~ u 



and eliminating (A>0 2 results in 



2xi + Ax + = 0 



Solve for : 



A^ _ -2xi - Ax 
Ax Wi 



Let Ax approach zero, so that 



m = ^r 



Now using the point-slope form of a straight line, substitute 



— ^ for m: 



^ - yx = m{x - x,) 



— x 



y\ 



Multiply both sides by y x : 



yyi -yl= -x x x + x\ 



Rearrange: 



yyi = -x x x + x? +y\ 



but 



x? + y\ = r 2 
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Then, by substitution 



yy\ = -x x x + r 2 



and 



which is the general equation of the tangent line to the curve 

x 2 + y 2 = r 2 at (x u y x ) 

EXAMPLE: Using the given method, with minor changes, find 
the slope and equation of the tangent line to the curve 

x 2 - y 2 = k 2 at (Jti j>i) Equation (1) 

SOLUTION: Choose a second point such that it has 
coordinates 

(Xi + Axj>i + Ay) 
Substitute into equation (1): 

(x, + Ax) 2 -(y x + Ay) 2 = k 2 
x\ + 2x x Ax + (Ax) 2 - y\ - 2y,Ay - (Ay) 2 = k 2 (2) 



Since x\ - y 2 = k 2 , then 

2x x Ax + (Ax) 2 - 2y,Ay - (Ay) 2 = 0 
Then divide by Ax and eliminate (AjO 2 



2x x +Lx- 2y^ = 0 



Solve for — 



Ax 



Ay _ 2x\ + Ax 
5x tyi 
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Let Ax approach zero, so that 



m = — 

yi 



which is the slope desired. 

Use the point-slope form of a straight line to find the equation 
of the tangent line to the curve at point (x u yx) as shown in the 
following: 

y - y x = m (X - Xx) 



Substitute ^ for m: 

y\ 



y-yx=Tj-(x- xx) 
y\ 



Multiply both sides by y x \ 



yyi - yi = xxx - xi 



Rearrange to obtain 



yyi = xxx - xi + yi 



= Xxx - (xi - yi) 



Substitute k 2 for xi - yi : 



yyi = xxx - 



Divide both sides by yx to obtain 



x x x 



which is the equation desired. 
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PRACTICE PROBLEMS: 

Find the slope and equation of the tangent line to the curve, 
in problems 1 through 6, at the given points. 



1 2 ** 

i. y = 3* 


at 


(3,2) 


2. y 2 = 12* 


at 


(3,6) 


3. x 2 +y 2 = 25 


at 


(-3,4) 


4. x 2 + y 2 = 100 


at 


(6,8) 


5. x 2 - y 2 = 9 


at 


(5,4) 


6. x 2 - y 2 = 3 


at 


(2,1) 


7. Find the slope of y = x 2 


at 


(2,4) 


8. Find the slope of 
y = Ix 2 - 3x + 2 


at 


(2,4) 



ANSWERS: 



x 1 

1. 7 = x+l,m = 2 



2. y = x + 3, m = 1 
, 3* 25 



„ -3*r 25 m -3 



< 5jc 9 _ 5 
5 ->' = T _ 4' m = 4 

6. .y = 2x - 3, m - 2 

1. m=A 

S. m = 5 
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EQUATIONS AND LENGTHS OF 
TANGENTS AND NORMALS 



In figure 3-5, the coordinates of point Pi on 
the curve are (x , ,y l ). Let the slope of the tangent 
line to the curve at point P, be denoted by m x . 
If you know the slope and a point through which 
the tangent line passes, you can determine the 
equation of that tangent line by using the point- 
slope form. 

Thus, the equation of the tangent line, MP U 

is 

y - y\ = m x (x - *i) 

The normal to a curve at a point (x u yi) is 
the line perpendicular to the tangent line at that 
point. The slope of the normal line, m 2 , is 



wij = — 



1 




Figure 3-5.— Curve with tangent and normal 

lines. 



m 



where, as before, the slope of the tangent line is m u This is shown 
in the following: 



If 



then 



therefore, 



mi = tan 0 



m 2 = tan (0 + 90°) 

= -tan [180° -(0 + 90°)] 
= -tan (90° -6) 



= - cot 0 



1 

tan 0 

J_ 
mi 



nil — — 



I 
m 
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The equation of the normal line through Pi is 

y -yi = --^-(x-Xt) 

Notice that since the slope of the tangent line is m x and the 
slope of the line which is normal to the tangent is m 2 and 

1 

in i = ■ 



m 



then the product of the slopes of the tangent and normal lines 
equals - 1 . The relationship between the slopes of the tangent and 
normal lines is stated more formally as follows: The slope of 
the normal line is the negative reciprocal of the slope of the tangent 
line. 

Another approach to show the relationship between the slopes 
of the tangent and normal lines follows: The inclination of one 
line must be 90° greater than the other. Then 

0 2 =G Y + 90° 

If 

tan 0 2 =m 2 

then 

tan 9 2 =tan (0i + 90°) 
We know from trigonometry that 



tan re +9 (n- sin (Q* + 90 °) 

tan ;- cos( e 1 + 9oo) 



sin 0! cos 90° + cos 0 t sin 90° 
cos 0i cos 90° - sin 0! sin 90° 

(sin 0,) (0) + (cos e,) (1) 
(cos 00 (0) - (sin 00 (1) 



_ COS 0! 

~ sin 0i 

= -cot 0i 

= 1 
tan 0i 



Therefore, 



tan 02 = -so; 
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The length of the tangent is defined as that portion of the 
tangent line between the point P^Xxji) and the point where the 
tangent line crosses the X axis. In figure 3-5, the length of the 
tangent is the line MPi . 

The length of the normal is defined as that portion of the nor- 
mal line between the point P { and the A" axis; that is the line, PiR, 
which is perpendicular to the tangent line. 

As shown in figure 3-5, the lengths of the tangent and normal 
may be found by using the Pythagorean theorem. 

From triangle MP X N, in figure 3-5, 



tan 0 



Wi = 



P,N 



MN 



and 



MN 



PiN 



Since 



then 



MN 




In triangle NP t R, 



tan 0 



NR 



m x = 



NP 



and 



NR 



miNPi 



Thus, the length of the tangent is equal to 
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and the length of the normal is equal to 

V(yi/ifi) 2 + <y l ) 2 

EXAMPLE: Find the equation of the tangent line, the equa- 
tion of the normal line, and the lengths of the tangent and the 
normal of 

y 2 = \x at (3,2) 

SOLUTION: Find the value of 2a from 

y 2 = 4ax 



Since 



y 2 = ~x 



4 

3' 



then 



4a = | 

1 

a = 3 
2a = \ 



The slope is 



m, = 



2 

la 3 1 



1 ~ yx ~ 2 ~ 3 
Using the point-slope form of a straight line, we have 

y -yi = rrixix - Xi) 
then, at point (3,2) 

y-2 = hx-3) 



X « 

= 3 ~ 1 



and 



which is the equation of the tangent line. 
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Use the negative reciprocal of the slope to find the equation 
of the normal line as follows: 



y-2 = -3(x-3) 



= -3* + 9 



then 



y = -3x+ 11 



To find the length of the tangent, we use the Pythagorean 
theorem. Thus, the length of the tangent is 




+ (yO 2 = V (6) 2 + (2) 2 
= \/40 

= 2>/"l6 



The length of the normal is equal to 



V (yi/n.) 2 + = . /(f) 2 + (2) J 




40 

9 



3 



PRACTICE PROBLEMS: 

Find the equations of the tangent line and the normal line, 
and the lengths of the tangent and the normal for the 
following: 

1. y 2 = I2x at (3,6) 

2. x 2 +y 2 = 25 at (-3,4) 

3. - y* = 9 at (5,4) 

4. y = Ix 2 - 3x + 2 at (1,1) 
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ANSWERS: 

1 . Equation of tangent line y = x + 3 
Equation of normal line y = -x + 9 
Length of tangent 6\f2 
Length of normal 6\/~2 

2. Equation of tangent line y = ^ + ^~ 

— Ay 

Equation of normal line y = — ^ 



Length of tangent 



Length of tangent 



20 



Length of normal 5 

3 . Equation of tangent line v = - ? 

4 4 

— 4r 

Equation of normal line y = + 8 



4\/4l 
5 



Length of normal \fA\ 

4. Equation of tangent line y = x 

Equation of normal line y = -x + 2 

Length of tangent \fi 

Length of normal \fi 



PARAMETRIC EQUATIONS 



If the variables x and y of the Cartesian coordinate system are 
expressed in terms of a third variable, say t (or 0), then the variable 
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/ (or 0) is called a parameter. The two equations 
x = x(t) and y = y(t) [or x = x(9) and >> = j>(0)] are 
called parametric equations. 

MOTION IN A STRAIGHT LINE 

To illustrate the application of a parameter, we 
will assume that an aircraft takes off from a 
field, which we will call the origin. Figure 3-6 shows 
the diagram we will use. The aircraft is flying on a 
compass heading of due north. There is a wind blow- 
ing from the west at 20 miles per hour, and the 
airspeed of the aircraft is 400 miles per hour. Let the 
direction of the positive Y axis be due north and the 
positive X axis be due east, as shown in figure 3-6. 
Use the scales as shown. 

One hour after takeoff the position of the aircraft, represented 
by point P, is 400 miles north and 20 miles east of the origin. If 
we use / as the parameter, then at any time, /, the aircraft's posi- 
tion (x,y) will be given by x equals 20/ and y equals 400/. The equa- 
tions are 

x = 20t 

and 

y = 400/ 

and are called parametric equations. Notice that time is not 
plotted on the graph of figure 3-6. The parameter / is used only to 
plot the position (x,y) of the aircraft. 

We may eliminate the parameter / to obtain a direct relation- 
ship between x and y as follows: 

If 




y = 400 (^) 

y = 20x 

and we find the graph to be a straight line. When we eliminated 
the parameter, the result was the rectangular coordinate equation 
of the line. 
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MILES 




T 1 r 

20 30 40 

MILES 



r 
50 



Figure 3-6. — Aircraft position. 



MOTION IN A CIRCLE 



Consider the parametric equations 

x = r cos / 

and 

y - r sin / 

These equations describe the position of a point (x,y) at any 
time, /. They can be transposed into a single equation by squar- 
ing both sides of each equation to obtain 

x 2 = r 2 cos 2 / 

y 2 = r 2 sin 2 / 

and adding 

x 2 + y 2 = r 1 cos 2 / + r 2 sin 2 / 
Rearranging, we have 

x 2 + y 2 = r 2 (cos 2 / + sin 2 /) 

but 

cos 2 / + sin 2 / = 1 

so that 

x 2 + y 2 = r 2 
which is the equation of a circle. 

This means that if various values were assigned to / and the 
corresponding values of x and y were calculated and plotted, the 
result would be a circle. In other words, the point (x f y) moves 
in a circular path. 

Using this example again, that is 

x = r cos / 

and 

y - r sin / 
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and given that 



Ax 
At 



m 2 = — = -r sin / 



and 



m x - -tz- r cos t 
At 

we are able to express the slope at any point on the circle in terms 
of t. 

NOTE: We may find the expressions for ^ and ^ by using 
calculus, but we will accept them for the present without proof. 

If we know ^ and we may find which is the slope of 
a curve at any point. 



That is, 



Ay 

Ay At 

YYl — — — 

Ax: Ax 
At 

By substituting, we find 

Av r cos t . , 

a = = — : = -cot t 

Ax -rsin / 

In terms of a parameter, we see that 

m = -cot t 

while in terms of rectangular coordinates, we know from 
trigonometry that 

_ Xi 

m = - — 

OTHER PARAMETRIC EQUATIONS 

EXAMPLE: Find the equations of the tangent line and the 
normal line and the lengths of the tangent and the normal for the 
curve represented by 

x= t 2 
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and 



y = It + 1 



at 



t = 1 



given that 



Ax _ 

— = 2/ 
At u 



and 



^ - o 
At ~ z 



SOLUTION: Since / equals 1 we write 



*= 1 



and 



and 



Ay _2 = 1 
Ax 2f J 



so that 



#n = I = l 

The equation of the tangent line when / is equal to 1 is 

y - 3 = l(x- 1) 
y = x + 2 
The equation of the normal line is 

y - 3 = -l(x~ 1) 
^ = -x + 4 
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The length of the tangent is 



The length of the normal is 

V(3-l) 2 + (3) 2 = 3 \^2 

EXAMPLE: Find the equations of the tangent line and the 
normal line and the lengths of the tangent and the normal to the 
curve represented by the parametric equations 



jc = 2 cos 6 



and 



y = 2 sin 0 



at the point where 



0 = 45° 



given that 



ff=-2sinfl 



and 



^ = 2cos0 



SOLUTION: We know that 

4Z = _A£_ = 2 cosg = _. ot Q 
Ax Ax -2 sin 0 
A0 

Then at the point where 0 = 45 °, we have 



m = -cot 45°= -1 
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If 6 = 45 ° is substituted in the parametric equations, then 

x = 2 cos 45° = 2^ 



= \T2 



and 



y = 2 sin 45° = 2|^ = v r 2 



The equation of the tangent line when 6 = 45 0 is 
or 

jc + y = 2/2 
The equation of the normal is 

y-\/2 = 1(jc - \/T) 

or 

x - y = 0 
The length of the tangent is 



'^l) 2 + (V2) 2 = 2 



The length of the normal is 



V / (nA2--i) 2 + (v^2) 2 = 2 

The horizontal and vertical tangents of a curve can be found 
very easily when the curve is represented by parametric equations. 
The slope of a curve at any point equals zero when the tangent 
line is parallel to the X axis. In parametric equations, if x = x(f) 
and >> = y(t) 9 then the horizontal and vertical tangents can be found 
easily by setting 

At v 

and 

Ajc 



Ay 



For the horizontal tangent solve equals zero for 

Ay 

t and for the vertical tangent solve equals zero for t. 
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EXAMPLE: Find the points of contact of the 
horizontal and the vertical tangents to the curve 
represented by the parametric equations 



x = 3 - 4 sin 6 



and 



y — 4 + 3 cos 6 



Plot the graph of the curve by taking 8 from 0 
to 360° in increments of 30°, given that 



Ax 
A0 



= -4 cos 0 




(-1,4) 



Figure 3-7 



and 



ft - -3 sin 9 

SOLUTION: The graph of the curve shows that the figure is 
an ellipse, figure 3-7; consequently, it will have two horizontal 
and two vertical tangents. The coordinates of the horizontal 
tangent points are found by first setting 

A0" u 



This gives 



- 3 sin 9 = 0 



so that 



sin 6 = 0 



and 



0 = 0° or 180 



Substituting 0°, we have 



x - 3 - 4 sin 0 



= 3-0 



= 3 



3-25 



and 

y = 4 + 3 cos 0° 
= 4 + 3 
= 7 

Substituting 180°, we obtain 

x = 3 - 4 sin 180° 
= 3-0 
= 3 

and 

y = 4 + 3 cos 180° 
= 4-3 
= 1 

The coordinates of the points of contact of the horizontal 
tangents to the ellipse are (3,1) and (3,7). 

The coordinates of the vertical tangent points of contact are 
found by setting 

^ = 0 



Ad 



We find 



- 4 cos 6 = 0 



from which 



6 = 90° or 270 



Substituting 90°, we obtain 

x = 3 - 4 sin 90 

= 3-4 



= - 1 



and 



y = 4 + 3 cos 90 
= 4 + 0 
= 4 
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Substituting 270 0 gives 



x = 3 - 4 sin 270° 
= 3 + 4 
= 7 

and 

y = 4 + 3 cos 270° 
= 4 + 0 
= 4 

The coordinates of the points of contact of the vertical tangents 
to the ellipse are (-1,4) and (7,4). 



PRACTICE PROBLEMS: 

Find the equations of the tangent line and the normal line and 
the lengths of the tangent and the normal for each of the 
following curves at the point indicated: 

1 . x = t 3 
y = 3t 

at t = - 1 

given = 3* 2 and a/ = 3 

2. x = t 2 + 8 
y = t 2 + 1 
at t = 2 

given T? = 2/ and 4? = It 
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at t = 1 



given Y t = 1 and a? = 2t 



4. Find the points of contact of the horizontal and the 
vertical tangents to the curve 

x = 2 cos 8 



y = 3 sin 0 



given 



^= -2 sin 9 



= 3 cos 0 



ANSWERS: 

1 . Equation of tangent line y = x - 2 
Equation of normal line ^ = - x - 4 
Length of tangent 3\f2 
Length of normal 3\fl 

2. Equation of tangent line y - x - 7 
Equation of normal line y = -x + 17 
Length of tangent 5\fl 
Length of normal 5\f2 
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3. Equation of tangent line 



y = 2x- 1 



-x 3 

Equation of normal line y = + x 



Length of tangent -^-7 



Length of normal \/T 

4. Coordinates of the points of contact of the horizontal tangent 
to the ellipse are (0,3) and (0, - 3) and the vertical tangent 
to the ellipse are (2,0) and (-2,0). 
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SUMMARY 



The following are the major topics covered in this chapter: 

1. Slope of a curve at a point: 

^ = tane 
Ax 

where 0 equals the inclination of the tangent line. If the line 
tangent to the curve is horizontal, then 

^ = tanO° = 0 
If the line tangent to the curve is vertical, then 

^ = tan 90° = oo 
Ax 

When the slope of a curve is zero, the curve may be at either 
a maximum or a minimum. 

2. Tangent at a given point on the standard parabola v 2 = Aax: 

2a 

m - — 

where a is the same as in the standard equation for parabolas, 
and y x is the y coordinate of the given point (Xij'i). 

3. Tangent at a given point on other curves: To find the slope, 
aw, of a given curve at point P\{x x ,y x )> choose a second point, 
P\ on the curve so that it has coordinates (Xi + Axj>i + Aj>); 
then substitute each of the coordinates of P and P x in the equa- 
tion of the curve and simplify. Divide both sides by Ax: and 
eliminate terms that contain powers of A.y higher than the first 

power. Solve for Let Ajc approach zero and ^ will approach 

the slope of the tangent line, w, at point P x . 

4. Equation of the tangent line: 

y - yx = m x (x - x x ) 

5. Equation of the normal line: 
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6. Relationships between the slopes of the tangent and normal lines: The slope of the 
normal line is the negative reciprocal of the slope of the tangent line. 

The inclination of one line must be 90° greater than the other. 

7, Length of the tangent: The length of the tangent is defined as that portion of the 
tangent line between the point Pi(x i9 yi) and the point where the tangent line crosses 
the X axis. 



8. Length of the normal: The length of the normal is defined as that portion of the 
normal line between the point P\(x x ,yx) and the X axis. 



9. Parametric equations: If the variables x and y of the Cartesian coordinate system 
are expressed in terms of a third variable, say t (or 0), then the variable / (or 0) is 
called a parameter. The two equations x = x(t) and y = y(t) [or x = x(0) and y = y(9)] 
are called parametric equations. 



length of the tangent 




length of the normal = (y^) 4 + (>>,)* 
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ADDITIONAL PRACTICE PROBLEMS 

Find a) the slope, b) equation of the tangent line, c) 
equation of the normal line, d) length of the tangent, and e) 
length of the normal, in problems 1 through 6, at the given 
points. 

1. x 2 -^jat(4,-5) 



2. x 2 + y 2 = 64 at (\/32, s/3Z) 

3. j~^= 1 at (-3,4) 

4 ' T + n = 1 at (_1>3) 

5. x = It - li 1 
y = 2t 3 - t 2 
at t = 2 

Ax 

given = 2 - 6t and 

% = 6t 2 - It 
at 

6. x = cos 2 0 - sin 2 0 
y = sin 2 0 - cos 2 0 
at 0 = 30° 

Ay 

given -^q = - 4 cos 6 sin 9 and 

= 4 sin 0 cos 0 

7. Find the points of contact of a) the horizon- 
tal and b) the vertical tangents to the curve 

x = t 2 + t 

y = r 2 - t 

Av 

given = It + 1 and 
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ANSWERS TO ADDITONAL PRACTICE PROBLEMS 



la* til — O / Zd 

b. j> = (-5/2)x+ 5 

c. y = (2/5)x - 33/5 

d. /29 

e. 5/29/2 


5a. /w = -2 

b. .y = -2x-4 

c. y = x/2 + 16 

d. 6\TJ 

e. 12/5 


2a ah = — 1 

b. .y = + 8/2 

c. ^ = X 

d. 8 

e. 8 


6a. m = - 1 

b. j = -x 

c. >> = x- 1 

d. 1//T or /T/2 

e. 1//2 or /2/2 


3a. /n = —2/3 
b. v = f-2/3h- + 2 
C. y = (3/2)x + 17/2 

d. 2/11 

e. 4/13/3 


7a. (3/4,-1/4) 

D. ( — 1/4,3/4) 


4a. m = 1 




b. j> = x + 4 




c. .y = -* + 2 

d. 3/2 

e. 3/2 
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CHAPTER 4 

LIMITS AND DIFFERENTIATION 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Define a limit, find the limit of indeterminate forms, 
and apply limit formulas. 

2. Define an infinitesimal, determine the sum and product of 
infinitesimals, and restate the concept of infinitesimals. 

3. Identify discontinuities in a function. 

4. Relate increments to differentiation, apply the general 
formula for differentiation, and find the derivative of a 
function using the general formula. 



INTRODUCTION 

Limits and differentiation are the beginning of the study of 
calculus, which is an important and powerful method of 
computation. 



LIMIT CONCEPT 

The study of the limit concept is very important, for it is the 
very heart of the theory and operation of calculus. We will 
include in this section the definition of limit, some of the 
indeterminate forms of limits, and some limit formulas, along 
with example problems. 

DEFINITION OF LIMIT 

Before we start differentiation, we must understand certain 
concepts. One of these concepts deals with the limit of a 
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function. Many times you will need to find the 
value of the limit of a function. 

The discussion of limits will begin with an 
intuitive point of view. 

We will work with the equation 



y =/(*) =* 2 

which is shown in figure 4-1. Point P 
represents the point corresponding to 



>>= 16 



and 



x = 4 



The behavior of y for given values of x 
near the point 

x = 4 

is the center of the discussion. For the present 
we will exclude point P, which is encircled on 
the graph. 

We will start with values lying between and 
including 




jc = 2 



and 



x = 6 



indicated by interval AB in figure 4-1 , view A. 
This interval may be written as 



2 < x< 6 



or 



0< I *- 4 | <2 



The corresponding interval for y is between 
and includes 



Interval of 
x 


IMtrvol of 
fit) 


2- 6 A8 

3- 5 OE 
3.5 - 4.5 GH 
3.9 - 4. 1 JK 


4- 36 BC 
9-25 EF 

12.25 - 20.25 H * 
15.21 - 16.81 KL 



(B) 



Figure 4-1.— (A) Graph of v = x ; (B) value chart. 



y = 4 



and 



y = 36 
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We now take a smaller interval, DE, about x = 4 by using 
values of 



x = 3 



and 



x = 5 



and find the corresponding interval for y to be between 



y = 9 



and 



y = 25 



inclusively. 



These intervals for x and y are written as 



0< |* - 4| < 1 



and 



9 < y < 25 



As we diminish the interval of x around 

x = 4 (intervals G// and 7/0 
we find the values of 

y = x 2 

to be grouped more and more closely around 

y= 16 

This is shown by the chart in figure 4-1, view B. 

Although we have used only a few intervals of x in the discus- 
sion, you should easily see that we can make the values about y 
group as closely as we desire by merely limiting the values 
assigned to x about 

x = 4 
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Because the foregoing is true, we may now say that the limit 
of x 2 , as x approaches 4, results in the value 1 6 for y 9 and we write 

lim x 2 = 16 

JC—4 

In the general form we may write 

lim fix) = L (4.1) 



Equation (4.1) means that as x approaches a, the limit off(x) will 
approach L, where L is the limit of fix) as x approaches a. No 
statement is made about fid), for it may or may not exist, although 
the limit of fix), as x approaches a, is defined. 

We are now ready to define a limit. 

Let f(x) be defined for all x in the interval near 

x = a 

but not necessarily at 

x = a 

Then there exists a number, L, such that for every positive number 
£ (epsilon), however small, 

\fix)-L\<e 

provided that we may find a positive number 6 (delta) such that 

0 < | x - a | < 6 

Then we say L is the limit of f(x) as x approaches a, and we write 

lim fix) = L 

This means that for every given number e > 0, we must find 
a number 6 such that the difference between f(x) and L is smaller 
than the number e whenever 

0<\x-a\<6 
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EXAMPLE: Suppose we are given e = 0.1 and 



i' x ~\~ x 2 ~ 

lim —=7 7T— = l 

Hx - 1) 



find ad > 0. 

SOLUTION: We must find a number 6 such that for all points 
except 



x = 1 



we have the difference between f(x) and 1 smaller than 0. 1 . 



We write 



x 2 + x - 2 
3(* - 1) 



- 1 



<0.1 



and 



x 2 + x - 2 
3(x- 1) 



- 1 



(x + 2)(x - 1) 
~ 3(x-l) 1 

and we consider only values where 

x# 1 

Simplifying the first term, we have 

(x + 2)(y - 1) _ x + 2 
3(x - 1) "3 

Finally, combine terms as follows: 



x +2 _ . = x + 2 - 3 _ a: - 1 
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so that 

V - 1 

or 

| x - 1 | < 0.3 

Therefore, 6 = 0.3 and we have fulfilled the definition of the 
limit. 

If the limit of a function exists, then 

lim f{x) = /(a) 

So we can often evaluate the limit by substitution. 

For instance, to find the limit of the function x 2 — 3x + 2 as 
x approaches 3, we substitute 3 for x in the function. Then 

f{3) = 3 2 - 3(3) + 2 
=9-9+2 
= 2 

Since a: is a variable, it may assume a value as close to 3 as 
we wish; and the closer we choose the value of x to 3, the closer 
f(x) will approach the value of 2. Therefore, 2 is called the limit 
of f(x) as x approaches 3, and we write 

lim (x 2 -3x+2) = 2 



PRACTICE PROBLEMS: 

Find the limit of each of the following functions: 

2x 2 - 1 
. lim r 

2. lim (x 2 -2x+ 3) 

x-2 



4-6 



3. lim 



x—u 



x- a 
a 



4. lim (5t 2 -3t + 2) 

5. lim — t~ 

E^6 E ~ 1 



6. lim 

z-o 



Z 2 -3Z + 2 
Z- 4 



ANSWERS: 



1. 1 



2. 3 



3. a - 1 



4. 2 



5. 42 



6.^ 



INDETERMINATE FORMS 

When the value of a limit is obtained by substitution and it 
assumes any of the following forms, another method for finding 
the limit must be used: 

jj, ^, (oo)0, 0°, oo°, 1°° 

These are called indeterminate forms. 

There are many methods of evaluating indeterminate 
forms. Two methods of evaluating indeterminate forms 
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are (I) factoring and (2) division of the numerator and 
denominator by powers of the variable. 



Sometimes factoring will resolve an indeterminate form. 
EXAMPLE: Find the limit of 

x 2 - 9 

_ 2 as x approaches 3 

SOLUTION: By substitution we find 

r x 2 - 9 0 
hm 



x - 3 0 



which is an indeterminate form and is therefore excluded as a 
possible limit. We must now search for a method to find the limit. 
Factoring is attempted, which results in 

x 2 - 9 = (jc + 3)(x - 3) 
x - 3 jc - 3 



= x + 3 



so that 



lim (x + 3) = 6 

and we have a determinate limit of 6. 

Another indeterminate form is often met when we try to find 
the limit of a function as the independent variable approaches 
infinity. 

EXAMPLE: Find the limit of 

x 4 + 2x l — 3x 2 + 2x 
3x* - 2x 2 + 1 

as x-*oo. 

SOLUTION: If we let x approach infinity in the original 
expression, the result will be 

r x 4 + 2x 3 - 3x 2 + 2x _ oo 
1™ 3X 4 - lx 2 + 1 " oo 
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which must be excluded as an indeterminate form. However, if 
we divide both numerator and denominator by jc 4 , we 
obtain 



lim * * 



1+0-0+0 
3-0 + 0 



1 
3 



and we have a determinate limit of i. 



PRACTICE PROBLEMS: 



Find the limit of the following: 



1. lim ^—4 

x-2 X — Z 



2. lim ~*~ , 



■a u~ 2 <* 2 b ~ lab 2 + lab 

3. lim j—r rri 

a ^Q Sab - a*b 2 



4. lim * 2 * 6 



x-3 



x - 3 



5. lim - — - 

x^a x-a 



6 . lim (x-ay-x 
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ANSWERS: 
1. 4 

2 l 

- 2-36 
5 

4. 5 

5. 4ar 3 

6. -2x 



LIMIT THEOREMS 

To obtain results in calculus, we will frequently operate with 
limits. The proofs of theorems shown in this section will be 
omitted in the interest of brevity. The theorems will be stated and 
examples will be given. 

Assume that we have three simple functions of x. Further, let 
these functions [fix), g(x), and h(x)] have separate limits 
such that 

lim fix) = A 

x-*a 



lim g(x) = B 

x—a 



lim h(x) = C 

x—>a 



Theorem 1 . The limit of the sum of two functions is equal 
to the sum of the limits: 

lim [f{x) + g(x)] = lim f(x) + lim g(x) 

x-+a x-+a x-*a 



= A+B 
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This theorem may be extended to include any number of 
functions, such as 

lim [fix) + g(x) + h(x)] = lim f{x) + lim g(x) + lim h(x) 

=A+B+C 



EXAMPLE: Find the limit of 



(x - 3) 2 as x-+3 



SOLUTION: 



lim (x - 3) 2 = lim (x 2 - 6x + 9) 

Jt-»3 x—3 



= lim x 2 - lim 6x + lim 9 

X-»3 Jt-»3 JT-+3 



= 9-18 + 9 



= 0 



Theorem 2. 77ie ///nif of a constant, c, times a function, 
f(x), is equal to the constant, c, times the limit of the 
function: 



lim cf(x) = c lim f(x) = cA 

x-+a x-+a 



EXAMPLE: Find the limit of 



Ix 2 as x-*3 



SOL UTION: 



lim Ix 2 = 2 lim x 2 

x-*3 x— 3 



= (2)(9) 



= 18 
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Theorem 3 . The limit of the product of two functions is equal 
to the product of their limits: 

Umf(x)g(x) = flim/Ot)] flim g(x)l = AB 

x—a l_.r-.ff J a J 

EXAMPLE: Find the limit of 



(x 2 - x)(\flx) as x-+2 



SOLUTION: 



Jlim (x 2 - *)J pirn v/2xj 



lim (x 2 - x)(\/2x) = flim (x 2 - x)~\ flim \flx' 



= (4 - 2)(v^4 ) 
= 4 

Theorem 4. 77ie //m/Y of the quotient of two functions is equal 
to the quotient of their limits, provided the limit of the divisor 
is not equal to zero: 

lim f(x) 

EXAMPLE: Find the limit of 



3jc 2 + x - 6 - 
2* - 5 as 



SOL UTION: 



lim - 3 * 2 + x ~ 6 



x-3 



2jc- 5 
lim 3x 2 + x - 6 

jc— 3 

lim 2a: - 5 

jc-3 



= 24 
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PRACTICE PROBLEMS 

Find the limits of the following, using the theorem indicated: 

1. x 2 + x + 2 as x-*l (Theorem 1) 

2. lix 2 - 13) as x-*4 (Theorem 2) 

3. (5x*)(x - 1) as x-2 (Theorem 3) 

4. 2 * 2 +^~ 4 as x-+3 (Theorem 4) 



ANSWERS: 



1. 4 



2. 21 



3. 80 



4.£ 



INFINITESIMALS 

In chapter 3, we found the slope of a curve at a given point 
by taking very small increments of Ay and Ax, and the slope was 

said to be equal to g> This section will be a continuation of 
this concept. 

DEFINITION 

A variable that approaches 0 as a limit is called an infinitesimal. 
This may be written as 

lim V = 0 

or 

K— 6 
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and means, as recalled from a previous section of this chapter, 
that the numerical value of V becomes and remains less than any 
positive number £. 



If the 



Urn V = L 



then 



lim V - L = 0 



which indicates the difference between a variable and its limit is 
an infinitesimal. Conversely, if the difference between a variable 
and a constant is an infinitesimal, then the variable approaches 
the constant as a limit. 

EXAMPLE: As x becomes increasingly large, is the term p an 
infinitesimal? 

SOLUTION: By the definition of infinitesimal, if p 
approaches 0 as x increases in value, then p is an infinitesimal. 
We see that ~r-*0 and is therefore an infinitesimal. 



x 2 - 4 

EXAMPLE: As x approaches 2, is the expression — — =- - 4 an 

X 2* 

infinitesimal? 

SOLUTION: By the converse of the definition of infinitesimal, 

x 2 - 4 

if the difference between — —~ and 4 approaches 0, as x 

x 

x 2 -4 

approaches 2, the expression _ ^ - 4 is an infinitesimal. By 

direct substitution we find an indeterminate form; therefore, we 
make use of our knowledge of indeterminates and write 



x 2 -4 _ (x + 2)(jc-2) 2 
x-2 ~ x-2 



and 



lim (x + 2) = 4 
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The difference between 4 and 4 is 0, 

x 1 - 4 

so the expression * 



- 4 is an 



infinitesimal as x approaches 2. 



SUMS 

An infinitesimal is a variable that 
approaches 0 as a limit. We state that 
£ and d, in figure 4-2, are in- 
finitesimals because they both ap- 
proach 0 as shown. 

Theorem 1 . The algebraic sum of 
any number of infinitesimals is an 
infinitesimal 

In figure 4-2, as t and d approach 
0, notice that their sum approaches 
0; by definition this sum is an 
infinitesimal. This approach may be 
used for the sum of any number of 
infinitesimals. 





1 


1 
4 


1 

16 


1 

64 


1 

256 




1 


2 


5 
4 


17 
16 


65 
64 


257 
256 




1 

4 


5 
4 


1 
2 


5 

16 


17 
64 


65 
256 




1 

16 


17 
16 


5 

16 


1 

8 


5 

64 


17 
256 




1 

64 


65 
64 


17 
64 


5 

64 


1 

32 


5 
256 




1 

256 


257 
256 


65 
256 


17 
256 


5 
256 


1 

128 




0 












\ 

0 



Figure 4-2. — Sums of infinitesimals. 



PRODUCTS 

Theorem 2. The product of any 
number of infinitesimals is an in- 
finitesimal. 

In figure 4-3, the product of two 
infinitesimals, e and d, is an in- 
finitesimal as shown. The product of 
any number of infinitesimals is also 
an infinitesimal by the same approach 
as shown for two numbers. 

Theorem 3. The product of a 
constant and an infinitesimal is an 
infinitesimal. 

This may be shown, in figure 4-3, 
by holding either t or 6 constant and 
noticing their product as the variable 
approaches 0. 



2*1 


1 


1 
4 


1 

16 


1 

64 


1 

256 




1 


1 


1 

4 


1 

16 


1 

64 


1 

256 




1 

4 


1 
4 


1 

16 


1 

64 


1 

256 


1 

1024 




1 

16 


1 

16 


1 

64 


1 

256 


1 

1024 


1 

4096 




1 

64 


1 

64 


1 


1 


1 


1 




256 


1024 


4096 


16384 


1 


1 


1 


1 


1 


1 




256 


256 


1024 


4096 


16384 


65536 


♦ 

0 












V 

0 



Figure 4-3. — Products of infinitesimals. 
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CONCLUSIONS 



The term infinitesimal was used to describe the term Ax as it 
approaches zero. The quantity Ax was called an increment of jc, 
where an increment was used to imply that we made a change in 
x. Thus x + Ax indicates that we are holding x constant and 
changing x by a variable amount which we will call Ax. 

A very small increment is sometimes called a differential. A 
small Ax is indicated by dx. The differential of 6 is dd and that 
of y is dy. The limit of Ax as it approaches zero is, of course, 
zero; but that does not mean the ratio of two infinitesimals can- 
not be a real number or a real function of jc. For instance, no 

dx 

matter how small Ax is chosen, the ratio ^ will still be 
equal to 1. 

In the section on indeterminate forms, a method for evaluating 
the form ^ was shown. This form results whenever the limit takes 

the form of one infinitesimal over another. In every case the limit 
was a real number. 



DISCONTINUITIES 

The discussion of discontinuties will be based on a comparison 
to continuity. 

A function, /(jc), is continuous at x = a if the following three 
conditions are met: 

1. f(x) is defined at x - a. 

2. The limit of f(x) exists as x approaches a or x^a. 

3. The value of f(x) at x = a is equal to the limit of f(x) 
at x = a or lim f(x) = f(a). 

If a function f(x) is not continuous at 

x = a 

then it is said to be discontinuous at 

x = a 
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We will use examples to show the above statements. 



EXAMPLE: In figure 4-4, is the function 



f(x) = x 2 + x- 4 



continuous at/(2)? 



SOL UTION: 



and 



and 



/(2) = 4 + 2 - 4 



= 2 



lim x 2 + x - 4 = 2 

x-2 



lim f(x) = /(2) 

x-2 




Figure 4-4. — Function 

/(x) = jr 2 + * - 4. 



Therefore, the curve is continuous at 



x =2 



EXAMPLE: In figure 4-5, is the function 



/(*) = 



x 2 - 4 
x- 2 



continuous at /(2)? 



SOL UTION: 



f(2) is undefined at 



x = 2 



and the function is therefore discontinuous at 




■ 



x = 2 



x 2 - 4 



Figure 4-5.— Function /(x) = 

X — L 
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However, by extending the original equation of 
f(x) to read 



x 2 - 4 
x-2 



,x*2 



/(*) = 



4,* = 2 



we will have a continuous function at 

jc = 2 

NOTE: The value of 4 at x = 2 was found by 
factoring the numerator of f(x) and then simplifying. 

A common kind of discontinuity occurs when we 
are dealing with the tangent function of an angle. 
Figure 4-6 is the graph of the tangent as the angle 

varies from 0° to 90°; that is, from 0 to The 



value of the tangent at ^ * s undefined 



Thus the function is said to be discontinuous at ^. 



M 

(-ff.O)/ | o 


V 




(-«.<>)! / 







Figure 4-6. — Graph of tangent function. 



PRACTICE PROBLEMS: 

In the following definitions of the functions, find 
where the functions are discontinuous and then 
extend the definitions so that the functions are 
continuous: 



!•/(*) = 



x 2 - x - 2 



2. fix) = 



3. fix) = 



x-2 




x 2 + 2x - 


- 3 


x + 3 




x 2 + x - 


12 



3x- 9 
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ANSWERS: 

1. x = 2,/(2) = 3 

2. x = -3,/(-3)= -4 

7 

3. x = 3,/(3) = ^ 



INCREMENTS AND DIFFERENTIATION 

In this section we will extend our discussion of limits and 
examine the idea of the derivative, the basis of differential calculus. 
We will assume we have a particular function of x, such that 

y = x 2 

If x is assigned the value 10, the corresponding value of y will 
be (10) 2 or 100. Now, if we increase the value of x by 2, making 
it 12, we may call this increase of 2 an increment or Ax. This results 
in an increase in the value of y, and we may call this increase an 
increment or Ay. From this we write 

y + Ay = (x + Ajc) 2 

= (10 + 2) 2 

= 144 

As x increases from 10 to 12, y increases from 100 to 144 so that 

Ajc = 2 



Ly = 44 



and 



Ay _ 44 _ 99 
Ajc " 2 ~ LL 

We are interested in the ratio ^ because the limit of this 

Ajc 

ratio as Ajc approaches zero is the derivative of 

y=f(x) 
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As you recall from the discussion of 
limits, as Ax is made smaller, Ay gets 
smaller also. For our problem, the 

ratio ^ approaches 20. This is shown in 

table 4-1. 

We may use a much simpler way to 

find that the limit of ^ as Ax approaches 

zero is, in this case, equal to 20. We have 
two equations 



Table 4-1. — Slope Values 



Variable 



Ax 

Ay 

Ay 
AX 



Values of the variable 



2 1 0.5 0.2 0.1 0.01 



0. 0001 



44 21 10.25 4.04 2.01 0.2001 0.00200001 



22 21 20.5 20.2 20.1 20.01 20.0001 



y + Ay = (x + Ax) 



and 



y = x 2 



By expanding the first equation so that 

y + Ay = x 2 + IxAx + (Ax) 2 
and subtracting the second from this, we have 

Ay = IxAx + (Ax) 2 
Dividing both sides of the equation by Ax gives 

^ = 2x + Ax 

Now, taking the limit as A# approaches zero, gives 

lim Ay _ ? 
Ax~ 

Thus, 



dy _ 



dx 



= 2x 



(1) 



NOTE: Equation (1) is one way of expressing the derivative 
of y with respect to x. Other ways are 



^ = y = njc) = />w = lim ^ 

dx w ^ w a*-*o Ajc 
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Equation (1) has the advantage that it is exact and true for 
all values of x. Thus if 



x = 10 



then 



% = 2(10) = 20 



and if 



x - 3 



then 



^ = 2(3) = 6 

This method for obtaining the derivative of y with respect to 
x is general and may be formulated as follows: 

L Set up the function of x as a function of (x + Ax) and 
expand this function. 

2. Subtract the original function of x from the new function 
of (x + Ax). 

3. Divide both sides of the equation by Ax. 

4. Take the limit of all the terms in the equation as Ax 
approaches zero. The resulting equation is the derivative 
of f(x) with respect to x. 

GENERAL FORMULA 

To obtain a formula for the derivative of any expression in 
jc, assume the function 



y=f(x) (4.2) 



so that 



y + Ay =f(x + Ax) (4.3) 



Subtracting equation (4.2) from equation (4.3) gives 

= f(x + Ax) - f(x) 
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and dividing both sides of the equation by Ax, we have 



Ay ^ f(x + Ax)-f(x) 
Ax Ax 

The desired formula is obtained by taking the limit of both sides 
as Ax approaches zero so that 

lim = Hm f(x + A *) - /(x) 

Ax^O A * Ax^O * X 



or 



dy = Hm /(* + Ax) - f(x) 

NOTE: The notation 4^ is not to be considered as a fraction 

ax 

in which dy is the numerator and dx is the denominator. The 
expression ^ is a fraction with Ay as its numerator and Ax as 

its denominator. Whereas, ^ is a symbol representing the limit 
approached by ^ as Ax approaches zero. 



EXAMPLES OF DIFFERENTIATION 

In this last section of the chapter, we will use several examples 
of differentiation to obtain a firm understanding of the general 
formula. 

EXAMPLE: Find the derivative, for the function 

y = 5x 3 - 3x + 2 

determine the slopes of the tangent lines to the curve at 

- 1 1 
x = - 1,-7=, 0, — , 1 

v 5 V 5 
and draw the graph of the function. 
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SOLUTION: Finding the derivative by 
formula, we have 



fix + Ax) 



= 5(x+AxY - 3(x+Ax) + 2 (1) 



and 



fix) = 5x 3 - 3x + 2 



(2) 



Expand equation (1), then subtract equa- 
tion (2) from equation (1), and simplify to 
obtain 

fix + Ax)- Ax) 

= 5[3x 2 Ax + 3xiAx) 2 + (Ax) 3 ] - 3 Ax 

Dividing both sides by Ax, we have 

fix + Ax) - fix) 
Ax 

= 5 [3a: 2 -I- 3xAx + (Ax) 2 ] - 3 
Take the limit of both sides as Ax-*0: 



4- 



3-f 

A 



-2 -I 



/ 



2- 



14 



s I 



0 

-I" 

-2- 



(A) 



lim /(^ + A jc) - fix) = l5x2 _ 3 



Then 



dy _ 



dx 



= I5x 2 - 3 (3) 



The slopes of the tangent lines to 
the curve at the points given, using 
this derivative, are shown in figure 4-7, 
view B. 

Thus we have a new method of graphing 
an equation. By substituting different values 
of x in equation (3), we can find the slope 
of the tangent line to the curve at the point 
corresponding to the value of x. The graph 
of the curve is shown in figure 4-7, view A. 



X 


-i 


i 


0 


] 


1 


dx 


12 


0 


-3 


0 


12 


y 


0 


2.69 


2 


1. 1 


4 



(B) 



Figure 4-7.— (A) Graph of f(x) = 5x 3 - 3x + 2; (B) chart 

of values. 
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EXAMPLE: Differentiate the function; that is, find -£ of 



1 

y= x 

and then find the slope of the tangent line to the curve at 

x = 2 

SOLUTION: Apply the formula for the derivative, and 
simplify as follows: 

1 _ 1 

f(x + Ax) - fix) _ x + Ax x 
Ax Ax 

x - (x + Ax) 
_ x(x + Ax) 
~ Ax 

= - 1 

- x(x + Ax) 

Now take the limit of both sides as Ax-»0 so that 

dy = -1 
dx x 2 

To find the slope of the tangent line to the curve at the point 
where x has the value 2, substitute 2 for x in the expression for 

dy _ - \ 
dx~ 2 2 

_ - ]. 
~ 4 

EXAMPLE: Find the slope of the tangent line to the curve 

Ax) =x 2 + 4 

at 

x = 3 
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SOLUTION: We need to find which is the slope of the 

tangent line at a given point. Apply the formula for the 
derivative as follows: 



f(x+Ax) = (x + Ax) 2 + 4 (1) 



and 



f(x)= x 2 + 4 (2) 



Expand equation (1) so that 

f(x + Ajc) = x 2 + 2jcAjc + (Ajc) 2 + 4 
Then subtract equation (2) from equation (1): 

f(x + Ajc) - fix) = 2jcAjc + (Ajc) 2 
Now, divide both sides by Ajc: 

Ajc 

Then take the limit of both sides as Ajc-»0: 

f=2x 
ax 

Substitute 3 for jc in the expression for the derivative to find the 
slope of the tangent line at 



jc = 3 



so that 



slope = 6 



In this last example we will set the derivative of the function, 
/(jc), equal to zero and determine the values of the independent 
variable that will make the derivative equal to zero to find a 
maximum or minimum point on the curve. By maximum or 
minimum of a curve, we mean the point or points through which 
the slope of the tangent line to the curve changes from positive 
to negative or from negative to positive. 
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NOTE: When the derivative of a function is set equal 
to zero, that does not mean in all cases we will have 
found a maximum or minimum point on the curve. A 
complete discussion of maxima or minima may be found in most 
calculus texts. 

To set the derivative equal to zero, we will require that the 
following conditions be met: 

1. We have a maximum or minimum point. 

2. The derivative exists. 

3. We are dealing with an interior point on the curve. 

When these conditions are met, the derivative of the function 
will be equal to zero. 

EXAMPLE: Find the derivative of the function 

y - 5x 3 - 6x 2 - 3x + 3 

set the derivative equal to zero, and find the points of maximum 
and minimum on the curve. Then verify this by drawing the graph 
of the curve. 

SOLUTION: Apply the formula for ^ as follows: 

f(x + Ax) = 5(x + Ax) 3 - 6(x + Ax) 2 - 3(x + Ax) + 3 (1) 



and 



f(x) = 5x 3 - 6x 2 - 3x + 3 (2) 



Expand equation (1) and subtract equation (2), obtaining 
f(x + Ax) - fix) = 

5(3jc 2 Ajc + 3xAx 2 + Ajc 3 ) - 6(2xAx + Ax 2 ) - 3 Ax 
Now, divide both sides by Ax, and take the limit as Ax^O so that 

^ = 5QX 2 ) - 6(2x) - 3 

= 15.x - 1 2x - 3 
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Set ^ equal to zero; thus 



I5x 2 -I2x- 3 =0 



Then 



3(5jc 2 - 4x - 1) = 0 



and 



(5x + l)(x~ 1) = 0 



Set each factor equal to zero and find the points of 
maximum or minimum; that is, 

5x = - 1 



x = 



-1 



and 



x = 1 




The graph of the function is shown in figure 4-8. 



Figure 4-8.— Graph of 

f(x) = 5jc 3 - 6X 2 - 3jc + 3, 



PRACTICE PROBLEMS: 

Differentiate the functions in problems 1 through 3. 

1. f(x) = x 2 - 3 

2. f(x) = x 2 - 5x 

3. /(jc) = 3jc 2 -2jc+3 

4. Find the slope of the tangent line to the curve 

y - jc 3 - 3x + 2 

at the points 

x = -2, 0, and 3 
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5. Find the values of a: where the function 

f(x) = 2x l - 9x 2 - 60x + 12 
has a maximum or a minimum. 



ANSWERS: 

1. 2x 

2. Ix- 5 

3. 6x - 2 

4. m = 9,-3, and 24 

5. x = -2, x = 5 
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SUMMARY 

The following are the major topics covered in this chapter: 

1. Definition of a limit: Let f{x) be defined for all x in the 
interval near x = a. Then there exists a number, L, such that for 
every positive number £, however small, | f(x) - L \ < e, 
provided that we may find a positive number d such 
that 0 < | x - a \ < d. Then we say L is the limit of f(x) as x 
approaches a, and we write lim f(x) = L. This means that 

x->a 

for every given number e > 0, we must find a number d such 
that the difference between f(x) and L is smaller than the 
number £ whenever 0 < | x - a | < d. 

2. Indeterminate forms: 

0/0,oo/oo, (oo)0, 0°,oo°, 1" 

Two methods of evaluating indeterminate forms are (1) fac- 
toring and (2) division of the numerator and denominator by 
powers of the variable. 

3. Limit theorems: 

Theorem 1 . The limit of the sum of two functions is equal to 
the sum of the limits: 

lim [/(*) + g(x)] = lim f(x) + lim g(x) 

This theorem can be extended to include any number of 
functions, such as 

lim \f(x) + g(x) + h(x)] = lim f(x) + lim g(x) + lim h(x) 

x^a x->a x->a x^a 

Theorem 2. The limit of a constant, c, times a function, f(x), 
is equal to the constant, c, times the limit of the function; 

lim cf(x) = c lim f(x) 

x^a x-+a 

Theorem 3. The limit of the product of two functions is equal 
to the product of their limits: 

lim flim/(jf)l [lims(x)l 

x^a lx-+a J Ix^a J 
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Theorem 4. The limit of the quotient of two functions is equal 
to the quotient of their limits, provided the limit of the divisor 
is not equal to zero: 

lim f(x) 

lim^ = — , if lim g(x)*0 

x^a g(x) lim g(x) 

X-+Q 

4. Infinitesimals: A variable that approaches 0 as a limit is called 
an infinitesimal: 

lim V = 0 or K->0 

The difference between a variable and its limit is an 
infinitesimal: 

If lim V = L, then lim V - L = 0 

5. Sum and product of infinitesimals: 

Theorem 1 . The algebraic sum of any number of infinitesimals 
is an infinitesimal. 

Theorem 2. The product of any number of infinitesimals is 
an infinitesimal. 

Theorem 3. The product of a constant and an infinitesimal 
is an infinitesimal. 

6. Continuity: A function, f(x), is continuous at x = a if the 
following three conditions are met: 

1. f(x) is defined at x = a. 

2. The limit of f(x) exists as x approaches a or x^a. 

3. The value of f{x) at x = a is equal to the limit of 
fix) at x = a or lim f(x) = f(a). 

7. Discontinuity: If a function is not continuous at x = a, 
then it is said to be discontinuous at x - a. 

8. Ways of expressing the derivative of y with respect to x: 
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9 . Increment method for obtaining the derivative of y with 
respect to x: 

L Set up the function of x as a function of (jc + Ax) and 
expand this function. 

2. Subtract the original function of x from the new 
function of (x + Ajc). 

3. Divide both sides of the equation by Ajc. 

4. Take the limit of all the terms in the equation as Ax 
approaches zero. The resulting equation is the derivative 
of fix) with respect to x. 

10. General formula for the derivative of any expression in x: 

dy = lim fix + Ax) -f(x) 

1 1 . Maximum or minimum points on a curve: Set the derivative of 
the function, fix), equal to zero and determine the values 
of the independent variable that will make the derivative 
equal to zero. (Note: When the derivative of a function is 
set equal to zero, that does not mean in all cases the curve 
will have a maximum or minimum point.) 
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ADDITIONAL PRACTICE PROBLEMS 



Find the limit of each of the following: 



1. lim\/ ^ 

~> r 3t 2 + t 
Z. Iim — — 

x 2 - 9 

3 . Iim >2 , c — r~z 
x ^ _ 3 x 2 + 5x + 6 



4. , im 0 + f ~ " 

- ,. 3 + 2x + \0x 2 
5 - — 2FT8 — 



6. Iim >/* + (•* - 6) 2 

x-9 



(using Limit Theorem L) 



7. Iim 6\/ (x + 5) 

(using Limit Theorem 2.) 



8. Iim • *- • - Sx 



Y ^ 3 "% ' ^* ^ ^ ' 3 



(using Limit Theorem 3.) 

9 l im 60/ ( 1 + *> + 2 
y ' i 1 ^ 16/(x 2 - 21) 

(using Limit Theorem 4.) 
10. Find where 

f( x _ (a- 2 + 6x + 8)(x - 3) 
JW ~ x 2 - x - 6 



is discontinuous and then extend the equation so that the 
function is continuous. 
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1 1 . Differentiate f(x) = 6/x - 1 . 

12. Find the slope of the tangent line to the curve j> = 3x 2 - 9x 
at the points x = 0 and 3. 

13. Find the values of x where the function f(x) = x(4 - 2x) 
has a maximum or a minimum. 
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ANSWERS TO ADDITIONAL PRACTICE PROBLEMS 

1. 2 9. 3 

2. -2 10. x= -2,3 
3.6 /(-2) = 2 



4. 4 



5. 5 



6. 12 



7. 18 



/(3) = 7 



11. -6/r 



12. m = -9 and 9 



8. 12 13. x=l 
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CHAPTER 5 

DERIVATIVES 



LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Compute the derivative of a constant. 

2. Compute the derivative of a variable raised to a power. 

3 . Compute the derivative of the sum and product of two or more 
functions and the quotient of two functions. 

4. Compute the derivative of a function raised to a power, in 
radical form, and by using the chain rule. 

5. Compute the derivative of an inverse function, an implicit func- 
tion, a trigonometric function, and a natural logarithmic 
function. 

6. Compute the derivative of a constant raised to a variable power. 



INTRODUCTION 

In the previous chapter on limits, we used the delta process 
to find the limit of a function as Ax approached zero. We called 
the result of this tedious and, in some cases, lengthy process the 
derivative. In this chapter we will examine some rules used to find 
the derivative of a function without using the delta process. 

To find how y changes as x changes, we take the limit of 

^ as Ax-+Q and write 
Ax 

lim ^ 



Ax 
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which is called the derivative of y with respect to x; we use the 
symbol to indicate the derivative and write 



to dx 



In this section we will learn a number of rules that will enable 
us to easily obtain the derivative of many algebraic functions. In 
the derivation of these rules, which will be called theorems, we will 
assume that 



lim /(* + y-/(*) =/(x) 



or 



dx Ax 



exists and is finite. 



DERIVATIVE OF A CONSTANT 

The method we will use to find the derivative of a constant 
is similar to the delta process used in the previous chapter but in- 
cludes an analytical proof. A diagram is used to give a geometrical 
meaning of the function. 

Theorem 1. The derivative of a constant is 
zero. Expressed as a formula, this may be written 
as 



dx 



Ax 



to 



where y = c. 

PROOF: In figure 5-1, the graph of 




x,+ Ax 



Figure 5-1. — Graph of y = c, where c is 

a constant. 



y = c 
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where c is a constant, the value of y is the same for all values of 
x, and any change in x (that is, Ax) does not affect y; then 



Ay = c - c = 0 

^ = 0 
Ax 



and 



ax 

Another way of stating this is that when x is equal to Xi and when 
a: is equal to X, + Ax, y has the same value. Therefore, 



y = c 



and 



y + Ay = c 



so that 



Ay _ f(x + Ax) - f(x) _ c-c 
Ax Ax Ax 



and 



lim ^ = 0 

Ax— 0 A* 



Then 



tfy = lim fix + Ax) - fix) 
dx te^o to 



= lim ^r-^ = 0 

Ax— 0 ^ 



The equation 



y = c 



represents a straight line parallel to the X axis. The slope of this 
line will be zero for all values of x. Therefore, the derivative is 
zero for all values of x. 



5-3 



EXAMPLE: Find the derivative ^ of the function 

ax 



y = 6 



SOLUTION: 



and 



Therefore, 



y = 6 



y + Ay = 6 



dz = lim fix + Ax) -fix) 
dx tuc-+o Aa* 

r 6-6 
= lim — r — 

= 0 



DERIVATIVES OF VARIABLES 

In this section of variables, we will extend the theorems of 
limits covered previously. Recall that a derivative is actually a limit. 
The proof of the theorems presented here involve the delta process. 

POWER FORM 

Theorem 2. The derivative of the function 



y = x n 



is given by 



ax 



if n is any real number. 
PROOF: By definition 



dy = , im (x + Ax)" - (x) n 
dx to^o A* 
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The expression (x + Ax)" may be expanded by the binomial 
theorem into 

x" + nx n ' x Ax + * ( " 2 7 ^ "'A* 2 + • • • + Ax" 
Substituting in the expression for the derivative, we have 

njc^Ajc + n ( n ~ l ^x n ' 2 Ax 2 + • • ♦ + Ax" 
j = lim ^ 

Simplifying, this becomes 

£ = lim r^" 1 + ^^^Ax + • • • + Ax" 1 
Letting Ax approach zero, we have 

OX 

Thus, the proof is complete. 

EXAMPLE: Find the derivative of 

SOLUTION; Apply Theorem 2, such that, 

x 5 =x" 



Therefore, 



n = 5 



and 



/i - 1 =4 



so that given 



ox 



and substituting values for rt, find that 

ax - 

EXAMPLE: Find the derivative of 

/(*) = x 
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SOLUTION: Apply Theorem 2, such that, 

x n = x 



Therefore, 



n = 1 



and 



n - 1 = 0 



so that 



= 1 

The previous example is a special case of the power form and 
indicates that the derivative of a function with respect to itself is 1. 

EXAMPLE: Find the derivative of 

f(x) = ax 

where a is a constant. 



SOLUTION: 



f(x) = ax 



and 



f(x + Ajc) = a(x + Ax) 

= ax + a Ax 



so that 



Ay =f(x + Ax) -f(x) 
- (ax + a Ax) — ax 



= a Ax 



Therefore, 



dy r aAx 
-f- = hm — K — 
dx & 



= a 
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Table 5-1.— Derivatives of Functions 



Ax) 



3r 



9x 



,-1 



-2 



3a: 



.-4 



dy_ 
dx 



0 



1 



2x 



3r 



4x- 



6x 



21x' 



-x 



-2 



-Ix 



-3 



- 12*" 5 



The previous example is a continuation of the derivative of 
a function with respect to itself and indicates that the derivative 
of a function with respect to itself, times a constant, is that 
constant. 

EXAMPLE: Find the derivative of 



Ax) = 6x 



SOL UTION: 



dx ^ 



A study of the functions and their derivatives in table 5-1 
should further the understanding of this section. 



PRACTICE PROBLEMS: 

Find the derivatives of the following: 



1. 


Ax) 


= 21 


2. 


Ax) 


= X 


3. 


Ax) 


= 2lx 


4. 


Ax) 


= lx 3 


5. 


Ax) 


= 4x 2 


6. 


Ax) 


= 3x" 



ANSWERS: 

1. 0 

2. 1 

3. 21 

4. 21x* 

5. Sx 

6. -6x~ 3 



SUMS 

Theorem 3 . The derivative of the sum of two or more differen 
tiable functions of x is equal to the sum of their derivatives. 
If two functions of x are given, such that 



u = g(x) 



and 



v = h(x) 



and also 



y = u + v 



= g(x) + h(x) 



then 



dy _ du dv 
dx ~ dx dx 



PROOF: 



y = g(x) + h(x) (5.1) 



and 



y + Ay = g(x + Ax) + h(x + Ax) (5.2) 
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Subtract equation (5.1) from equation (5,2): 

Ay = g(x + Ax) + h(x + Ax) - g(x) - h(x) 

Rearrange this equation such that 

Ay = g(x + Ax) - g(x) + h(x + Ax) - h(x) 

Divide both sides of the equation by Ax and then take the limit 
as Ax-*0: 

lim §y = lim Si* + Ax) - §(x) 

Ax— 0 Ax— 0 



+ lim h{x + Ax) - h(x) 

Ax-0 Ax 



But, by definition 



lim 8(* + Ax) - g(x) = du 

Ax— 0 Ax 6?X 



and 



jj m hi* + Ax) - /?(x) _ rfv 
Ax— o Ax dx 



Then by substitution, 



dy du ^ dv 
dx ~ dx dx 



EXAMPLE: Find the derivative of the function 

y = x 3 - 8x 2 + 7x - 5 

SOLUTION: Theorem 3 indicates that we should find the 
derivative of each term and then show them as a sum; that is, if 



y= = -16* 
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and 



y = x 3 - Sx 2 + Ix - 5 



then 



4l_ 



dx 



= 3x 2 - 16* + 7 + 0 



= 3x 2 - 16* + 7 



PRACTICE PROBLEMS: 

Find the derivative of the following: 

1. fix) = x 2 +x - 1 

2. f{x) = 2x* + 3x + 16 

3. f(x) = 2x 3 + 3x 2 + x - 3 

4. /(*) = 3* 3 + 2x 2 - 4x + 2 + 2* -1 - 3*~ 3 



ANSWERS: 

1. 2x+ 1 

2. 8* 3 + 3 

3. 6** + 6* + 1 

4. 9* 2 + 4jc - 4 - 2*~ 2 + 9a:" 4 



PRODUCTS 

Theorem 4. 77ie derivative of the product of two differentiable 
functions of x is equal to the first function multiplied by the 
derivative of the second function, plus the second function 
multiplied by the derivative of the first function. 
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y = uv 



then 



dy _ dv v du 
dx ~~ u dx dx 



This theorem may be extended to include the product of three 
differentiable functions or more. The result for three functions 
would be as follows: 

If 

y = UVW 

then 

dy dw , du , _ dv 
die = uv d^ + vw dx + uw Tx 

EXAMPLE: Find the derivative of 

fix) = (x 2 -2)(x A + 5) 

SOLUTION: The derivative of the first factor is 2x, and the 
derivative of the second factor is 4x\ Therefore, 

fix) = ix 2 - 2) (4a: 3 ) + ix* + 5) (2x) 
= 4x s - 8jc 3 + 2x 5 + lOx 
= 6x s - %x i + lOx 
EXAMPLE: Find the derivative of 

Ax) = (x 3 - 3) ix 2 + 2)ix A - 5) 

SOLUTION: The derivatives of the three factors, in the order 
given, are 3a* 2 , 2x, and 4a: 3 . 



Therefore, 



fix) = ix 3 - 3) ix 2 + 2) i4x 3 ) 
+ ix 2 + 2)ix*- 5) (3a- 2 ) 
+ (a: 3 - 3) ix 4 - 5) (2x) 
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Expanding, we get 

f{x) = 4x* + Sx 6 -\2x 5 - 24x 3 
+ 3x* + 6x< - I5x* - 30x 2 
+ 2x s - 6x 5 - Wx 4 + 30x 

= 9x* + I4x* - I8x 5 - 25x* - 24x 3 - 30x 2 + 30x 



PRACTICE PROBLEMS: 

Find the derivatives of the following: 
1 • fix) = x'ix 2 - 4) 

2. Ax) = (x 3 - 3) (x 2 + 2x) 

3 . Ax) = (x 2 - Ix) (x s - 4x 2 ) 

4. Ax) = (x-2)(x 2 - 3) (x 3 - 4) 



ANSWERS: 

1. 5x* - \2x 2 

2. 5x* + Sx 3 - 6x - 6 

3. Ix 6 - 42x* - 16x l + &4x 2 

4. 6x 5 - IQx 4 - I2x 3 + 6x 2 + 16* + 12 



QUOTIENTS 

Theorem 5. At a point where the denominator is not equal 
to zero, the derivative of the quotient of two differentiable func- 
tions ofx is equal to the denominator times the derivative of the 
numerator minus the numerator times the derivative of the 
denominator, all divided by the square of the denominator. 
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If 



u 



then 



du dv 
dy = v dx dx 
dx v 2 

EXAMPLE: Find the derivative of the function 

Ax)= * 2-7 



2x + 8 



SOL UTION: The derivative of the numerator is 2x, and the 
derivative of the denominator is 2. Therefore, 

fM _ (2x + 8) (2x) -(x 2 -!) (2) 
J w ~ (2x + 8) 2 

Ax 2 + 16x - 2s 2 + 14 
(2jc + 8) 2 

_ Ix 2 + I6x + 14 
~ 4(x + 4) 2 

_ x 2 + 8* + 7 
~ 2(x + 4) 2 



PRACTICE PROBLEMS: 

Find the derivatives of the following: 

x 2 - 3 

3. /(x)= ^^ 3X 4 5 
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ANSWERS: 



j 2x 5 - Sx 3 



(x 2 - 2) 



2. x 2 + 14a- + 3 



% - (x 4 + 6x 3 + I5x 2 + Sx + 12) 

(x 3 - A) 2 



POWERS OF FUNCTIONS 

Theorem 6. The derivative of any differentiable function of 
x raised to the power n, where n is any real number, is equal to 
n times the polynomial function of x to the (n - \) power times 
the derivative of the polynomial itself 

If 



y = u n 



where u is any differentiable function of x, then 

dx nu dx 
EXAMPLE: Find the derivative of the function 

y = (x 3 - 3x 2 + 2x) 7 

SOL UTION: Apply Theorem 6 and find 

^ = 7(x 3 - 3x 2 + 2xf (3x 2 -6x + 2) 



EXAMPLE: Find the derivative of the function 



SOLUTION: This problem involves Theorem 5 and Theorem 
6. Theorem 6 is used to find the derivative of the numerator; then 
Theorem 5 is used to find the derivative of the resulting quotient. 
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The derivative of the numerator is 

30c 2 + 2) 2 (2x) 

and the derivative of the denominator is 1 . Then, by Theorem 5 

dy (x - l)f3(^ + 2) 2 (2x)] - (1) (x 2 + 2) 3 
dx ~ (x- l) 2 

exjx 2 + IfXx-- 1) - (x 2 + 2) } 

ix-\y 

(x 2 + 2) 2 [6xjx - 1) - (x 2 + 2)] 

(x - iy 

(x 2 + 2) 2 (Sx 2 ~6x- 2) 

(x - iy 



PRACTICE PROBLEMS: 

Find the derivatives of the following: 

1. Ax) = (x> + 2x-6) 2 

2. f{x) = 50c 2 + x + iy 

3. m = 2 Hr l 



ANSWERS: 

1. 2(x* + 2x-6)(3x 2 + 2) 

2. 20(x 2 + x + iy (2x + 1) 

- ISxjx + 3) 2 - 6(x + 3) 3 
3 ' 9x* 
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RADICALS 

To differentiate a function containing a radical, replace the 
radical by a fractional exponent; then find the derivative by ap- 
plying the appropriate theorems. 

EXAMPLE: Find the derivative of 



Ax) = V 2X 2 - 5 



SOL UTION: Replace the radical by the proper fractional ex- 
ponent, such that 



f{x) = {2x 2 - 5) i/2 



and by Theorem 6 



^ = ^2x 2 -5)< 1/2) " 1 (4x) 



= l(2x 2 - 5) _1/2 (4x) 



= 2x(2x 2 - 5)" ,/2 
2x 



V2x* - 5 

_ Ix^lx 2 -5 
" 2X 2 - 5 

EXAMPLE: Find the derivative of 

Ax)= 



V 3x* + 2 



SOLUTION: Replace the radical by the proper fractional ex- 
ponent, thus 

~ v _ 2x + 1 

At this point a decision is in order. This problem may be 
solved by either writing 

a„\ 2jc+ 1 

Ax) = (3x l + 2)" a ( J > 
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and applying Theorem 6 in the denominator and then applying 
Theorem 5 for the quotient or writing 

Ax) = (2x+l)(3x 2 + 2r l/2 (2) 

and applying Theorem 6 for the second factor and then applying 
Theorem 4 for the product. 

The two methods of solution are completed individually as 
follows: 

Use equation (1): 

fi X ) = ^ + 1 
JK) (3x 2 + 2) 1/2 

Find the derivative of the denominator 

_rf(3jc 2 + 2) 1/2 
dx 

by applying the power theorem 



J_(3* 2 + 2)'' 2 ^ l (3jc 2 + 2) (i/2)-i (6x) 



= IxQx 2 + 2)" 1/2 



The derivative of the numerator is 



d_(2x + 1) ~ 
dx " z 



Now apply Theorem 5: 



r(x) _ Ox 2 + 2Y' 2 (2) - (2x + 1) \3xqx* + 2V' 2 ] 
J w Ox 1 + 2) 

Multiply both numerator and denominator by 

(3JC 2 + 2) 1/2 
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and simplify: 

~, v _ 2(3x 2 + 2) - 3x(2x + 1) 
/ W - (3FT27 71 

_ 6x 2 + 4 - 6x 2 - 3x 

" ox 2 + iy n 

4 - 3a: 
~ (3x 2 + 2) 3/2 

To find the same solution by a different method, use equa- 
tion (2): 

f(x) = (2x+ 1) (3a: 2 + 2) _,/2 
Find the derivative of each factor: 

d_(lx + 1) = 2 



and 



d_(3x 2 + 2) 1/2 = _ 1/2(3JC 2 + 2) < - 1/2 >-»(6jc) 



= -3a-(3at 2 + 2)~ 3/2 



Now apply Theorem 4: 



/(*) = (2jc + 1) [-3a:(3a: 2 + 2) _3/2 ] + (3a: 2 + 2)" I/2 (2) 
Multiply both numerator and denominator by 



(3a: 2 + 2) 3/2 



such that, 



r( v _ - 3x(2x + 1) + 2(3a: 2 + 2) 
/ W - (3a: 2 + 2) 3 ' 2 

_ - 6X 2 - 3x + 6x* + 4 
~ (3a: 2 + 2) 3/2 

4 - 3a- 
" (3a- 2 + 2) 3 ' 2 

which agrees with the solution of the first method used. 
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PRACTICE PROBLEMS: 



Find the derivatives of the following: 



1. Ax) = 



3. fix) = 4 



4. y(jc) = ^ 4x 2 - 3x + 2 



ANSWERS: 



1 • ^~r= or *r— 
2V* 2x 

1 

2 - "27^ or "2F 



- 3 3 V 7 3x - 4 

2V 7 3* - 4 OF 2(3* - 4) 



4 8* - 3 (8x - 3)^ 4X 2 - 3x + 2 

' 3 V 7 (4* 2 - 3* + 2) 2 ° r 3(4* 2 - 3x + 2) 



CHAIN RULE 

A frequently used rule in differential calculus is the chain rule. 
This rule links together derivatives that have related variables. The 
chain rule is 

dy _ dy du 
dx ~ du dx 

where the variable y =f(u) is a differentiable function of u and 
u = g(x) is a differentiable function of x. 
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EXAMPLE: Find the derivative of 

y = (x + x 2 ) 2 

SOL UTION: Let 



u = (x + X 2 ) 



and 



y - u 2 



Then, 



4v_ 

du 



= 2u 



and 



dy _ d£ du _ 2 du 
dx du dx dx 



Now, 



dx =1+2x 



and substituting into equation (1) gives 



dy_dzdu_ , 
dx ~ dudx~ zu(l + 



2x) 



but, 



u = (x + x 2 ) 



Therefore, 



& = 2(x + x 2 ) (1 + 2x) 



EXAMPLE: Find ^ where 

dx 



y = \2t* + It 



and 



t = x 2 + 4 



5- 



SOLUTION: By the chain rule 

dx ~ dt dx 



and 



Then, 



dt 



= 4St 3 + 7 



dx 



= 2x 



% = (48^ + 7) (2x) 



and by substitution 



% = [48(* 2 + 4) 3 + 7] (2x) 



PRACTICE PROBLEMS: 

Find ^ in the following: 

1. y = 3/ 3 + 8/ and 
t = x 3 + 2 

2. >> = 7n 2 + 8/i + 3 and 
n = 2jc 3 + Ax 2 + x 



ANSWERS: 

1 . [9(x 3 + 2f + 8] Ox 2 ) 

2. [\4i2x 3 + Ax 2 + x) + 8] (6x 2 + 8* + 1) 
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INVERSE FUNCTIONS 

Theorem 7. The derivative of an inverse function is equal to 
the reciprocal of the derivative of the direct function. 

In the equations to this point, x has been the independent 
variable and y has been the dependent variable. The equations 
have been in a form such as 

y = x 2 + 3x + 2 
Suppose that we have a function like 

__L_ 1 

x 'y 2 y 

and we wish to find the derivative Notice that if we solve for 

y in terms of x, using the quadratic formula, we get the more com- 
plicated function: 



- 1 ±\/ 1 +4x 

y = — ix — 

If we call this function the direct function, then 

_ 1 ! 

x ~y 2 y 

is the inverse function. To determine g£ from the inverse 
function is easy. 

EXAMPLE: Find the derivative g£ of the function 

_ 1 I 

X- y l y 

dx 

SOLUTION: The derivative ^ is 

dX = _ 2 y->+y-i 



-2 + y 
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dx d 
The reciprocal of is the derivative ^ of the direct function, 



and we find 



dy = _j_ = y i 
dx dx y - 2 

dy 

EXAMPLE: Find the derivative 4^ of the function 

dx 



x = y 2 



SOL UTION: Find ^ to be 

dy 

dx = 2y 



dy 



Then 



dy = 1 = 1 
</*• <£c 2.y 

dy 



PRACTICE PROBLEMS: 

Find the derivative 4^ of the following functions: 

1 . x = 4 - y 2 

2. x = y 2 + 9y 



ANSWERS: 



2y 

2 -J— 
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IMPLICIT FUNCTIONS 



In equations containing x and y> separating the variables is 
not always easy. If we do not solve an equation for y, we call y 
an implicit function of x. In the equation 

x 2 - 4y = 0 

y is an implicit function of x, and x is also called an implicit func- 
tion of y. If we solve this equation for y, that is 



y = 



X 2 



then y would be called an explicit function of x. In many cases 
such a solution would be far too complicated to handle 
conveniently. 

When y is given by an equation such as 

y 2 + xy 2 = 2 

y is an implicit function of x. 

Whenever we have an equation of this type in which y is an 
implicit function of jc, we can differentiate the function in a 
straightforward manner. The derivative of each term containing^ 

will be followed by Refer to Theorem 6. 

EXAMPLE: Obtain the derivative & of 

y 2 + xy 2 = 2 
SOLUTION: Find the derivative of y 2 : 

diy 1 ) = 2 v& 

dx y dx 



the derivative of xy 2 : 



and the derivative of 2: 



d (2) _ 

dx 
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such that, 




+ y = 0 




we find that 



(2y + 2xy) 



dy 
dx 



and 



dx 



2y + 2xy 



2 + 2x 



Thus, whenever we differentiate an implicit function, the 
derivative will usually contain terms in both x and y. 



PRACTICE PROBLEMS: 

Find the derivative 4j£ of the following: 

1. x 5 + 4xy 3 - 3y 5 = 0 

2. x 3 y 2 = 3xy 

3. x 2 y + y 3 = 4 



ANSWERS: 

i - 5x * - 4y 3 

lm I2xy 2 - I5y* 

-> 3*y - iy 

z * 3x - 2x 3 j' 

.v 2 + 3y 
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TRIGONOMETRIC FUNCTIONS 



If we are given 



y = sin u 



we may state that, from the general formula, 

dy sin (w + Aw) - sin w 
j — nm r- 



sin w cos Aw + cos w si n Aw - sin w 
= hm ^ 



r sin w(cos Aw - 1) ^ sin An cos w 

JSo Au a«-o Aw (5.3) 



Since 



cos Aw - 1 A 
hm t— = 0 

Ai/^o A " (5.4) 



and 



sin Aw _ , 

So A« ~ (5.5) 



Then by substituting equations (5.4) and (5.5) into equation (5.3), 

dy 

—j = cos u 

du (5.6) 

Now we are interested in finding the derivative of the 
function sin w, so we apply the chain rule 

dy dy du 
dx ~~ du dx 

From the chain rule and equation (5.6), we find 

d < sin u) = cos u —— 



dx - W ° rf* 
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In other words, to find the derivative of the sine of a function, 
we use the cosine of the function times the derivative of the 
function. 

By a similar process we find the derivative of the cosine func- 
tion to be 



d (cos u) . du 
j = - sin u ~r 

dx dx 



The derivatives of the other trigonometric functions may be 
found by expressing them in terms of the sine and cosine. That is, 



djtan u) _d_ / sin u \ 
dx ~ dx ycos u J 



and by substituting sin u for u, cos u for v, and du for dx in the 
expression of the quotient theorem 



dx 



(") 



du dv 
dx dx 



we have 



dy = d_ 
du du 



( sin u \ 
cos u ) 



d (sin u) . d (cos u) 
cos u ^ >- sin u ^ 



cos 2 w (5.7) 



Taking 



d (sin u) 

~r = cos u 

du 



and 



d (cos u) 

— v 7 = - sin w 
aw 
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and substituting into equation (5.7), we find that 

dy _ cos 2 u + sin 2 u 
du ~ cos 2 w 

1 



COS 2 W 



= sec 2 w (5.8) 

Now using the chain rule and equation (5.8), we find 

dy = dy du 
dx " du dx 

2 du 
= sec 2 « Tx 

By stating the other trigonometric functions in terms of the 
sine and cosine and using similar processes, we may find the 
following derivatives: 

4-(° 0t U) = - CSC 2 * & 

dx dx 
d (sec u) , du 

Tx =SQCU tan u Tx 

d (esc u) = _ csc A* 

OX OX 

EXAMPLE: Find the derivative of the function 



7 = sin 3x 



SOL UTION: 



COS * dx 
= 3 cos 3jc 

EXAMPLE: Find the derivative of the function 

y = tan 2 (3x) 
SOLUTION: Use the power theorem to find 

f = 2 tan 3* -f (tan 3 *> 
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Then find 



_tf(tan 3x)_ , d(3x) 
dx ~ sec 5X die 



and 



d_Qx) _ , 
dx ~ 



Combining all of these, we find that 

^ = (2 tan 3x) (sec 2 3x) (3) 
= 6 tan 3x sec 2 3* 



PRACTICE PROBLEMS: 

Find the derivative of the following: 

1 . y = sin 2x 

2. y = (cos x 2 ) 2 



ANSWERS: 

1. 2 cos 2* 

2. - 4* cos x 2 sin x 2 



NATURAL LOGARITHMIC FUNCTIONS 

Theorem 8. The natural logarithm 

y = In x 

has the derivative 

dy = l 

dx x (5.9) 

for x>0. 



5-29 



If u is a positive differential) le function of x, then by (5.9) and 
the chain rule, 

d (In u) = ]_du 
dx u dx 

EXAMPLE: Find the derivative of the function 



y = In (6 - x 2 ) 



SOLUTION: 



dx \ 6 - x 2 ) dx 



~ (e - x ) 
= (^) 



(~2x) 



-2x 2x 
or 



6 — x 2 x 2 - 6 



DERIVATIVE OF CONSTANTS 
TO VARIABLE POWERS 

In this section two forms of a constant to a variable power 
will be presented. The two exponential functions will be and 
<f, where x is the variable, a is any constant, and e is equal to 
2.71828. . . . 

Recalling our study of logarithms in Mathematics, Volume 
2-A, since In and e are inverse functions, then 

In (e) = 1 

ln(e*) = x (5.10) 

and 

In (a*) = x In a 

If 

y = e* 

then 

$W (5.11) 
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PROOF: Since y = In x is differentiable, so is its inverse, 
y = e*. To obtain the derivative of y = e*, we differentiate both 
sides of equation (5.10) with respect to x, which gives 

-I (5.12) 
Multiplying both sides of equation (5.12) by e* gives 

dx ~~ 

Chain rule differentiation and equation (5.11) give 

d_(e») = e udu 
dx dx 

EXAMPLE: Find ^ f or y = e 6X . 



SOLUTION: 



dx dx 



= e 6x (6) or 6e 6x 



EXAMPLE: Find ^ for ^ = e> in \ 



SOL UTION: 



dy «in x j/ (sin x) 
dx dx 



__ jin x 



cos X 



If 



y = (f 



then 



d ^ = (\na)a x (5.13) 
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PROOF: Applying logarithmic rules, 

(f = p <° x > 



= e ln ° (5.i4) 



Differentiating both sides of equation (5.14) gives 

ditf) = AS? ln °) 

dx dx 



v m a dix ln a) 
e dx 



= e tln °(ln a) 

= e 1 " (oX) (ln a) 

= cfQn a) or (ln a)o* 



NOTE: ln a is a constant. 

EXAMPLE: Find %oiy = 2 x . 



SOLUTION: 



Chain rule differentiation and equation (5.13) give 

d (a") M/T u 

EXAMPLE: Find ^ of .y = 3 ( * 2 " 1 > . 



SOLUTION: 



= (ln 3)3 {x2 ~ 1) (2x) 
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PRACTICE PROBLEMS: 

Find 4j- of the following: 

1. y = In (2 - O 

2. y = e 8 * 11 (5 *> 

3. y = 4 (-l) 



ANSWERS: 

1 . (?/{(? - 2) 

2. 5<? sin (5X) cos (5a:) 

3. -(In 4)4 ( ~ x) 



SUMMARY 

The following are the major topics covered in this chapter: 

1 . Derivative of a constant: 

Theorem 1. The derivative of a constant is zero. 

If y = c, then % = lim ^ = 0. 

dx Ax 

2. Derivative of a variable raised to a power: 

Theorem 2. The derivative of the function y = x" is given by 
^ = nx n ' x 9 if n is any real number. 

3. Derivative of the sum of two or more functions: 

Theorem 3. The derivative of the sum of two or more 
differentiate functions of x is equal to the sum of their 
derivatives. 

If two functions of x are given, such that u = g(x) and 
v = h(x) y and also y = u + v = g(x) + h(x), then 

dy _ du ( dv 
dx ~~ dx dx 



4. Derivative of the product of two or more functions: 

Theorem 4. The derivative of the product of two 
differentiate functions of x is equal to the first function 
multiplied by the derivative of the second function, plus 
the second function multiplied by the derivative of the first 
function. 



T r + u dy dv , 

If y = wv, then -±:=u-t- + 



du 

dx ~ "dx 1 dx 9 



This theorem can be extended to three or more functions. 



Tf +u dy dw , du , m % dv 

lfy = uvw, then ^ = uv-^ + + uw^. 
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5. Derivative of the quotient of two functions: 

Theorem 5. At a point where the denominator is not equal 
to zero, the derivative of the quotient of two differentiable 
functions ofx is equal to the denominator times the derivative 
of the numerator minus the numerator times the derivative 
of the denominator, all divided by the square of the 
denominator. 

du dv 
w +u dy dx dx 

6. Derivative of a function raised to a power: 

Theorem 6. The derivative of any differentiable function of 
x raised to the power n, where n is any real number, is equal 
to n times the polynomial function of x to the (n - 1) power 
times the derivative of the polynomial itself 

If y = u n , where u is any differentiable function of x> 
then 

dy „-i du 
-f = nu ~j 
dx dx 

1. Derivative of a function in radical form: To differentiate a 
function containing a radical, replace the radical by a frac- 
tional exponent; then find the derivative by applying the ap- 
propriate theorems. 

8, Derivative of a function using the chain rule: 

dy _ dy du 
dx ~~ du dx 

where the variable y = f(u) is a differentiable function of u 
and u = g(x) is differentiable function of x. 

9. Derivative of an inverse function: 

Theorem 1 . The derivative of an inverse function is equal to 
the reciprocal of the derivative of the direct function. 

dx I dy I 
dy dy dx dx 
dx dy 
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a (Sin 




clx 




d (cos 


«) 


dx 




d (tan 


M) 


dx 




d(cot 


«) 


(Ix 




d (sec 


u) 


~Sx 




d (esc 


u) 


3x 





10. Derivative of an implicit function: In equations containing 
x and y, if an equation of y is not solved for, then y is called 
an implicit function of x. The derivative of each 

dy 

term containing 7 will be followed by 

11. Derivative of trigonometric functions: 

du 

= cosu dx 

du 

= - sin u ~t- 

dx 

2 du 
= sec>« a- 

du 

= sec 1/ tan u ^ 

= — esc u cot w ^ 

12. Derivative of natural logarithmic functions: 

Theorem 8. The natural logarithm y = In x has the 
derivative 

& = i for x> 0 

If w is a positive differentiable function of x, then 

d (In u) _ \ du 
dx ~ u dx 

13. Derivative of a constant to a variable power: 

dx 

d (e") = u du 
dx dx 

- on 

where jc is a variable, w is a function of x> a is a constant, 
and e is equal to 2.71828. . . . 
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ADDITIONAL PRACTICE PROBLEMS 

Find the derivative g£ of the following: 

1. Ax) = 3/4 

2. Ax) = 3*" 2/3 

3. Ax) = 6x~ 1/3 - Sx 1/4 

4. Ax) = (2x 3 + 5) (4x~ 2 - 3) 

5. Ax) = (x-2) (5x - 2) (4x + 3) 

6- Ax) = £±£ 

7. Ax) = (x 5 - 3jT 2 + l) -13 

8. Ax) = 6y^ + 8^ 

9. y = 2t 5 + l/t 5 and t = x* 

10. x = 1 + (y + 4) 3/4 

11. 2x + yx - jcy 3 = 4 

12. = v^n?) 

.3. Ax) = 2 sec (v^c) + 2\f CSC JC 

4. Ax) = (x 3 + 4) 1/3 tan (3x) 

5. y = [In (x 3 )] 4 
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ANSWERS TO ADDITIONAL PRACTICE PROBLEMS 
1. 0 



-5/3 



2. -2x 



3. -2x~ 4/i - 2x~ i/4 

4. - 18x 2 + 8 - 40x 

5. 60x 2 - 66x - 20 



-3 



6. 



4x 



(1 - x 2 ) 2 



7. - 13(x 5 - 3x -2 + IT^iSx 4 + 6x~ 3 ) 

8. 2* _2/3 + 2x~ 3/4 



9. 40.x 1 9 - 20x 



10. (4/3) (y + 4) 



-21 



1/4 



y ~ 7 ~ 2 

x - 3xy : 



11. *-,2 



12. -x[cot (x 2 )]- 1/2 [csc 2 (x 2 )] 



13. x~ ui sec (V *) tan (v^*) - V esc x cot x 

14. 3(x 3 + 4) 1/3 sec 2 (3x) + tan (3x) (a: 3 + 4) _2/3 x 2 
12 [In (a: 3 )] 3 



16. e~ l/x X + ex* 



17. (In 7) 7 3(In x) J 
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CHAPTER 6 

INTEGRATION 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Define integration. 

2. Find the area under a curve and interpret indefinite integrals. 

3. Apply rules of integration. 

4. Apply definite integrals to problem solving. 



INTRODUCTION 

The two main branches of calculus are differential calculus 
and integral calculus. Having studied differential calculus in 
previous chapters, we now turn our attention to integral calculus. 
Basically, integration is the inverse of differentiation just as divi- 
sion is the inverse of multiplication, and as subtraction is the in- 
verse of addition. 



DEFINITIONS 

Integration is defined as the inverse of differentiation. When 
we were dealing with differentiation, we were given a function 
F(x) and were required to find the derivative of this function. In 
integration we will be given the derivative of a function and will 
be required to find the function. That is, when we are given the 
function f{x)> we will find another function, F(x), such that 

dx J(X) (6.1) 
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In other words, when we have the function f{x)> we must find the 
function F(x) whose derivative is the function fix). 
If we change equation (6.1) to read 



we have used dx as a differential. An equivalent statement for 
equation (6.2) is 



We call fix) the integrand, and we say F(x) is equal to the indefinite 
integral of fix). The elongated SJ, is the integral sign . This sym- 
bol is used because integration may be shown to be the limit of 
a sum. 



INTERPRETATION OF AN INTEGRAL 



dF(x)=f(x)dx 



(6.2) 



fix) = J Ax) dx 



Y 



We will use the area under a curve for the inter- 
pretation of an integral. You should realize, however, 
that an integral may represent many things, and it 
may be real or abstract. It may represent the plane 
area, volume, or surface area of some figure. 




y=f(x) 



AREA UNDER A CURVE 



To find the area under a curve, we must agree 
on what is desired. In figure 6-1, where f(x) is equal 
to the constant 4 and the "curve" is the straight line 



y = 4 



Figure 6-1. — Area of a rectangle. 



the area of the rectangle is found by multiplying the 
height times the width. Thus, the area under the curve 
is 




Y 




The next problem is to find a method for deter- 
mining the area under any curve, provided that the 
curve is continuous. In figure 6-2, the area under the 
curve 



x 



y = M 



between points x and x + Ax is approximately /(x)Ax. 
We consider that Ax is small and the area given is A4 . 



Figure 6-2. — Area bA. 



6-2 



This area under the curve is nearly a rectangle. The 
area AA, under the curve, would differ from the area 
of the rectangle by the area of the triangle ABC if 
AC were a straight line. 

When Ax becomes smaller and smaller, the area 
of ABC becomes smaller at a faster rate, and ABC 
finally becomes indistinguishable from a triangle. 
The area of this triangle becomes negilible when Ax 
is sufficiently small. Therefore, for sufficiently small 
values of Ax, we can say that 

AA~f(x)Ax 



Now, if we have the curve in figure 6-3, the sum 
of all the rectangles will be approximately equal to 
the area under the curve and bounded by the lines 
at a and b. The difference between the actual area 
under the curve and the sum of the areas of the rec- 
tangles will be the sum of the areas of the triangles 
above each rectangle. 

As Ax is made smaller and smaller, the sum of the rectangular 
areas will approach the value of the area under the curve. The 
sum of the areas of the rectangles may be indicated by 




*0 X) Xg x 



Figure 6-3. — Area of 



A = lim I f(x k )Ax (6.3) 

n-+co k = j 

where I (sigma) is the symbol for sum, n is the number of rec- 
tangles,/^) Ax is the area of each rectangle, and k is the designa- 
tion number of each rectangle. In the particular example just 
discussed, where we have four rectangles, we would write 



4 

A = I f(x k )Ax 

k = 1 



and we would have only the sum of four rectangles and not the 
limiting area under the curve. 

When using the limit of a sum, as in equation (6.3), we are 
required to use extensive algebraic techniques to find the actual 
area under the curve. 

To this point we have been given a choice of using arithmetic 
and finding only an approximation of the area under a curve or 
using extensive algebra to find the actual area. 

We will now use calculus to find the area under a curve fairly 
easily. 
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In figure 6-4, the areas under the curve, from a 
to b, is shown as the sum of the areas of a A c and 
cA b . The notation aA c means the area under the curve 
from a to c. 

The Intermediate Value Theorem states that 

*A b =f(c) (b-a) 

where /(c) in figure 6-4 is the value of the function 
at an intermediate point between a and b. 

We now modify figure 6-4 as shown in figure 6-5, 
When 

x = a 



aA c 



cA 



Figure 6-4. — Designation of limits. 



then 



^4a = 0 



We see in figure 6-5 that 



therefore, the increase in area, as shown, is 




Figure 6-5.— Increments of area at jlc). 



Reference to figure 6-5 shows 



X A (X+Ax) =f(c) (x + hx-x) = f(c)Ax 
where c is a point between a and b. Then by substitution 



AA = /(c)Ajc 



or 



M 
Ax 



= /(e) 
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and as Ax approaches zero, we have 

d(A) v LA 
dx Lx 

= lim f(c) 

C-+X 

= /(*) 

Now, from the definition of integration 

a A x = Jf(x) dx (6.4) 
= F(x) + C 
where C is the constant of integration, and 

a A a = F(a) + C 

but 

= 0 

therefore, 

F(a) + C = 0 
By solving for C, we have 

C= ~F(a) 

and by substituting -F(a) into equation (6,4), we find 

a A x = - F(a) 

If we let 

x - b 

then 

a >l 6 = F(6)-F(a) (6.5) 

where F(b) and F(a) are the integrals of the function of the curve 
at the values b and a. 

The constant of integration C is omitted in equation (6.5) 
because when the function of the curve at b and a is integrated, 
C will occur with both F{a) and F(b) and will therefore be sub- 
tracted from itself. 

NOTE: The concept of the constant of integration is more fully 
explained later in this chapter. 

EXAMPLE: Find the area under the curve 

y = 2x - 1 
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in figure 6-6, bounded by the vertical lines at a and 
b and the X axis. 

SOLUTION: We know that 



Ah = Fib) - F(a) 



and we find that 



Fix) = J Ax) dx 
= J(2x - 1) dx 

= x 2 - x (This step will be justified later.) 

Then, substituting the values for a and b into 
f\x) = x 2 - x, we find that when 



x - a 



= 1 



F{a) = 1-1 



= 0 



and when 



x = b 



= 5 



Fib) = 25-5 



= 20 



Then by substituting these values in 
cAb = F{b) - Fid) 



we find that 



Ah = 20 - 0 



= 20 




Figure 6-6. — Area of triangle and rectangle. 
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We may verify this by considering figure 6-6 to be a triangle with 
base 4 and height 8 sitting on a rectangle of height 1 and base 
4. By known formulas, we find the area under the curve to be 20. 



INDEFINITE INTEGRALS 

When we were finding the derivative of a function, we 
wrote 

where the derivative of Fix) is /(*). Our problem is to find Fix) 
when we are given f(x). 

We know that the symbol / . . . dx is the inverse of 
or when dealing with differentials, the operator symbols d 
and J are the inverse of each other; that is, 

Fix) = J Ax) dx 

and when the derivative of each side is taken, d annulling J, we 
have 

d Fix) = f(x) dx 
d 

or where J . . . dx annuals -j-, we have 



d_F{x) = d_ 
dx dx 



fix) dx 



= fix) 



From this, we find that 



d ix 3 ) = 3x 2 dx 



so that, 



Jlx 2 dx = x 3 + C 



Also we find that 



d ix 3 + 3) = 3x 2 dx 
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so that, 



J 3x 2 dx = x 3 + 3 

Again, we find that 

d (jc 3 - 9) - 3x 2 dx 

so that, 

/ 3x 2 dx = jc 3 - 9 

This is to say that 

d (x 3 + Q = 3x 2 dx 

and 

J3x 2 dx = x* + C 

where C is any constant of integration. 

A number that is independent of the variable of integration 
is called a constant of integration. Since C may have infinitely 
many values, then a differential expression may have infinitely 
many integrals differing only by the constant. This is to say that 
two integrals of the same function may differ by the constant of 
integration. We assume the differential expression has at least one 
integral. Because the integral contains C and C is indefinite, 
we call 

F(x) + C 

an indefinite integral of f(x) dx. In the general form we 
say 

J fix) dx = F(x) + C 

With regard to the constant of integration, a theorem and its 
converse are stated as follows: 

Theorem 1. If two functions differ by a constant, they have 
the same derivative. 

Theorem 2. If two functions have the same derivative, their 
difference is a constant. 
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RULES FOR INTEGRATION 



Although integration is the inverse of differentiation and we 
were given rules for differentiation, we are required to determine 
the answers in integration by trial and error. However, there are 
some rules to aid us in the determination of the answer. 

In this section we will discuss four of these rules and how they 
are used to integrate standard elementary forms. In the rules we 
will let u and v denote a differentiable function of a variable such 
as x. We will let C, n, and a denote constants. 

Our proofs will involve searching for a function F(x) whose 
derivative is fix) dx. 

Rule 1 . fdu = u + C 

The integral of a differential of a function is the function plus 
a constant. 



PROOF: If 

d_(u + Q 
du 



then 



and 



d (u + Q = du 



fdu = u + C 



EXAMPLE: Evaluate the integral 

Jdx 

SOLUTION: By Rule 1, we have 

Jdx = x + C 
Rule 2. fa du = a fdu = au + C 

A constant may be moved across the integral sign. NOTE: A 
variable may NOT be moved across the integral sign. 



PROOF: If 



d_(au + O = ( .d_(u + O = 
du K 'du 



then 



d {au + Q = a d (w + C) - a du 



and 



Ja du - ajdu = au + C 



EXAMPLE: Evaluate the integral 



/4 dx 



SOLUTION: By Rule 2, 



J4 dx = 4 Jdx 



and by Rule 1, 



fdx = x+ C 



therefore, 



J4 dx = Ax + C 



Rule 3. 



u" du = 



u 



n* 1 



+ 1 



+ C 



77ie integral of u" du may be obtained by adding 1 to the ex- 
ponent and then dividing by this new exponent. NOTE: If n is 
minus 1, this rule is not valid and another method must be used. 



PROOF: If 



then 



f u"* 1 , r \_ (n + \)u n 
\n+ \ + L -J ~ n+1 



du 



= u n du 



u" du = 



u 



n+l 



n + 1 



+ C 



EXAMPLE: Evaluate the integral 

JV dx 
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SOLUTION: By Rule 3, 



f v 3 + 1 



= — + C 
4 

EXAMPLE: Evaluate the integral 



SOLUTION: First write the integral 

f 7 ^ 
-r ax 

J x 3 



as 



/ 7a:" 3 </* 



Then, by Rule 2, 



7 / a* -3 dx* 



and by Rule 3, 



7 x" 3 dx=l 



-2 



-2 



Rule 4. J (rfw + dv + dw) = J"dw + / dv + Jcfw 

=u+v+w+C 
The integral of a sum is equal to the sum of the integrals. 
PROOF: If 



d (u + v + w + C) = du + dv + dw 



then 



/ (du + dv + dw) = (u + Ci) + (v + C 2 ) 

+ (w + C 3 ) 



such that 



/ (du + dv + dw) =w+v+w+C 



where 



C = C, + C, + C: 
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EXAMPLE: Evaluate the integral 

J (Ix - 5x + 4) dx 
SOL UTION: We will not combine 2x and - 5x. 

J(2x-5x + 4) dx 
= J2x dx - J5x dx + J 4 dx 
= 2 Jx dx - 5 fx dx + 4 J dx 

= ^- + C l -^- + C 2 + 4x+C 3 



= x 2 - I x 2 + 4x + C 



where C is the sum of C\, C 2 , and C 3 . 
EXAMPLE: Evaluate the integral 



J(x 1/2 + x 2/i ) dx 



SOLUTION: 



J(x l/2 + x 2/i ) dx 



= Jx i/2 dx + Jx 2 ' 3 dx 



yi/2 j^.5/3 

372 + Cl + 573 + Cl 
2x }/2 3x^_ + c 



Now we will discuss the evaluation of the constant of 
integration. 

If we are to find the equation of a curve whose first derivative 
is 2 times the independent variable x, we may write 

& = 2x 

dx 



or 



dy - lx dx (1) 
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We may obtain the desired equation for the curve by integrating 
the expression for dy; that is, by integrating both sides of equa- 
tion (1). If 



dy - 2x dx 



then, 



J dy = flxdx 



But, since 



Jdy=y 



and 



J 2x dx = x 2 + C 



then 



y = x 2 + C 



We have obtained only a general equation of the 
curve because a different curve results for each value 
we assign to C. This is shown in figure 6-7. If we 
specify that 



x = 0 



and 



y = 6 



we may obtain a specific value for C and hence a par- 
ticular curve. 

Suppose that 



then, 



y = x 2 + C, x = 0, and y - 6 



6 = 0 2 + C 




or 



C= 6 



Figure 6-7. — Family of curves. 



By substituting the value 6 into the general equation, we find that 
the equation for the particular curve is 



y = x 2 + 6 



which is curve C of figure 6-7. 
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The values for x and y will determine the value for C and also 
determine the particular curve of the family of curves. 

In figure 6-7, curve A has a constant equal to -4, curve B 
has a constant equal to 0, and curve C has a constant equal to 6. 

EXAMPLE: Find the equation of the curve if its first 
derivative is 6 times the independent variable, y equals 2, and x 
equals 0. 

SOLUTION: We may write 



f = 6x 
ax 



or 



f dy = / 6x dx 



such that, 



y = 3x 2 + C 



Solving for C when 



x = 0 



and 



y = 2 



we have 



2 = 3(0 2 ) + C 



or 



C = 2 



so that the equation of the curve is 

y = 3x 2 + 2 
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PRACTICE PROBLEMS: 



Evaluate the following integrals: 

1. fx 2 dx 

2. J4x dx 

3. /(x 3 + x 2 + x) dx 

4. J" 6 dx 




6. Find the equation of the curve if its first derivative 
is 9 times the independent variable squared, y equals 5, 
and x equals - 1 . 



ANSWERS: 

x 3 

1. f + c 

2. 2* 1 + C 

V" y-3 

4. 6x + C 

5. -| + C 

6. .y = 3x 3 + 8 



DEFINITE INTEGRALS 

The general form of the indefinite integral is 

Jf(x) dx = F(x) + C 
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and has two identifying characteristics. First, the constant of 
integration must be added to each integration. Second, the 
result of integration is a function of a variable and has 
no definite value, even after the constant of integration 
is determined, until the variable is asigned a numerical 
value. 

The definite integral eliminates these two characteristics. 
The form of the definite integral is 



f b fix) dx = [Fib) + C] - [F(a) + C] (6.6) 

a 



= F{b) - F(a) 

where a and b are given values. Notice that the constant 
of integration does not appear in the final expression of 
equation (6.6). In words, this equation states that the difference of 
the values of 



b f(x)dx 



a 



for 



x - a 



and 



x = b 



gives the area under the curve defined by fix), the X axis, and 
the ordinates where 



x = a 



and 



x = b 
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In figure 6-8, the value of b is the upper 
limit and the value of a is the lower limit. 
These upper and lower limits may be any 
assigned values in the range of the curve. The 
upper limit is positive with respect to the lower 
limit in that it is located to the right (positive in our 
case) of the lower limit. 

Equation (6.6) is the limit of the sum of all 
the strips between a and b, having areas 
of fix) Ax; that is, 




lim x t b f{x)Lx = 



x = a 



f(x) dx 



a 



Figure 6-8. — Upper and lower limits. 



The definite integral evaluated from a to b is 



r b 



f(x) dx = F(x) 



b 
a 



(6.7) 



= F(b) - F(a) 



The notation F{x) 



in equation (6.7) means we first 



substitute the upper limit, b, into the function F(x) to obtain F(b); 
and from F(b) we subtract F(a), the value obtained by substituting 
the lower limit, a, into F(x). 

EXAMPLE: Find the area bounded by the curve 



y = x 2 



the X axis, and the ordinates where 



x = 2 



and 



x = 3 



\ 9 




\ 8 






\ 7 






\ 6 






\ 5 






\ 4 








\ 3 








\ 2 








-4 -3 -2 -j 0 


1 2 2 


I 4 



as shown in figure 6-9. 



Figure 6-9.— Area from x = 2 to 

x = 3. 
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SOLUTION: Substituting into equation (6.7), we have 



f(x) dx = F(x) 



a 



= F{b) - F{a) 



> 3 
J 2 


x 2 dx 


.-3 

X 

' 3 


j 

2 


3 3 
~ 3 


2 3 
3 


27 
" 3 


8 
3 


19 

~ 3 





We may make an estimate of this solution by considering the area 
desired in figure 6-9 as being a right triangle resting on a rectangle. 
The triangle has an approximate area of 



A =lbh 



1 



= f(D(5) 



5 
2 



and the area of the rectangle is 



A = bh 



= (1)(4) 



= 4 



6-18 



so that the total area is 

a ^5 13 ,\ 
4 + 2 = T = 6 2 

which is a close approximation of the area found by the process 
of integration. 

EXAMPLE: Find the area bounded by the curve 

y - x 1 

the X axis, and the ordinates where 



x = -2 



and 



x = 2 



as shown in figure 6-10. 

SOLUTION: Substituting into equation (6.7), we 
have 



f b 



Ax) dx = F(x) 



b 
a 



= F{b) - F{a) 



r 2 



— 2 



x 2 dx 




4-3-2-1 0 12 3 4 



Figure 6-10. — Area under a curve. 



3 - 



§-(1) 

16 



The area above a curve and below the X axis, as 
shown in figure 6-11, will, through integration, fur- 
nish a negatvie answer. 




Figure 6-11. — Area above a curve. 
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I 



If the graph ofy = f(x), between x = a and 
x = b, has portions above and portions below 
the X axis, as shown in figure 6-12, then 



fix) dx = f{b) - F(a) 



is the sum of the absolute values of the positive 
areas above the X axis and the negative areas 
below the X axis, such that 



y= f (x) 




tb 
a 



fix) dx = \ A,\ + \A 2 \ + | A 3 \ + \A 



Figure 6-12. — Areas above and below a curve. 



where 



Ax = 



A, = 



t c 



a 



t e 



f{x) dx 



A, = 



t d 



f(x) dx 



f{x) dx 



A. = 



r b 



fix) dx 



EXAMPLE: Find the areas between the 
curve 

y = x 

and the X axis bounded by the lines 



x= -2 




///A * * : 



and 



Figure 6-13.— Negative and positive value areas. 



x = 2 



as shown in figure 6-13. 

SOLUTION: These areas must be computed separately; 
therefore, we write 



Area A = 



o 



-2 



f(x) dx 



r o 



x dx 



2 



- 2 



0 



-2 



= 0-| 



= -2 
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and the absolute value of - 2 is 



— 21=2 



Then, 



Area B = f(x) dx 



o 



2 



2 
0 



= 2 



Adding the two areas, | A | and | B \ , we find 



A \ + \ B\ =2 + 2 



= 4 



NOTE: If the function is integrated from - 2 to 2, the follow- 
ing INCORRECT result will occur: 



Area = 



( 2 



fix) dx 



x dx 



— i 



2 



2 

-2 



4 _ 4 
2 2 



= 0 (INCORRECT SOLUTION) 

This is obviously not the area shown in figure 6-13. Such an ex- 
ample emphasizes the value of making a commonsense check on 
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every solution. A sketch of the function will aid this com- 
monsense judgement. 

EXAMPLE: Find the total area bounded by the curve 

y = x 3 - 3x 2 - 6x + 8 



the X axis, and the lines 



x= -2 



and 



x = 4 



as shown in figure 6-14. 

SOLUTION: The area desired is both above and 
below the X axis; therefore, we need to find the areas 
separately and then add them together using their absolute 
values. 




Figure 6-14.— Positive and negative value 

areas. 



Therefore, 



A, = 



(x 3 - 3x 2 - 6x + 8) dx 



-2 



£ - x 3 - 3x 2 + 8x 
4 



-2 



-0- 



4-1-3+81-14+8 



\ _ ^4 + g _ 12 - 16) 



4 \ + 16 
4 



= 20 7 
4 



6-22 



and 

Al = / i ^ " ~~ 6x+ ® dx 



*r - x 3 - 3JC 2 + 8jc 
4 



4 

1 



( 



Hi 



= 164 - 64 - 48 + 32 1-14-1-3 + 8 



1 



-16 - 4 7 
4 



= -20 ^ 
4 



Then, the total area is 



\At \ +| >1 2 | =20^ + 20 j 



= 401 



PRACTICE PROBLEMS: 



1. Find, by integration, the area under the curve 

y = x + 4 
bounded by the X axis and the lines 



x = 2 



and 



x = 1 



verify this by a geometric process. 
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2. Find the area under the curve 

y = 3x 2 + 2 

bounded by the X axis and the lines 



x = 0 



and 



x = 2 



3. Find the area between the curve 



y = x 3 - \2x 



and the X axis, from 



x= -1 



to 



x = 3 



ANSWERS: 

1. 42 1/2 

2. 12 

3. 39 1/2 
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SUMMARY 

The following are the major topics covered in this chapter: 

1 . Definition of integration: Integration is defined as the inverse 
of differentiation. 

F{x) = Sf(x) dx 

where F(x) is the function whose derivative is the function f(x); 
/is the integral sign; f(x) is the integrand; and dx is the 
differential. 

2. Area under a curve: 

n 

A = lim I f(x k )Ax 

n-+oo k = 1 

where I (sigma) is the symbol for sum, n is the number of rec- 
tangles, Ax is the area of each rectangle, and k is the designa- 
tion number of each rectangle. 

Intermediate Value Theorem: 

aA b =f(c)(b-a) 

where /(c) is the function at an intermediate point between a 
and b. 

*A b = F(b) - F(a) 

where F(b) - F(a) are the integrals of the function of the curve 
at the values b and a. 

3. Indefinite integrals: 

Jf(x) dx = F(x) + C 

where C is called a constant of integration, a number which 
is independent of the variable of integration. 

Theorem 1 . If two functions differ by a constant, they have 
, the same derivative. 

Theorem 2. If two functions have the same derivative, their 
difference is a constant. 
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4. Rules for integration: 

Rule 1. J du = u + C 

77ie integral of a differential of a function is the function plus 
a constant. 

Rule 2. J a du = a J du = au + C 

A constant may be moved across the integral sign. NOTE: A 
variable may NOT be moved across the integral sign. 



Rule 3. 



n + 1 

U n du = — — r + C 

n + 1 



The integral of u n du may be obtained by adding 1 to the ex- 
ponent and then dividing by this new exponent. NOTE: If n 
is minus 1, this rule is not valid. 

Rule 4. J {du + dv + dw) = J du + J dv + fdw 

= w + v+ w + C 

The integral of a sum is equal to the sum of the integrals. 



5. Definite integrals: 

r b 



f(x) dx = F{b) - F{a) 



a 



where b> the upper limit, and a, the lower limit, are given 
values. 

6. Areas above and below a curve: 

If the graph of y = f{x), between x = a and x = ft, has por- 
tions above and portions below the X axis, then 

r b fix) dx = F{b) - Fia) is the sum of the absolute values of 

a 

the positive areas above the X axis and the negative areas below 
the X axis. 



6-26 



ADDITIONAL PRACTICE PROBLEMS 

Evaluate the following integrals: 
1. JO/4) dx 

i ( ~ 8 dx 

J * 

3. J(7x 6 - 5x' 6 - lOx 4 + 9x' 4 ) dx 

4. / 18jc 5/4 dx 

5. Find the equation of the curve if its first derivative is 4 plus 
8 times the independent variable plus 12 times the independent 
variable cubed, y equals 12, and x equals 2. 

6. Find the area under the curve y = 2x + 3 bounded by the X 
axis and the lines x = -3/2 and x = 1. 

7. Find the area between the curve y = x 2 + 4x and the X axis, 
from x = - 4 to jc = 0. 

8. Find the total area bounded by the curve y = 2 + x - jc 2 , the 
A'axis, and the lines jc = —2 and jc = 3. (Hint: Be sure to sketch 
the graph.) 
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ANSWERS TO ADDITIONAL PRACTICE 

PROBLEMS 

(3/4)jc + C 
4/x 2 + C 

x 7 + x" 5 - 2x ! - 3x~ 3 + C 
8jc 9/4 + C 

^ = 3jc* + 4jc 2 + 4x - 60 

25/4 

10 2/3 

49/6 
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CHAPTER 7 

INTEGRATION FORMULAS 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Integrate a variable to a power, a constant, a function raised 
to a power, and a constant to a variable power. 

2. Integrate the sum of differentiable functions, quotients, and 
trigonometric functions. 



INTRODUCTION 

In this chapter several of the integration formulas and proofs 
are discussed and examples are given. Some of the formulas from 
the previous chapter are repeated because they are considered 
essential for the understanding of integration. The formulas in 
this chapter are basic and should not be considered a complete 
collection of integration formulas. Integration is so complex that 
tables of integrals have been published as reference sources. 

In the following formulas and proofs, u, v, and w are con- 
sidered functions of a single variable. 



POWER OF A VARIABLE 

The integral of a variable to a power is the variable to a power 
increased by one and divided by the new power. 



Formula. 



PROOF: 



y 1 dx = ^— T + C, n 4 - 1 
n + 1 * 



°Vn+l / (« + 1) 

~ (n+l) ax 



= x" dx 
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i 



Therefore, 



t + 1 

x" dx = T + C, n^-l 

n + l 



EXAMPLE: Evaluate 



SOLUTION: 



x 5 dx = 



.5 + 1 



5 + 1 



+ C 



x 6 

= — + C 
6 + c 



EXAMPLE: Evaluate 



Jx~ 5 dx 



SOL UTION: 



x~ 5 dx = 



-4 



-4 



+ C 



CONSTANTS 

A constant may be written either before or after the integral 
sign. 



Formula. 



J a du = a Jdu = au + C 



PROOF: 



d (au + O = a d (u + 



= a du 



Therefore, 



J a du = a / du = au + C 
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EXAMPLE: Evaluate 



J 17 dx 



SOL UTION: 



J 17 = 17 / dx 



= 17* + C 



EXAMPLE: Evaluate 



J3x* dx 



SOL UTION: 



J3x* dx = 3 Jx 4 dx 



= (3)^ + C 



3x 5 



SUMS 

77ie integral of an algebraic sum of differentiable functions 
is the same as the algebraic sum of the integrals of these func- 
tions taken separately; that is, the integral of a sum is the sum 
of the integrals. 



Formula. 



/ (du + dv + dw) = J du + fdv + J dw 



PROOF: 



d {u + v + w + Q = du + dv + dw 
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Therefore, 

/ du + J dv + / dw = u + C, + v + C 2 + w + C 3 

where 

Ci + C 2 + C 3 = C 

Then 

/ du + JVv + /<iw = K + v+ vv + C 

and 

/ (dw + tfv + c?w) = J du + / + J rfw 

=w+v+w+C 

EXAMPLE: Evaluate 

/ (3x z + x) dx 

SOL UTION: 

J (3x 2 + x) dx = J3x 2 dx + Jx dx 

= X 3 + C, + y + C 2 
= X 3 + y + C 

EXAMPLE: Evaluate 

SOL UTION: 

J (x 5 + x~ 3 ) dx = J x 5 dx + Jx~ } dx 



PRACTICE PROBLEMS: 

Evaluate the following integrals: 

1. fx 6 dx 

2. Jx~* dx 

3. J \lx 2 dx 

4. / nr dr 

5. J7x l/2 dx 

6. / (x 1 + x 6 + 3X 3 ) dx 

7. / (6 - x 3 ) dx 



ANSWERS: 

x 1 

i. 4- + c 



2. - 



+ C 




x 3 + C 



4. 




5. 



s 3 ' 2 + C 




+ =fX* + C 



1. 6x -~ + C 



POWER OF A FUNCTION 

The integral of a function raised to a power is found by the 
following steps: 

1. Increase the power of the function by 1. 

2. Divide the result of step 1 by this increased power. 

3. Add the constant of integration. 
Formula. 



u n du = 



u 



n + i 



n + 1 



+ C, n * - 1 



PROOF: 



Therefore, 



\n + 1 / n + 1 

= u n du 



u n du = 



u 



n + i 



n + 1 



+ C 



NOTE: Recall that 



dx 



Q(2x - 3) 3 ] = (3) 0 (2x - 3) 2 (2) 



= 2(2* - 3) 



EXAMPLE: Evaluate 



S(2x- 3) 2 (2) dx 



SOLUTION: Let 



so that 



u = (2x - 3) 



du 
dx 



= 2 



or 



du = 2 dx 
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Then by substitution, 



/ (2x - 3) 2 (2) dx = Ju 2 du 



u 3 

= T + C 



Therefore, 



' (2x - 3) 2 (2) dx = ~ 3 ^ + C 



When you use this formula the integral must contain precisely 
du. If the required constant in du is not present, it must be placed 
in the integral and then compensation must be made. 



EXAMPLE: Evaluate 



/ (3jc + 5) 6 dx 



SOLUTION: Let 



u = (3jc + 5) 



so that 



du - 3 dx 



We find dx in the integral but not 3 dx. A 3 must be included 
in the integral to fulfill the requirements of du. 

In words, this means the integral 

J (3jc + 5) 6 dx 
needs du so that the formula may be used. 



Therefore, we write 



3 f 
3 J 



(3jc + 5) 6 dx 



and recalling that a constant may be carried across the integral 
sign, we write 



3 J 



1 



(3jc + 5) 6 dx = 5 J (3jc + 5) 6 (3) dx 
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Notice that we needed 3 in the integral for du, and we included 
3 in the integral; we then compensated for the 3 by multiplying 
the integral by 1/3. 



Then 



\\$x + 5) 6 (3) <** = 5 J w 6 du 

- m ♦ 



21 + u 



EXAMPLE: Evaluate 



/ 3*(2 + x 2 ) 2 dx 



SOLUTION: Let 



u = (2 + x 2 ) 



so that 



du = Ix dx 



Then 



J 3x(2 + x 2 ) 2 dx = lj3x(2 + x 2 ) 2 dx 

= § J 2x(2 + at 2 ) 2 <fcr 



+ c 



2 + c 
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PRACTICE PROBLEMS: 

Evaluate the following integrals: 

1. f(x 2 + 6) (2x) dx 

2. JV(7 + x 3 ) 2 dx 

3. /(3a: 2 + 2x)\6x+ 2) dx 

4. /(6a: 3 + 2x) 1/2 (9x 2 + 1) dx 

5 . J 4(* 2 + 7)" 7 (x) dx 



ANSWERS: 



3 (3x 2 + 2xy + c 

4 (6x> + 2xy< 2 + c 



1 

3(x 2 + 7)' 



5- ~ ^ .2 , -7X6 + C 



QUOTIENT 

In this section three methods of integrating quotients 
are discussed, but only the second method will be proven. 

The first method is to put the quotient into the form 
of the power of a function. The second method results 
in operations with logarithms. The third method is a 
special case in which the quotient must be simplified 
to use the sum rule. 
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METHOD 1 



If we are given the integral 



2x 



(9 - 4x 2 ) 



T72 dX 



we observe that this integral may be written as 



f2x(9 - 4x 2 )~ l/2 dx 



By letting 



u = (9 - Ax 2 ) 



then 



du = —Sx dx 



The only requirement for this to fit the form 

Ju" du 

is the factor for du of - 4. We accomplish this by multiplying 
2x dx by - 4, giving - 8x dx, which is du. We then compensate 
for the factor -4 by multiplying the integral by - 1/4. 



Therefore, 



2x 



(9 - 4* 2 ) 172 



dx = 



2x(9 - Ax 2 )' 1/2 dx 



1 
4 



(-4) (2at) (9 - 4*T ,/2 



1 



-8x(9 - Ax 2 )' 1 ' 2 dx 



-1/2 




+ C 



(9 - 4x 2 ) xn 



+ c 
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EXAMPLE: Evaluate 



dx 



SOLUTION: 



V (3 + x 2 ) 



dx = 



x(3 + x 2 )~ U2 dx 



Let 



u = (3 + x 2 ) 



so that 



du = 2x dx 



The factor 2 is used in the integral to give du and is compensated 

for by multiplying the integral by 1/2. 

Therefore, 

f x(3 + jc 2 ) -1/2 <** = ^ J 2x(3 + *T 1/2 dx 



1 \ w 




1/2 



1/2 



+ C 



= (3 + x 2 )" 2 + C 



PRACTICE PROBLEMS: 

Evaluate the following integrals: 



1. 



(2 + x 2 ) 1 ' 2 dx 



( dx 
' J N/3x + 1 



- dx 
J * (3a: + 2) 
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ANSWERS: 



1. (2 + x 2 Y n + C 



,2/3 



2 . (3^_1)_ + C 



3. 



-1 



12(3* + 2) 



+ C 



METHOD 2 

In the previous formulas for integration of a function, the ex- 
ponent was not allowed to be - 1 . In the special case of 



/ u" du 



where 



n = -1 



we would have applied the following formula: 



Formula. 



r ^ = ln| W | +C, u 4 0 



PROOF: 



d (In | u | + C) = -j du 



Therefore, 



( du 
u 



= In 



u 



+ C 



NOTE: The derivative formula ~-^ n u) = I, w > 0, 



w 



presented in chapter 5, can be extended for negative functions 
also. Hence, J>l«|) = I, „ y 0 . 
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EXAMPLE: Evaluate the integral 



( -dx 
x 



SOLUTION: If we write 



r 1 t 

- dx = x~ dx 
x 



we find we are unable to evaluate 



Jx' 1 dx 

by use of the power of a variable rule, so we write 



f 1 



- dx = In | jc | + C 



because the 1 dx in the numerator is precisely du and we have 
fulfilled the requirements for 



EXAMPLE: Evaluate 



+ c 



2x+ 1 



dx 



SOLUTION: Let 



so that 



u = 2x + 1 



du = 2 dx 



We have the form 



( du 
u 



= ln|tt| + C 



therefore, 



n 2 , , <fcr = In 1 2x + 1 1 + C 
2x + 1 ' 1 



EXAMPLE: Evaluate 



3^ + 1 



dx 
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SOLUTION: Let 

u = 3x+ I 



so that 



du = 3 dx 



We find we need 3 dx but we have 2 dx. We compensate as follows: 



Therefore, 



3x + 1 



dx = 2 



dx 



3x + 1 



3x + 1 



-0) 

_2[du 

"3 M 



= I In I w I + C 



- . = § In 3* + 1 1 + C 
3x + 1 3 1 



PRACTICE PROBLEMS: 



Evaluate the following integrals: 



1. 



2. 



3. 



4. 



3x + 2 



r eft 



5 - 2a: 



2 - 3x 



' 2jc 3 . 
3 + 2x* 
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ANSWERS: 

1. i In |3x + 2\ + C 



2. - ^ hi 5-2* + C 



3. - I In 2 - 3jc 2 + C 
6 



4. j In 1 3 + 2x* \ +C 



METHOD 3 

In the third method for solving integrals of quotients, we find 
that to integrate an algebraic function with a numerator that is 
not of lower degree than its denominator, we proceed as follows: 
Change the integrand into a polynomial plus a fraction by dividing 
the denominator into the numerator. After this is accomplished, 
apply the rules available. 

EXAMPLE: Evaluate 



f 16* 2 - Ax - 8 
2x+ 1 



dx 



SOLUTION: Divide the denominator into the numerator so 



that 



(l6x2 - 4x -*dx=l(sx-6-^idx 



2x+ 1 



2x + 




Sx dx - 



6 dx 



2x+ 1 



dx 



Integrating each term separately, we have 



and 



and 



JSx dx = 4x 2 + C, 



-J6dx = - 6x + C 2 



2x + 1 



dx = - In 2x + 1 + C 
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Then, by substitution, we find that 



J 16 *2x +1 S dx = 4x 2 -6x-\n\2x+l\ +C 



where 



c = c, + c 2 + c 2 



EXAMPLE: Evaluate 



* + 1 



dx 



SOLUTION: The numerator in not of lower degree than the 
denominator; therefore, we divide and find that 



x + 1 



dx - 



1 



x + 1 



Integrating each term separately, we find that 



/ dx = x + Ci 



and 



f 1 

x + 



j etc = - In | x + 1 1 + C 2 



Therefore, 



X + 



-r dx = x - ln\x + l\ + C 



where 



c = c, + c : 
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PRACTICE PROBLEMS: 

Evaluate the following integrals: 



1. 



f 2x 2 + 6x + 5 . 

dx 

x + 1 



2. (*Ln!* 



3. 



4. 



f 6a: 3 + 13x 2 + 20* + 23 , 
2x + 3 °* 

f 21x 2 + 1 6jc + 4 , 

s r— j OX" 

3x + l 



ANSWERS: 

1. x 2 + 4a* + In \x + l| + C 

2. 3a: - 8 In | jc| + C 

3. + x 2 + 7a: + In | 2a* + 3| + C 

7 1 

4. + 3a- + g In 3a: + 1 + C 



CONSTANT TO A VARIABLE POWER 

In this section a discussion of two forms of a constant to a 
variable power is presented . The two forms are e" and a 1 *, where 
u is a variable, a is any constant, and e is a defined constant. 



Formula. 



PROOF: 



Je" du = e u + C 



Therefore, 



d(e u + Q = e u du 



Je" du = e u + C 
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EXAMPLE: Evaluate 



JV dx 



SOLUTION: Let 



u = x 



so that 



du = 1 dx 



The integral is in the correct form to use 

fe? du = e u + C 

therefore, using substitution, we find 

/ e* dx = e* + C 



EXAMPLE: Evaluate 



SOLUTION: Let 



w = 2* 



so that 



du = 2 dx 



We need a factor of 2 in the integral so that 



' e 2x dx = \ 



e 2x 2 dx 



1 



= \e» + C 
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EXAMPLE: Evaluate 



Jxe 2x dx 



SOLUTION: Let 



u = 2x' 



so that 



du = Ax dx 



Here a factor of 4 is needed in the integral; therefore, 



xe 2 * 2 dx = \ 

_ 1 
~ 4 



4xe 2x dx 



e u du 



= \e u + C 
4 

= \e 2xl + C 



EXAMPLE: Evaluate 



SOL UTION: 



' x 2 



dx 



dx = 



x 2 e * 3 dx 



Let 



so that 



Therefore, 



u = — x 



du = - 3x 2 dx 



x 2 e dx = 



1 

3 J 

1 

3 



- 3x 2 e~ xi dx 



e u du 



= - \e' xi + C 
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PRACTICE PROBLEMS: 

Evaluate the following integrals: 

1 . / - Ixe dx 

2. fe 4x dx 

3. Je {2x - l) dx 
f 2x 



4. 



.2 



dx 



ANSWERS: 

1. e xl + C 

2. \e AX + C 
4 

3. \e (2x ~ l) + C 

4. - e xl + C 



We will now discuss the second form of the integral of a con 
stant to a variable power. 

Formula. 



a" du = 



a 



u 



In a 



+ C, a > 0 



PROOF: 



d (a" + CO = d (e ,n (aU) + C,) 



= d (e u ln a + C,) 
= ln a In a du 



so that 



= a u In a du 



J a u ln a du = a u + C, 
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But In a is a constant, so 



In a Ja u du = a u + C, 
Then, by dividing both sides by In a: 



a du = 7— + 



In a In a 



or 



a u du = rf- + C 
In a 



where 



In a 



EXAMPLE: Evaluate 



J3 X 



SOLUTION: Let 



u — x 



so that 



du = I dx 



Therefore, by knowing that 



u 



In a 



and using substitution, we find that 



' 3* 

3* dx = — h C 

5 ax ln 3 + c 



EXAMPLE: Evaluate 



/3 2 * of* 
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SOLUTION: Let 



u = 2x 



so that 



du = 2 dx 



The integral should contain a factor of 2. Thus we insert a factor 
of 2 in the integral and compensate by multiplying the integral 
by 1/2. 

Then, 



Therefore, 



' 3 2x dx = \ ■ 



(2)3 2X ch: 



1 



3 2 *2 tfx 



\ f 3 2X 2 = j I 3" rfw 



■G) 



3" 



In 3 



+ C 



2x 



2 In 3 



+ C 



EXAMPLE: Evaluate 



/ lxb x dx 



SOLUTION: Let 



so that 



U — X' 



du -lx dx 
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We find we need 2x dx; therefore, we remove the 7 and insert a 
2 by writing 

flxb x2 dx = 7fxb x2 dx 



2xb x dx 




du 



lb u 

+ C 



2 In b 



7b* 2 

+ C 



2 In b 



PRACTICE PROBLEMS: 

Evaluate the following integrals: 

1. fl 3x dx 

2. JQx) 9* 2 dx 

3 j2 (3 * 2 + l) x dx 



ANSWERS: 



nix 

1 — — + c 

l ' 3 In 7 + u 




2(3* 2 + 1 ) 

3 ' 6 In 2 +C 
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TRIGONOMETRIC FUNCTIONS 



Trigonometric functions, which comprise one group of 
transcendental functions, may be differentiated and inte- 
grated in the same fashion as the other functions. We 
will limit our proofs to the sine, cosine, and secant functions 
but will list several others. 



Formula. 



/ sin u du = - cos u + C 



PROOF: 



d (cos u + Q = - sin u du 



and 



d ( - cos u + C) = sin u du 



Therefore, 



/ sin u du = - cos u + C 



Formula. 



/ cos u du = sin u + C 



PROOF: 



d (sin u + Q = cos u du 



Therefore, 



/ cos u du = sin u + C 



Formula. 



Jsec 2 w du = tan u + C 



PROOF: 



d(tanu + Q = d(i^ + c) 
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and by the quotient rule 



^ ( sin u f-\ _ (cos u) (cos u) - (sin u) ( - sin u) , 
\cos w / ~ cos 2 w u 



cos 2 w + sin 2 w . 

2 du 

cos 2 w 



COS W 



= sec 2 w du 



Therefore, 

/ sec 2 w du = tan u + C 

To this point we have considered integrals of trigonometric 
functions that result in functions of the sine, cosine, and tangent. 
Those integrals that result in functions of the cotangent, secant, 
and cosecant are included in the following list of elementary 
integrals: 





/sin 


u 


du 


= - cos u + C 




/cos 


u 


du 


- sin u + C 




/sec : 


l u 


du 


= tan u + C 




/csc : 


l u 


du 


= - cot u + C 


J sec 


u tan 


u 


du 


= sec u + C 


Jcsc 


u cot 


u 


du 


= - esc u + C 



EXAMPLE: Evaluate 



/ sin 3jc dx 



SOLUTION: We need the integral in the form of 

/ sin u du = - cos u + C 

We let 



u = 3x 



so that 



du = 3 dx 
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but we do not have 3 dx. Therefore, we multiply the integral by 
3/3 and rearrange as follows: 



sin 3x dx = i 



3 sin 3jc dx 



1 



sin u du 



1 



= ^( - cos u) + C 



= - \ cos 3x + C 



EXAMPLE: Evaluate 



/ cos (2x + 4) dx 



SOLUTION: Let 



u = (2x + 4) 



so that 



du = 2 dx 



Therefore, 



1 



cos (2x + 4) dx = 2 



cos (2x + 4) 2 dx 



1 

2 



cos u du 



1 ■ i ^ 
= 2 sin w + C 



= i sin (2jc + 4) + C 



EXAMPLE: Evaluate 



/ (3 sin 2x + 4 cos 3*) chc 
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SOLUTION: We use the rule for sums and write 



J (3 sin 2x + 4 cos 3x) dx 



= / 3 sin 2x dx + J 4 cos 3x dx 



Then, in the integral 



/ 3 sin 2x dx 



let 



u = 2x 



so that 



du = 2 dx 



but we have 



3 



Hence, proper compensation has to be made as follows: 



/ 3 sin 2x dx = 3 / sin 2x dx 



2 sin 2jc dx 



3 
2 J 



sin w du 



= 2( - cos w) + Ci 



= - 2 cos 2x + Ci 
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The second integral 



J 4 cos 3x dx 



with 



u = 3x 



and 



du = 3 dx 



is evaluated as follows: 



' 4 

4 cos 3x dx = ~ 



3 cos 3x <i;t 



cos u du 



4 

= ^(sin w ) + ^ 2 

= |(sin 3jc) + C 2 

Then, by combining the two solutions, we have 

/ (3 sin 2x + 4 cos 3x) dx 

i 4 

= - x cos 2x + C. + ~ sin 3;c + 



= — ^ cos 2x + ^ sin 3x + C 



where 



c. + c 2 = c 



EXAMPLE: Evaluate 



/ sec 2 5x rfjc 



SOLUTION: Let 



w = 5x 



so that 



du = 5 dx 
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We need 5 dx so we write 



sec 2 5a: dx 



= ^ J sec 2 w 



5 sec 2 5* dx 



du 



1 



= ^(tan u) + C 



1 



= |(tan 5x) + C 



EXAMPLE: Evaluate 



/ esc 2jc cot 2x dx 



SOLUTION: Let 



u — 2x 



so that 



du = 2 dx 



We require cfw equal to 2 dx 9 so we write 



esc 2x cot 2jc <±c = | 



2 esc 2jc cot 2a: rfjc 



1 
2 



esc u cot W d/W 



1 



= 2( - esc u) + C 



= - ^ esc 2a: + C 



EXAMPLE: Evaluate 



/ csc 2 6jc dx 



SOLUTION: Let 



u = 6x 
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so that 



du = 6 dx 



then, 



csc 2 6jc dx = ^ 



6 csc 2 6jc rfx 



1 



= - ^ cot 6jc + C 



EXAMPLE: Evaluate 



sec j t^n 2 



SOLUTION: Let 



u = ~ 



x 
2 



so that 



5** 



then, 



sec ^ tan ^ dx = 2 



2 sec 2 tan ^ dx 



2 sec ^ + C 



PRACTICE PROBLEMS: 

Evaluate the following integrals: 
L / cos Ax dx 

2. /sin 5x dx 

3. Jsec 2 6;c rfjc 

4. / 3 cos (6x + 2) dx 

5. Jjc sin (2jc 2 ) dx 

6. J 2 csc 2 5x dx 



7. 



X X 

3 sec ^ tan ^ g?jc 
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ANSWERS: 



1 . \ sin Ax + C 
4 



2. - ^ cos 5x + C 



3. g tan 6x + C 



4. ^ sin (6a: + 2) + C 



5. - \ cos (2jc 2 ) + C 



2 

6. - ij cot 5x + C 



7. 9 sec |+ C 



POWERS OF TRIGONOMETRIC FUNCTIONS 

The integrals of powers of trigonometric functions will be 
limited to those which may, by substitution, be written in the form 



J u n du 



EXAMPLE: Evaluate 



/ sin 4 x cos x dx 



SOLUTION: Let 



u = sin x 



so that 



du = cos x dx 



7-31 



By substitution, 



/ sin 4 * cos x dx = / w 4 du 



5 + u 



Then, by substitution again, find that 



Therefore, 



sin ^ x 

s\n 4 x cos x dx = g + C 



EXAMPLE: Evaluate 



/(cos 3 *) (-sin x) dx 



SOLUTION: Let 



so that 



We know that 



U = COS X 



du = — sin x dx 



so by substitution 



"! + c = cos^ +c 
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PRACTICE PROBLEMS: 



Evaluate the following integrals: 



1 . J sin 2 * cos x dx 



2. 



f sin '(f) 



I cos x dx 



3. J6 sin * cos 5 * dx 



4. 



f cos 2x , 
sin 3 2* ax 



5. 



fco."(f)ri 



S 1 sin ^ dx 



6. / (sin x cos x) (sin jc + cos x) dx 



ANSWERS: 



1. ^ sin 3 * + C 



0) 



2. | sin 5 |£ I + C 



3. -cos 6 * + C 



4 ' 4 sin 2 2* + C 



5.-2 cos 4 ! #1 + C 



, sin 3 * - cos 3 * , 
o. = + C 
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SUMMARY 

The following are the major topics covered in this chapter: 

1. Integral of a variable to a power: The integral of a variable 
to a power is the variable to a power increased by one and 
divided by the new power. 



Formula. 



xT dx = ^— r + C, n 4 - 1 
n + i 



2. Integral of a constant: A constant may be written either before 
or after the integral sign. 

Formula. / a du = a J du = au + C 

3. Integral of the sum of differentiable functions: The integral 
of an algebraic sum of differentiable functions is the same as 
the algebraic sum of the integrals of these functions taken 
separately. 

Formula. / {du + dv + dw) = j du + J dv + J dw 

4. Integral of a function raised to a power: The integral of a 
function raised to a power is found by the following 
steps: 

1. Increase the power of the function by 1. 

2. Divide the result of step 1 by this increased power. 

3. Add the constant of integration. 



Formula. 



u n du = f-^j + C, n 4 - 1 



5. Integral of quotients: 

Method 1 . Integrate by putting the quotient into the form of 

the power of a function. 

Method 2. Integrate quotients by use of operations of 

logarithms. 



Formula. 



f du 



= In u\ + C, u ¥ 0 
u 1 
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Method 3. Integrate quotients by changing the integrand 

into a polynomial plus a fraction by dividing the 
denominator into the numerator. 

6. Integral of a constant to a variable power: 



Formula. 



e u du - e u + C and 



a u 



a u du = f— + C, a > 0 
In a 



where u is a variable, a is any constant, and e is a defined 
constant. 

7. Integral of trigonometric functions: 

Formula. J sin u du = - cos u + C 
Formula. / cos u du = sin u + C 
Formula. / sec 2 w du = tan u + c 
Formula. / csc 2 w du = - cot u + C 
Formula. / sec u tan u du = sec u + C 
Formula, /esc u cot u du = -esc u + C 

8. Integral of powers of trigonometric functions: The integrals 
of powers of trigonometric functions will be limited to those 
which may, by substitution, be written in the form J u n du. 
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ADDITIONAL PRACTICE PROBLEMS 

Evaluate the following integrals: 
1. J(n 2 x 2 - nx + n) dx 



2. J (6* + 3) \fx 2 + xdx 



3. 



4 * 3 + 1 dx 



4. 



(1 - x - x>) 
4* l/3 



3 + x 4 



71 



dx 



5. 



r nx 2 + 2nx + 3n . 
nx + n 



6. /6e 3JC (6 + e ix V dx 

7. /(x n - tt*) rfx 

8. J e~ x sin 

9. J 12x 2 esc (2jc 3 ) cot (2* 3 ) dx 



10. 



sin (6*) ^ 
1 + cos (6x) 



11. /sec 2 (;c- 1) e tan dx 
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ANSWERS TO ADDITIONAL PRACTICE 

PROBLEMS 



1 • yX* - jX 2 + TVC + C 



2. 2(x 2 + x) in + C 



3. 



1 



(1 - x - x 4 ) 



+ C 



4. 3 In |3 + x* /3 \ + C 

5. x 2 /2 + x + 2 In |*+ l| + C 

6. ^(6 + e 3x f + C 



7. 



.n+ i 



n + 1 In n 



+ C 



8. COS (£?"*) + C 

9. -2 esc (2x 3 ) + C 



10. 



-1 



g In 1 + cos (6x)\ + C 



11. £? t3n ( *->> + C 
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CHAPTER 8 

COMBINATIONS AND PERMUTATIONS 

LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Define combinations and permutations. 

2. Apply the concept of combinations to problem solving. 

3. Apply the concept of principle of choice to problem solving. 

4. Apply the concept of permutations to problem solving. 



INTRODUCTION 

This chapter deals with concepts required for the study of 
probability and statistics. Statistics is a branch of science that is 
an outgrowth of the theory of probability. Combinations and per- 
mutations are used in both statistics and probability; and they, 
in turn, involve operations with factorial notation. Therefore, 
combinations, permutations, and factorial notation are dis- 
cussed in this chapter. 



DEFINITIONS 

A combination is defined as a possible selection of a certain 
number of objects taken from a group without regard to order. 
For instance, suppose we were to choose two letters from a group 
of three letters. If the group of three letters were A, B, and C, 
we could choose the letters in combinations of two as 
follows: 

AB, AC, BC 
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The order in which we wrote the letters is of no concern; that is, 
AB could be written BA , but we would still have only one com- 
bination of the letters A and B. 

A permutation is defined as a possible selection of a certain 
number of objects taken from a group with regard to order. The 
permutations of two letters from the group of three letters would 
be as follows: 

AB, AC, BC, BA, CA, CB 

The symbol used to indicate the foregoing combination will be 
3 C 2 , meaning a group of three objects taken two at a time. For 
the previous permutation we will use 3 P 2 , meaning a group of three 
objects taken two at a time and ordered. 

You will need an understanding of factorial notation before 
we begin a detailed discussion of combinations and permutations. 
We define the product of the integers n through 1 as n factorial 
and use the symbol n\ to denote this; that is, 

3! = 3-2-1 

6! = 6-5-4-3-21 

n\ = n (n - 1) ■ • -3-2-1 
EXAMPLE: Find the value of 5! 
SOLUTION: 

5! = 5-4-3-2-1 
- 120 

EXAMPLE: Find the value of 

3! 

SOL UTION: 

5! = 5-4-3-2-1 

and 

3! = 3-2-1 

Then 

5! _ 5-4-3-2-1 
3! 3-2-1 
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and by simplification 

5-4-3-2-l = 4 
3-2-1 

- 20 

The previous example could have been solved by writing 

5! 5-4-3! 
3! " 3! 

= 5-4 

Notice that we wrote 

5! = 5-4-3-2-1 
and combine the factors 

3-2-1 

as 

3! 

so that 

5! = 5-4-3! 
EXAMPLE: Find the value of 

6! - 4! 
4! 

SOL UTION: 

6! = 6-5-4! 

and 

4! = 4!-l 

Then 

6! - 4! _ (6-5 - 1) 4! 
4! " 4! 

= (6-5-1) 
= 29 
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Notice that 4! was factored from the expression 

6! - 4! 

Theorem. Ifn and r are positive integers, with n greater than 
r, then 

n\ = (n)(n - 1) • • ■ (r + 2)(r + l)r! 
This theorem allows us to simplify an expression as follows: 

5! =5-4! 
= 5-4-3! 
= 5-4-3-2! 
= 5-4-3-2-1 

Another example is 

(n + 2)1 = (n + 2)(n + 1)! 

= (n + 2){n + 1)(ai!) 
= (n + 2){n + 1)(«) • • • 1 
EXAMPLE: Simplify 

in + 3)! 
n\ 

SOL UTION: 

(n + 3)1 =(n + 3)(n + 2)(n + l)n\ 

then 

(n + 3)! (n + 3)(n + 2)(n + l)n\ 
nl n\ 

= (n + 3)(n + 2)(n + 1) 
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PRACTICE PROBLEMS: 

Find the value of problems 1 through 4 and simplify problems 
5 and 6. 

1. 6! 

2. 3!4! 

3 

*• 11! 

a 51 31 
4 - 3! 

5 nl 
(n - 1)! 

(ii + 2)! 



ANSWERS: 

1. 720 

2. 144 

3 JL 
990 

4. 19 

5. n 

6. (n + + 2) 



COMBINATIONS 

As indicated previously, a combination is the selection of a 
certain number of objects taken from a group of objects without 
regard to order. We use the symbol 5 C 3 to indicate that we have 
five objects taken three at a time, without regard to order. Using 
the letters A, B, C, D, and E to designate the five objects, we 
list the combinations as follows: 

ABC ABD ABE ACD ACE 
ADE BCD BCE BDE CDE 
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We find 10 combinations of 5 objects are taken 3 at a time. 
The word combinations implies that order is not considered. 

EXAMPLE: Suppose we wish to know how many color com- 
binations can be made from four different colored marbles if we 
use only three marbles at a time. The marbles are colored red, 
green, white, and yellow. 

SOLUTION: We let the first letter in each word indicate the 
color; then we list the possible combinations as follows: 

ROW RGY RWY GWY 

If we rearrange the groups, for example RGW, to form GWR or 
R WG, we still have the same color combination within each group; 
therefore, order is not important. 

The previous examples are relatively easy to understand; but 
suppose we have 20 boys and wish to know how many different 
basketball teams we could form, one at a time, from these boys. 
Our listing would be quite lengthy, and we would have a difficult 
task to determine we had all of the possible combinations. In fact, 
we would have to list over 15,000 combinations. This indicates 
the need for a formula. 

The general formula for possible combinations of r objects 
from a group of n objects is 

r _ n{n — 1)' • ' (n — r + 1) 
nCr " r • • -3-2-1 

The denominator may be written as 

r - - - 3-2- 1 = rl 
and if we multiply both numerator and denominator by 

(n — r) • • -21 

which is 

(n - r)l 

we have 

r n{n - 1) • • - (n - r + l)(n - r) - - -2-1 
nCr " rl(n - r) • • 2 \ 
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The numerator 

n{n - 1) ■ • • (n - r + l)(n - r) • * -21 

is 



Therefore, 



C - 



r\(n - r)\ 



This formula is read: The number of combinations of n objects 
taken rat a time is equal to n factorial divided by r factorial times 
n minus r factorial. 

EXAMPLE: In the previous problem where 20 boys were 
available, how many different basketball teams could be formed? 

SOLUTION: If the choice of which boy played center, guard, 
or forward is not considered, we find the number of combina- 
tions of 20 boys taken 5 at a time by writing 

r - a! 
" Cr ~ r\{n - f)\ 

where 



and 



n = 20 



r = 5 



Then, by substitution, we have 

20' 

r — r =^ 

_ 20! 
~ 5! 15! 



20- 19- 18- 17- 16- 15! 
5!15! 



20- 19- 18- 17- 16 
5-4-3-21 



1 19-3 • 17- 16 
1 



= 15,504 
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EXAMPLE: A man has , in his pocket, a silver dollar, a half- 
dollar, a quarter, a dime, a nickel, and a penny. If he reaches 
into his pocket and pulls out three coins, how many different sums 
may he have? 

SOLUTION: The order is not important; therefore, the 
number of combinations of coins possible is 

r 6! 
6C3 " 3!(6 - 3)! 

_ _6!^ 
~ 3!3! 

_ 6-54-3! 
~ 3!3! 

6-5-4 
~ 3-2-1 

_ 5^4 
~ 1 

= 20 

EXAMPLE: Find the value of 

3C3 

SOLUTION: We use the formula given and find that 

3! 

iCi = 3!(3 - 3)! 

_ _1L 

" 3!0! 

This seems to violate the rule, division by zero is not allowed, 
but we define 01 to equal 1. 

Then 

31 31 < 
3!0! = 3! = 1 

which is obvious if we list the combinations of three things taken 
three at a time. 
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PRACTICE PROBLEMS: 



Find the value of problems 1 through 6 and solve 
problems 7, 8, and 9. 

1 . 

2. eC*4 

3 . 15 Cs 

4. 7 C 7 

6^3 + 7C3 



5. 



6. 



7C3 ' 6 
I4C4 



7. We want to paint three rooms in a house, each a different 
color, and we may choose from seven different colors of 
paint. How many color combinations are possible for the 
three rooms? 

8. If 20 boys go out for the football team, how many 
different teams may be formed, one at a time? 

9. Two girls and their dates go to the drive-in, and 
each wants a different flavored ice cream cone. The 
drive-in has 24 flavors of ice cream. How many combi- 
nations of flavors may be chosen among the four of 
them if each one selects one flavor? 



ANSWERS: 

1. 15 

2. 15 

3. 3,003 

4. 1 

5 J- 
D - 156 

, 100 
b - 143 

7. 35 

8. 167,960 

9. 10,626 
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PRINCIPLE OF CHOICE 



The principle of choice is discussed in relation to combina- 
tions, although it is also discussed later in this chapter in relation 
to permutations. It is stated as follows: 

If a selection can be made in n x ways; and after this selection is 
made, a second selection can be made in n 2 ways; and after this 
selection is made, a third selection can be made in « 3 ways; and so 
forth for r selections, then the r selections can be made together in 

n^n 2 -ni • • • n r ways 

EXAMPLE: In how many ways can a coach choose first a 
football team and then a basketball team from 18 boys? 

SOLUTION: First let the coach choose a football team; that is, 

r 18! 
18Cl1 ~ 11!(18 - 11)! 

_ 18! 
~ 11!7! 

_ 1817161514131211! 
11J7-6-5-4-3-21 

= 31,824 

The coach now must choose a basketball team from the remain- 
ing seven boys; that is, 

7! 

?Ci = 5!(7 - 5)! 

_ _V_ 
~ 5!2! 

_ 7-6-5! 
~ 5!2! 

_ ~LA 

~ 2 
= 21 

Then, together, the two teams can be chosen in 

(31,824)(21) = 668,304 ways 
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The same answer would be achieved if the coach chose the basket- 
ball team first and then the football team; that is, 



n r _J8!_ J3! 
1!Li ' 13t "~ 5! 13! 11!2! 

= (8,568)(78) 

= 668,304 

which is the same number as before. 

EXAMPLE'. A woman ordering dinner has a choice of one 
meat dish from four, four vegetables from seven, one salad from 
three, and one dessert from four. How many different menus are 
possible? 

SOLUTION: The individual combinations are as follows: 

meat 4 Ci 
vegetable 7 C 4 
salad iCi 
dessert 4 Ci 
The values of these combinations are 

4! 

1!(4 - 1)! 

4[ 
3! 

4 

7! 

4! (7 - 4)! 
7! 

4!3! 

7-6-5 
3-2 

35 

3! 

1!(3 - 1)! 

3! 
2! 

3 



4C1 — 



and 



7C4 — 



and 
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Therefore, the woman has a choice of 

(4)(35)(3)<4)= 1,680 

different menus. 



PRACTICE PROBLEMS: 

Solve the following problems: 

1. A man has 12 different colored shirts and 20 different 
ties. How many shirt and tie combinations can he 
select to take on a trip if he takes 3 shirts and 5 ties? 

2. A petty officer in charge of posting the watch has 12 men 
in his duty section. He must post 3 different fire watches 
and then post 4 aircraft guards on different aircraft. How 
many different assignments of men can he make? 

3. If 10 third class and 14 second class petty officers are 
in a division that must furnish 2 second class and 6 third 
class petty officers for shore patrol, how many different 
shore patrol parties can be made? 



ANSWERS: 

1. 3,410,880 

2. 27,720 

3. 19,110 



PERMUTATIONS 

Permutations are similar to combinations but extend the re 
quirements of combinations by considering order. 
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Suppose we have two letters, A and B, 
and wish to know how many ar- 
rangements of these letters can be made. 
Obviously the answer is two; that is, 

AB and BA 

If we extend this to the three letters A 9 B, 

and C, we find the answer to be starting 

POINT 

ABC, ACB, BAC, BCA, CAB, CBA 



We had three choices for the first letter; 
after we chose the first letter, we had only 

two choices for the second letter; and after Fi s ure 8-1 " 

the second letter, we had only one choice. 
This is shown in the "tree" diagram in 
figure 8-1. Notice that a total of six dif- 
ferent paths lead to the ends of the "bran- 
ches" of the "tree" diagram. 

If the number of objects is large, the tree would become very 
complicated; therefore, we approach the problem in another man- 
ner, using parentheses to show the possible choices. Suppose we 
were to arrange six objects in as many different orders as possi- 
ble. For the first choice we have six objects: 

(6)( )( )( )( )( ) 
For the second choice we have only five choices: 

(6)(5)( )( )( )( ) 
For the third choice we have only four choices: 

(6)(5)(4)( )( )( ) 

This may be continued as follows: 

(6)(5)(4)(3)(2)(1) 

By applying the principle of choice, we find the total possible ways 
of arranging the objects to be the product of the individiual 
choices; that is, 



6-5-4-3-21 



and this may be written as 

6! 
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This leads to the statement: The number of permutations of 
n objects taken all together is equal to n\. 

EXAMPLE: How many permutations of seven different 
letters may be made? 

SOLUTION: We could use a "tree" diagram, but this would 
become complicated. (Try it to see why.) We could use the paren- 
theses as follows: 

(7)(6)(5)(4)(3)(2)(1) = 5040 

The easiest solution is to use the previous statement and 
write 

1P1 = 7! 

that is, the number of possible arrangements of seven objects taken 
seven at a time is 7!. 

NOTE: Compare this with the number of combinations of 
seven objects taken seven at a time. 

If we are faced with finding the number of permutations of 
seven objects taken three at a time, we use three parentheses as 
follows: 

In the first position we have a choice of seven objects: 

(7)( )( ) 

In the second position we have a choice of six objects: 

(7)(6)( ) 

In the last position we have a choice of five objects: 

(7)(6)(5) 

Therefore by principle of choice, the solution is 

7-6-5 - 210 

At this point we will use our knowledge of combinations to 
develop a formula for the number of permutations of n objects 
taken r at a time. 
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Suppose we wish to find the number of permutations of five 
things taken three at a time. We first determine the number of 
groups of three as follows: 



5! 



3!(5 - 3)! 
5! 



~~ 3!2! 
= 10 

Thus, we have 10 groups of 3 objects each. 

We are now asked to arrange each of these 10 groups in as 
many orders as possible. We know that the number of permuta- 
tions of three objects taken together is 3!. We may arrange each 
of the 10 groups in 3! or 6 ways. The total number of possible 
permutations of 5 C 3 then is 

5 C 3 ■ 3!= 10-6 

which can be written as 

5 C 3 • 3! = 5 Pi 
The corresponding general form is 



Knowing that 



C = 



then 



c 


■rl 


nl 




rl(n - 


r)l 


nl 




rl(n - 




nl 





C . rf = — rt 



(n - r)! 



But 



C • r f = P 



therefore, 



P = 



nl 



(n - r)l 



This formula is read: The number of permutations of n objects 
taken r at a time is equal to n factorial divided by n minus r 
factorial. 
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EXAMPLE: How many permutation of six objects taken two 
at a time can be made? 

SOLUTION: The number of permutations of six objects taken 
two at a time is written 

P 6! 

6 ^ 2 " (6 - 2)! 

_ 6[ 
~ 4! 

_ 6-5-4! 

~ 4! 

= 6-5 
= 30 

EXAMPLE: In how many ways can eight people be arranged 
in a row? 

SOLUTION: All eight people must be in the row; therefore, 
we want the number of permutations of eight people taken eight 
at a time, which is 

P 81 
8 ^ 8 " (8 - 8)! 

_ 8! 
~ 0! 

(remember that 0! was defined as equal to 1) 
then 

8! _ 8-7-6-5-4-3-2-1 
0! ~ 1 

= 40,320 

Problems dealing with combinations and permutations often 
require the use of both formulas to solve one problem. 

EXAMPLE: Eight first class and six second class petty officers 
are on the board of the 56 club. In how many ways can the 
members elect, from the board, a president, a vice-president, a 
secretary, and a treasurer if the president and secretary must be 
first class petty officers and the vice-president and treasurer must 
be second class petty officers? 
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SOLUTION: Since two of the eight first class petty officers 
are to fill two different offices, we write 

P 81 
8 ^ 2 " (8 - 2)! 

_ 8! 
~ 6! 

= 8-7 

= 56 

Then, two of the six second class petty officers are to fill two dif- 
ferent offices; thus, we write 

P ~ 61 

6 ^ 2 (6 - 2) ! 

_ 6! 
" 4! 

= 6-5 

= 30 

The principle of choice holds in this case; therefore, the members 
have 

56-30 = 1,680 
ways to select the required office holders. 

EXAMPLE: For the preceding example, suppose we are asked 
the following: In how many ways can the members elect the 
office holders from the board if two of the office holders must 
be first class petty officers and two of the office holders must be 
second class petty officers? 

SOLUTION: We have already determined how many ways 
eight things may be taken two at a time, how many ways six things 
may be taken two at a time, and how many ways they may be 
taken together; that is, 

sPi = 56 

and 

oP 2 = 30 

then 

*P 2 '6^2 = 1,680 
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Our problem now is to find how many ways the members can com- 
bine the four offices two at a time. Therefore, we write 



4! 

aC2 = 2!(4 - 2)! 
4! 

~ 2!2! 

_ 4-3-21 
" 2-2 

- 6 

Then, in answer to the problem, we write 

8 P 2 • 6 P 2 ■ 4 C 2 = 10,080 

In other words, if the members have 4 C 2 ways of combining the 
four offices and then for every one of these ways, the members 
have 8^2 • 6^2 ways of arranging the office holders, then they have 

8-^2 ' 6^2 ' 4C2 

ways of electing the petty officers. 



PRACTICE PROBLEMS: 

Find the answers to the following: 

1. 6^3 

2. 4P3 

3. 7P2 • 5P2 

4. In how many ways can six people be seated in a row? 

5. Seven boys and nine girls are in a club. In how many ways 
can they elect four different officers designated by A, B, 
C, and D if 

a. A and B must be boys and C and D must be girls? 

b. two of the officers must be boys and two of the officers 
must be girls? 



8-18 



ANSWERS: 

1. 120 

2. 24 

3. 840 

4. 720 

5. a. 3,024 
b. 18,144 



If we were asked how many different arrangements of the let- 
ters in the word STOP can be made, we would write 

4' 

p — 

4jr4 ~ (4 - 4)! 

_ 4! 
~ 0! 

= 24 

We would be correct since all letters are different. If some of the 
letters were the same, we would reason as given in the following 
problem. 

EXAMPLE: How many different arrangements of the letters 
in the word ROOM can be made? 

SOLUTION: We have two letters alike. If we list the possible 
arrangements, using subscripts to make a distinction between the 
O's, we have 

RO,0 2 M O x 0 2 MR OM0 2 R MO x 0 2 R 

R0 2 OM O2OMR 0 2 MO x R M0 2 O x R 

ROM0 2 O x 0 2 RM O x RM0 2 MO x R0 2 

R0 2 MO x 0 2 O x RM 0 2 RMO x M0 2 RO x 

RMO x 0 2 OMRO2 O x R0 2 M MRO x 0 2 

RM0 2 O x O2MRO, 0 2 RO x M MR0 2 O x 
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but we cannot distinguish between the O's; RO,0 2 M and R0 2 OM 
would be the same arrangement without the subscript. Only half 
as many arrangements are possible without the use of subscripts 
(a total of 12 arrangements). This leads to the statement: The 
number of arrangements of n items, where there are k groups of 
like items of size r x ,r 2 , . . . r k , respectively, is given by 

n\ 

r x \r 2 \ ■ ■ • r k \ 

In the previous example n was equal to 4 and two letters were alike; 
therefore, we would write 

4! _ 4-3-21 
2! ~ 21 

= 12 

EXAMPLE: How many arrangements can be made using the 
letters in the word ADAPT A TIONI 

SOLUTION: We use 

n\ 

ri!r 2 ! • • • r k \ 

where 

n = 10 

and 

r { = 2 (two r's) 

and 

r 2 = 3 (three As) 

Then 

n ! J0!_ 
r,\r 2 \ ■••/*! 2!3! 

_ 10-9-8-7-6-52 

1 

- 302,400 
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PRACTICE PROBLEMS: 

Find the number of possible arrangements of the letters in the 
following words: 

1. WRITE 

2. STRUCTURE 

3. HERE 

4. MIL LI A MPERE 

5. TENNESSEE 



ANSWERS: 

1. 120 

2. 45,360 

3. 12 

4. 2,494,800 

5. 3,780 



Although the previous discussions have been associated with 
formulas, problems dealing with combinations and permutations 
may be analyzed and solved in a more meaningful way without 
complete reliance upon the formulas. 

EXAMPLE: How many four-digit numbers can be formed 
from the digits 2, 3, 4, 5, 6, and 7 

a. without repetition? 

b. with repetition? 

SOLUTION: The (a) part of the question is a straight- 
forward permutation problem, and we reason that we want 
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the number of permutations of six items taken four at a time. 
Therefore, 

p - 6! 

6J ^ 4 " (6 - 4)! 

_ 6-5-4-3-21 
21 

= 360 

The (b) part of the question would become quite complicated if 
we tried to use the formulas; therefore, we reason as follows: 

We desire a four-digit number and find we have six choices 
for the first position; that is, we may use any of the digits 2, 3, 
4, 5, 6, or 7 in the first position: 

(6)( )( )( ) 

Since we are allowed repetition of numbers, then we have 
six choices for the second position. In other words, 
any of the digits 2, 3, 4, 5, 6, or 7 can be used in the second 
position: 

(6)(6)( )( ) 

Continuing this reasoning, we also have six choices each for the 
third and fourth positions: 

(6)(6)(6)(6) 

Therefore, the total number of four-digit numbers formed from 
the digits 2, 3, 4, 5, 6, and 7 with repetition is 

6-6-6-6 = 1,296 

EXAMPLE: Suppose, in the previous example, we were to 
find how many three-digit odd numbers could be formed from 
the given digits without repetition. 

SOLUTION: We would be required to start in the units col- 
umn because an odd number is determined by the units column 
digit. Therefore, we have only three choices for the units posi- 
tion; that is, either 3, 5, or 7: 

(3)( )( ) 



8-22 



For the ten's position, we have only five choices, since we are not 
allowed repetition of numbers: 

(3)(5)( ) 

Using the same reasoning of no repetition, we have only four 
choices for the hundred's position: 

(3X5X4) 

Therefore, we can form 

3*5-4 = 60 

three-digit odd numbers from the digits 2, 3, 4, 5, 6, and 7 without 
repetition. 



PRACTICE PROBLEMS: 

Solve the following problems: 

1 . Using the digits 4, 5, 6, and 7, how many two-digit numbers 
can be formed 

a. without repetition? 

b. with repetition? 

2. Using the digits 4, 5, 6, 7, 8, and 9, how many five-digit 
numbers can be formed 

a. without repetition? 

b. with repetition? 

3. Using the digits of problem 2, how many four-digit odd 
numbers can be formed without repetition? 



ANSWERS: 

1. a. 12 
b. 16 

2. a. 720 
b. 7,776 

3. 180 
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SUMMARY 



The following are the major topics covered in this chapter: 

1. Definitions: 

A combination is defined as a possible selection of a certain 
number of objects taken from a group without regard to order. 

A permutation is defined as a possible selection of a certain 
number of objects taken from a group with regard to order. 

The product of the integers n through 1 is defined as n fac- 
torial, and the symbol nl is used to denote this. 

2. Factorial: Theorem. // n and r are positive integers, with n 
greater than r 3 then 

n\ = (n)(n - 1) * ■ • (r + 2)(r + \)r\ 



3. Combination formula: 



r w! 

rv^r 



r\(n - r)\ 



for the number of combinations of n objects taken r at a time. 

4. Principle of Choice: If a selection can be made in n x ways; and 
after this selection is made, a second selection can be made 
in n 2 ways; and after this selection is made, a third selection 
can be made in n 3 ways; and so forth for r selections, then the 
sequence of r selections can be made together in 

nr/i 2 -«3 * ' * n r ways. 



5. Permutation formula: 



P _ n\ 



{n - f)\ 



for the number of permutations of n objects taken r at a time. 
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6. Arrangements: The number of arrangements of n items, where 
there are k groups of like items of size r u r 2 , • • • , r k , 
respectively, is given by 

n\ 

r x \r 2 \ •••/•*! 

7. Repetition: Combinations and permutation problems, with or 
without repetition, may be solved for using position notation 
instead of formulas. 
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ADDITIONAL PRACTICE PROBLEMS 



1. Find the value of 



6!7! - 6!5! 
5!4! 



2. Simplify 



(n + 2)\(n - 2)! - (n + l)\(n - 1)! 

(")!(« - 3)! 



3. Find the value of 7 > s ^ 7 > 6 . 

7^5 7^6 

4. On each trip, a salesman visits 4 of the 12 cities in his ter- 
ritory. In how many different ways can he schedule his 



5. From six men and five women, find the number of groups 
of four that can be formed consisting of two men and two 
women. 



7. In how many ways can the 18 members of a boy scout troop 
elect a president, a vice-president, and a secretary, assum- 
ing that no member can hold more than one office? 

8. How many different ways can 4 red, 3 blue, 4 yellow, and 
2 green bulbs be arranged on a string of Christmas tree 
lights with 13 sockets? 

9. How many car tags can be made if the first three positions 
are letters and the last three positions are numbers (Hint: 
Twenty-six letters and ten distinct single-digit numbers are 
possible) 

a. with repetition? 

b. without repetition? 



route? 



6. Find the value of 
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ANSWERS TO ADDITIONAL PRACTICE 

PROBLEMS 

1. 1,230 

2. 3(« + l)(w - 2) 

3. 2 

4. 495 

5. 150 

6. 3 

7. 4,896 

8. 900,900 

9. a. 17,576,000 
b. 11,232,000 
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CHAPTER 9 

PROBABILITY 



LEARNING OBJECTIVES 



Upon completion of this chapter, you should be able to do 
the following: 

1. Apply the basic concepts of probability. 

2. Solve for probabilities of success and failure. 

3. Interpret numerical and mathematical expectation. 

4. Apply the concept of compound probabilities to 
independent, dependent, and mutually exclusive events. 

5. Apply the concept of empirical events. 



INTRODUCTION 

The history of probability theory dates back to the 17th cen- 
tury and at that time was related to games of chance. In the 18th 
century the probability theory was known to have applications 
beyond the scope of games of chance. Some of the applications 
in which probability theory is applied are situations with outcomes 
such as life or death and boy or girl. Statistics and probability 
are currently applied to insurance, annuities, biology, and social 
investigations. 

The treatment of probability in this chapter is limited to sim- 
ple applications. These applications will be, to a large extent, based 
on games of chance, which lend themselves to an understanding 
of basic ideas of probability. 

BASIC CONCEPTS 

If a coin were tossed, the chance it would land heads up is 
just as likely as the chance it would land tails up; that is, the coin 
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has no more reason to land heads up than it has to land tails up. 
Every toss of the coin is called a trial. 

We define probability as the ratio of the different number of 
ways a trial can succeed (or fail) to the total number of ways in 
which it may result. We will let p represent the probability of 
success and q represent the probability of failure. 

One commonly misunderstood concept of probability is the 
effect prior trials have on a single trial. That is, after a coin has 
been tossed many times and every trial resulted in the coin falling 
heads up, will the next toss of the coin result in tails up? The 
answer is "not necessarily" and will be explained later in this 
chapter. 

PROBABILITY OF SUCCESS 

If a trial must result in any of n equally likely ways, and if 
s is the number of successful ways and f is the number of failing 
ways, the probability of success is 

s 

p = 7Tf 

where 

s +f= n 

EXAMPLE: What is the probability that a coin will land heads 
up? 

SOLUTION: There is only one way the coin can land heads 
up; therefore, s equals 1 . There is also only one way the coin can 
land other than heads up; therefore, / equals 1. Since 

s = 1 

and 

/= 1 

then the probability of success is 

s 

i_ 

~i + i 

_ i 

" 2 

This, then, is the ratio of successful ways in which the trial can 
succeed to the total number of ways the trial can result. 

EXAMPLE: What is the probability that a die (singular of 
dice) will land with a 3 showing on the upper face? 
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SOLUTION: A die has a total of 6 sides. Therefore the die 
can land with a 3 face up 1 favorable way and 5 unfavorable ways. 



Since 

1 



5 



s 

s+f 

1 

1 + 5 

J_ 
6 

EXAMPLE: What is the probability of drawing a black mar- 
ble from a box of marbles if all 6 of the marbles in the box are 
white? 

SOLUTION: There are no favorable ways of success and there 
are 6 total ways. Therefore, 

5 = 0 

and 

f=6 

so that 

0 

' = 0 + 6 

_ 0 
~ 6 

= 0 

EXAMPLE: What is the probability of drawing a black 
marble from a box of 6 black marbles? 



and 



then 



s = 



f = 



P = 
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SOLUTION: There are 6 successful ways and no unsuccessful 
ways of drawing the marble. Therefore, 

5 = 6 

and 
so that 

6 

P = 6T0 

_6 
" 6 

= 1 

The previous two examples are the extremes of probabilities 
and intuitively demonstrate that the probability of an event ranges 
from 0 to 1 inclusively. 

EXAMPLE: A box contains 6 hard lead pencils and 12 soft 
lead pencils. What is the probability of drawing a soft lead pencil 
from the box? 

SOLUTION: We are given 

5 = 12 

and 

f=6 

therefore, 

12 

p ~ 12 + 6 

_ 12 
~ 18 

_2 
~ 3 



9-4 



PRACTICE PROBLEMS: 

1. What is the probability of drawing an ace from a 
standard deck of 52 playing cards? 

2. What is the probability of drawing a black ace from a 
standard deck of playing cards? 

3. If a die is rolled, what is the probability of an odd number 
showing on the upper face? 

4. A man has 3 nickels, 2 dimes, and 4 quarters in his pocket. 
If he draws a single coin from his pocket, what is the 
probability that 

a. he will draw a nickel? 

b. he will draw a half-dollar? 

c. he will draw a quarter? 



ANSWERS: 



1 J- 
l ' 13 



2 -L 
z ' 26 



3 I 
2 



4. a. \ 



b. 0 



C. £ 
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PROBABILITY OF FAILURE 



As before, if a trial results in any of n equally likely ways, 
and s is the number of successful ways and f is the number of 
failures, the probability of failure is 

H s + f 

or 

_ n - s 
~~ n 

where 

s +/= n 

or 



n - s =f 

A trial must result in either success or failure. If success is cer- 
tain then p equals 1 and q equals 0. If success is impossible then 
p equals 0 and q equals 1 . Combining both events, for either case, 
makes the probability of success plus the probability of failure 
equal to 1. If 



P = 



s+f 



and 



H s+f 



then 



P + Q = —T~r + 



s+f s+f 



= 1 



If, in any event 



P + Q = 1 



then 



Q = 1 -P 
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In the case of tossing a coin, the probability of success 

is 



s 

P = 



s+f 



1 

1 + 1 

1 

2 



and the probability of failure is 

q = 1 - p 



1 
2 



EXAMPLE: What is the probability of not drawing a black 
marble from a box containing 6 white, 3 red, and 2 black 
marbles? 

SOLUTION: The probability of drawing a black marble from 
the box is 

s 



P = 



s+f 



2 + 9 



11 



Since the probability of drawing a marble is 1, then the 
probability of not drawing a black marble is 

q=\-p 

= 1-^- 
1 11 



11 
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PRACTICE PROBLEMS: 

Compare the following problems and answers with the 
preceding problems dealing with the probability of success: 

1. What is the probability of not drawing an ace from a 
standard deck of 52 playing cards? 

2. What is the probability of not drawing a black ace from 
a standard deck of playing cards? 

3. If a die is rolled, what is the probability of an odd number 
not showing on the upper face? 

4. A man has 3 nickels, 2 dimes, and 4 quarters in his pocket. 
If he draws a single coin from his pocket, what is the pro- 
bability that 

a. he will not draw a nickel? 

b. he will not draw a half-dollar? 

c. he will not draw a quarter? 



ANSWERS: 



1 ^ 
13 

? 25 
Z * 26 

3 1 

a 2 
4. a. 3 

b. 1 
5 

C. g 



EXPECTATION 

Expectation is the average of the values you would get in 
conducting an experiment or trial exactly the same way many 
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times. In this discussion of expectation, we will consider two types. 
One is a numerical expectation and the other is a mathematical 
expectation. 

Numerical Expectation 

If you tossed a coin 50 times, you would expect the coin to 
fall heads (on the average) about 25 times. Your assumption is 
explained by the following definition of numerical expectation: 
If the probability of success in one trial is p, and k is the total 
number of trials, then kp is the expected number of successes in 
the k trials. 

In the above example of tossing the coin 50 times, the pro- 
bability of heads (successes) is 

E n = kp 

where 

E n = expected number 
k = number of tosses 
p = probability of heads (successes) 
Substituting values in the equation, we find that 

E n = 500 

= 25 

EXAMPLE: A die is rolled by a player. What is the expecta- 
tion of rolling a 6 in 30 trials? 

SOLUTION: The probability of rolling a 6 in 1 trial is 

1 

p = 6 

and the number of rolls is 

k = 30 

therefore, 

E n = k P 

- KO 

= 5 
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In words, the player would expect (on the average) to roll a 
6 five times in 30 rolls. 

Mathematical Expectation 

We will define mathematical expectation as follows: If in the 
event of a successful result, amount a, is to be received and the 
probability of success of that event is p, then ap is the 
mathematical expectation. 

If you were to buy 1 of 500 raffle tickets for a video recorder 
worth $325.00, what would be your mathematical expectation? 

In this case, the product of the amount you stand to win and 
the probability of winning is 

Em = ap 

where 

a 
P 

and 

E m = expected amount 
Then, by substitution 

Em = ap 

- $325 00 (55o) 

= $0.65 

Thus, you would not want to pay more than 65 cents for the ticket, 
unless, of course the raffle were for a worthy cause. 

EXAMPLE: To entice the public to invest in their develop- 
ment, Sunshine Condominiums has offered a prize of $2,000 to 
1 randomly selected family out of the first 1,000 families that par- 
ticipate in the condominium's tour. 

1. What would be each family's mathematical expectation? 

2. Would it be worthwhile for the Jones family to spend 
$3,00 in gasoline to drive to Sunshine Condominiums to 
take the tour? 



= amount you stand to win 
= probability of success 
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SOLUTION: 



1. E m = ap = $2,000(j-^q) = $2.00 

2. No; since $3.00 is $1.00 over their expectation of 
$2.00, it would not be worthwhile for the Jones family 
to take the tour. 



PRACTICE PROBLEMS: 

1. A box contains 7 slips of paper, each numbered 
differently. A girl makes a total of 50 draws, returning the 
drawn slip after each draw. 

a. What is the probability of drawing a selected numbered 
slip in 1 drawing? 

b. How many times would the girl expect to draw the single 
selected numbered slip in the 50 draws? 

2. In a winner-take-all tournament among four professional 
tennis players, the prize money is $500,000. Joe Conners, 
one of the tennis players, figures his probability of 
winning is 0.20. 

a. What is his mathematical expectation? 

b. Would he be better off if he made a secret agreement 
with the other tennis players to divide the prize money 
evenly regardless of who wins? 



ANSWERS: 

1 , 3. , 

b. 7 lj 

2. a. $100,000 

b. Yes; he would be better off, since he would make 
$125,000, which is greater than his expectation of 
$100,000. 
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COMPOUND PROBABILITIES 



The probabilities to this point have been single events. In the 
discussion on compound probabilities, events that may affect 
others will be covered. The word may is used because indepen- 
dent events are included with dependent events and mutually ex- 
clusive events. 

INDEPENDENT EVENTS 

Two or more events are independent if the occurrence or 
nonoccurrence of one of the events has no affect on the probability 
of occurrence of any of the others. 

When two coins are tossed at the same time or one after the 
other, whether one falls heads or tails has no affect on the way 
the second coin falls. Suppose we call the coins A and B. The coins 
may fall in the following four ways: 

1. A and B may fall heads. 

2. A and B may fall tails. 

3. A may fall heads and B may fall tails. 

4. A may fall tails and B may fall heads. 

The probability of any one way for the coins to fall is calculated 
as follows: 

s = 1 

and 

n = 4 

therefore, 

1 

P = 4 

This probability may be determined by considering the product 
of the separate probabilities; that is, 

the probability that A will fall heads is i 

the probability that B will fall heads is i 
and the probability that both will fall heads is 

1 1_1 

2 " 2 ~ 4 
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In other words, when two events are independent, the pro- 
bability that one and then the other will occur is the product of 
their separate probabilities. 

EXAMPLE: A box contains 3 red marbles and 7 green 
marbles. If a marble is drawn, then replaced, and another mar- 
ble is drawn, what is the probability that both marbles are red? 

SOLUTION: Two solutions are offered. First, by the princi- 
ple of choice, 2 marbles can be selected in 10 * 10 ways. The red 
marble may be selected on the first draw in three ways and on 
the second draw in three ways; and by the principle of choice, 
a red marble may be drawn on both trials in 3 * 3 ways. Then the 
required probability is 

_ _9_ 
p ~ 100 

The second solution, using the product of independent events, 
follows: The probability of drawing a red marble on the first draw 

is jq, and the probability of drawing a red marble on 

the second draw is . Therefore, the probability of drawing a red 
marble on both draws is the product of the separate probabilities 

or 

_3_ 3 _ 9 
p - 10 * 10 " 100 



PRACTICE PROBLEMS: 

1. If a die is tossed twice, what is the probability of rolling 
a 2 followed by a 3? 

2. A box contains 2 white, 3 red, and 4 blue marbles. If after 
each selection the marble is replaced, what is the probability 
of drawing, in order 

a. a white then a blue marble? 

b. a blue then a red marble? 

c. a white, a red, then a blue marble? 
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ANSWERS: 




DEPENDENT EVENTS 

In some cases one event is dependent on another; that is, two 
or more events are said to be dependent if the occurrence or nonoc- 
currence of one of the events affects the probabilities of occur- 
rence of any of the others. 

Consider that two or more events are dependent. If p x is the 
probability of a first event; p 2 the probability that after the first 
happens, the second will occur; p 3 the probability that after the 
first and second have happened, the third will occur; etc., then 
the probability that all events will happen in the given order is 
the product p x Pi * Pi ■ • ' . 

EXAMPLE: A box contains 3 white marbles and 4 black 
marbles. What is the probability of drawing 2 black marbles and 
1 white marble in succession without replacement? 

SOLUTION: On the first draw the probability of drawing a 
black marble is 

4 

A =7 

On the second draw the probability of drawing a black marble is 

3 

_ 1 

~ 2 
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On the third draw the probability of drawing a white marble 
is 

3 

p 3 = j 

Therefore, the probability of drawing 2 black marbles and 1 white 
marble is 

p= Pi Pi Pi 

_4 1 3 
~7'2*5 

_± 
~ 35 

EXAMPLE: Slips numbered 1 through 9 are placed in a box. 
If 2 slips are drawn, without replacement, what is the probability 
that 

1. both are odd? 

2. both are even? 
SOL UTION: 

1. The probability that the first is odd is 



5 

Pi = 9 

and the probability that the second is odd is 

4 

Therefore, the probability that both are odd is 

P=Pl'P2 

_5 4 
"98 

_ _5_ 
" 18 
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2. The probability that the first is even is 

4 

Pi = 9 

and the probability that the second is even is 

3 

P2 = S 

Therefore, the probability that both are even is 

P=P\ m Pi 

_4 3 
"9*8 

_ 1 
~ 6 

A second method of solution involves the use of combinations. 

1 . A total of 9 slips are taken 2 at a time and 5 odd slips are 
taken 2 at a time; therefore, 




~ 18 



2. A total of 9 C 2 choices and 4 even slips are taken 2 at a time; 
therefore, 




1 
6 



PRACTICE PROBLEMS: 

In the following problems assume that no replacement is made 
after each selection: 

1. A box contains 5 white and 6 red marbles. What is the 
probability of successfully drawing, in order, a red marble 
and then a white marble? 
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2. A bag contains 3 red, 2 white, and 6 blue marbles. What 
is the probability of drawing, in order, 2 red, 1 blue, and 
2 white marbles? 

3. Fifteen airmen are in the line crew. They must take care 
of the coffee mess and line shack cleanup. They put slips 
numbered 1 through 15 in a hat and decide that anyone 
who draws a number divisible by 5 will be assigned the cof- 
fee mess and anyone who draws a number divisible by 4 
will be assigned cleanup. The first person draws a 4, the 
second a 3, and the third an 11. What is the probability 
that the fourth person to draw will be assigned 

a. the coffee mess? 

b. the cleanup? 



ANSWERS: 



2 - 770 
3. a. ^ 



MUTUALLY EXCLUSIVE EVENTS 

Two or more events are called mutually exclusive if the 
occurrence of any one of them precludes the occurrence of any 
of the others. The probability of occurrence of two or more 
mutually exclusive events is the sum of the probabilities of the 
individual events. 

Sometimes when one event has occurred, the probability of 
another event is excluded (referring to the same given occasion 
or trial). 
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For example, throwing a die once can yield a 5 or 6, but not 
both, in the same toss. The probability that either a 5 or 6 occurs 
is the sum of their individual probabilities. 



= 1 + 1 
6 + 6 

_ 1 
" 3 

EXAMPLE: From a bag containing 5 white balls, 2 black 
balls, and 11 red balls, 1 ball is drawn. What is the probability 
that it is either black or red? 

SOLUTION: The draw can be made in 18 ways. The choices 
are 2 black balls and 1 1 red balls, which are favorable, or a total 
of 13 favorable choices. Then, the probability of success is 

13 

^ = 18 

Since drawing a red ball excludes the drawing of a black ball, 
and vice versa, the two events are mutually exclusive; so the 
probability of drawing a black ball is 

2 

^=18 

and the probability of drawing a red ball is 

11 

Therefore, the probability of success is 

p = Pi + Pi 

- 2l jl il - 11 
~ 18 + 18 _ 18 

EXAMPLE: What is the probability of drawing either a king, 
a queen, or a jack from a deck of playing cards? 
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SOLUTION: The individual probabilities are 

king = ± 
4 

queen = ^ 



jack = ^ 

Therefore, the probability of success is 



p ~ 52 + 52 + 52 




EXAMPLE: What is the probability of rolling a die twice and 
having a 5 and then a 3 show or having a 2 and then a 4 show? 

SOLUTION: The probability of having a 5 and then a 3 show 

is 



1 1 

_ J_ 
36 



and the probability of having a 2 and then a 4 show is 

1 1 

P2 = 6"6 



_ J_ 
" 36 



Then, the probability of either p x or p 2 is 

36 + 36 



_ J_ 
~ 18 
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PRACTICE PROBLEMS: 

1. When tossing a coin, you have what probability of getting 
either a head or a tail? 

2. A bag contains 12 blue, 3 red, and 4 white marbles. What 
is the probability of drawing 

a. in 1 draw, either a red or a white marble? 

b. in 1 draw, either a red, white, or blue marble? 

c. in 2 draws, either a red marble followed by a blue mar- 
ble or a red marble followed by a red marble? 

3. What is the probability of getting a total of at least 10 points 
in rolling two dice? (HINT: You want either a 
total of 10, 11, or 12.) 



ANSWERS: 



1. 1 



o 7 
2. a. 



19 



b. 1 



7 

c. 



57 



3 1 



EMPIRICAL PROBABILITIES 

Among the most important applications of probability are 
those situations where we cannot list all possible outcomes. To 
this point, we have considered problems in which the probabilities 
could be obtained from situations of equally likely re- 
sults. 
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Because some problems are so com- 
plicated for analysis, we can only estimate 
probabilities from experience and obser- 
vation. This is empirical probability. 

In modern industry probability now 
plays an important role in many activities. 
Quality control and reliability of a 
manufactured article have become ex- 
tremely important considerations in which 
probability is used. 

Experience has shown that empirical 
probabilities, if carefully determined on 
the basis of adequate statistical samples, 
can be applied to large groups with the 
result that probability and relative fre- 
quency are approximately equal. By ade- 
quate samples we mean a large enough 
sample so that accidental runs of "luck," 
both good and bad, cancel each other. 
With enough trials, predicted results and 
actual results agree quite closely. On the 
other hand, applying a probability ratio 
to a single individual event is virtually 
meaningless. 

We define relative frequency of success as follows: After N 
trials of an event have been made, of which S trials are successes, 
the relative frequency of success is 




For example, table 9-1 shows a small number of weather 
forecasts from April 1st to April 10th. The actual weather on the 
dates is also given. 

Observe that the forecasts on April 1, 3, 4, 6, 7, 8, and 10 
were correct. We have observed 10 outcomes. The event of a cor- 
rect forecast has occurred 7 times. Based on this information we 
might say that the probability for future forecasts being true is 
7/10. This number is the best estimate we can make from the given 
information. In this case, since we have observed such a small 
number of outcomes, we would be incorrect to say that the 
estimate of P is dependable. A great many more cases should be 
used if we expect to make a good estimate of the probability that 
a weather forecast will be accurate. A great many factors affect 
the accuracy of a weather forecast. This example merely indicates 
something about how successful a particular weather office has 
been in making weather forecasts. 



Table 9-1. — Weather Forecast 



Date 


Forecast 


Actual weather 


UlUL lilt? ttCLUill 

forecasted event 
occur ? 


1 


Rain 


Rain 


Yes 


2 


Light showers 


Sunny 


No 


3 


Cloudy 


Cloudy 


Yes 


4 


Clear 


Clear 


Yes 


5 


Scattered 
showers 


Warm and sunny 


NO 


e 


Scattered 
showers 


Scattered showers 


Yes 


7 


Windy and 
cloudy 


Windy and cloudy 


Yes 


8 


Thundershowers 


Thundershowers 


Yes 


9 


Clear 


Cloudy and rain 


No 


10 


Clear 


Clear 


Yes 
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Another example may be drawn from industry. Many 
thousands of articles of a certain type are manufactured. The com- 
pany selects 100 of these articles at random and subjects them to 
very careful tests. In these tests 98 of the articles are found to meet 
all measurement requirements and perform satisfactorily. This sug- 
gests that 98/100 is a measure of the reliability of the article. 

One might expect that about 98% of all of the articles 
manufactured by this process will be satisfactory. The probability 
(measure of chance) that one of these articles will be satisfactory 
might be said to be 0.98. 

This second example of empirical probability is different from 
the first example in one very important respect. In the first example 
we could list all of the possibilities, and in the second 
example we could not do so. The selection of a sample and its 
size is a problem of statistics. 

Considered from another point of view, statistical probability 
can be regarded as relative frequency. 

EXAMPLE: In a dart game, a player hit the bull's eye 3 times 
out of 25 trials. What is the statistical probability that he will hit 
the bull's eye on the next throw? 



SOL UTION: 



N=25 



Table 9-2.— Mortality Table (Based on 
100,000 Individuals 1 Year of Age) 



and 



Ai;u Number of people 



5 = 3 5 98,382 

10 97, 180 

hence 



15 96,227 

20 95,148 



n 3 

P = — • 25 93,920 

25 



EXAMPLE: Using table 9-2, what is the 
probability that a person 20 years old will live to be 50 
years old? 

SOLUTION: Of 95,148 persons at age 20, 81,090 sur- 
vived to age 50. Hence 

p _ 81,090 
^ ~ 95,148 

= 0.852 (rounded) 

EXAMPLE: How many times would a die be ex- 
pected to land with a 5 or 6 showing in 20 trials? 



30 92,461 

35 90,655 

40 88,334 

45 85,255 

50 81,090 

55 75,419 

60 67,777 

65 57, 778 

70 45,455 

75 3 1,598 

80 18, 177 

to 7,822 

90 2, 158 
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SOLUTION: The probability of a 5 or 6 showing is 

1 

p = 3 

The relative frequency is approximately equal to the probability 

P~p 

Therefore, since 



where 




N= 20 
S = ? 

then rearranging and substituting, we find that 

S = NP 

- 20 0) 

_ 20 
~ 3 

= 6.67 (rounded) 

This says that the expected number of times a die would land 
with a 5 or 6 showing in 20 trials is 6.67; that is, on the average 
a die will land with a 5 or 6 showing 6.67 times per 20 trials. 



PRACTICE PROBLEMS: 

1 . A construction crew consists of 6 electricians and 38 other 
workers. How many electricians would you expect to choose 
if you choose 1 person each day of a workweek for your 
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helper? (Sunday will not be considered part of the 
workweek.) 

2. How many times would a tossed die be expected to turn 
up a 3 or less in 30 tosses? 

3. Using table 9-2, find the probability that a person whose 
age is 30 will live to age 60. 



ANSWERS: 

1. 0.82 

2. 15 

3. 0.733 
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SUMMARY 



The following are the major topics covered in this chapter: 

1. Probability: Probability is the ratio of the different number 
of ways a trial can succeed (or fail) to the total number of ways 
in which it may result. 

2. Probabilities of success and failure: If a trial must result in 
any of n equally likely ways, and if s is the number of suc- 
cessful ways and /is the number of failing ways, the probability 
of success is 



P = 



s+f 



and the probability of failure is 

/ n - s 

a = , , or q = 

* 5 + / * n 

where s+f-n or n~s=f 

3 . Expectation: Expectation is the average of the values you would 
get in conducting an experiment or trial exactly the same way 
many times. 

4. Numerical expectation: If the probability of success in one trial 
is p, and k is the total number of trials, then kp is the expected 
number of successes in the k trials or 

En = kp 

5. Mathematical expectation: If, in the event of a successful result, 
amount a is to be received, and p is the probability of success 
of that event, then ap is the mathematical expectation or 

E m = ap 

6. Independent events: Two or more events are independent if 
the occurrence or nonoccurrence of one of the events has no 
effect on the probability of occurrence of any of the others. 

7. Dependent events: Two or more events are dependent if the 
occurrence or nonoccurrence of one of the events affects the 
probabilities of occurrence of any of the others. 
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8. Mutually exclusive events: Two or more events are called 
mutually exclusive if the occurrence of any one of them 
precludes the occurrence of any of the others. 

9. Empirical probability: Empirical probability is an estimated 
probability from experience and observation. 

10. Relative frequency of success: After N trials of an event have 
been made, of which S trials are successes, the relative fre- 
quency of success is 
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ADDITIONAL PRACTICE PROBLEMS 



1. A box contains 5 red marbles, 6 blue marbles, and 7 green 
marbles. If 1 marble is to be drawn, what is the probability 
that it is 

a. green? 

b. red? 

c. yellow? 

2. A box contains 5 red marbles, 6 blue marbles, and 7 green 
marbles. If 1 marble is to be drawn, what is the probability 
that it is not 

a. green? 

b. red? 

c. yellow? 

3. A child is to pick a letter of the alphabet from a box. 

a. What is the child's probability of picking a vowel in 1 draw? 
(Y will not be considered as a vowel.) 

b. What is the child's numerical expectation of picking 
a vowel in 20 draws? (The letter will be replaced after each 
draw.) 

4. A concert promoter agrees to pay a band $5,600 in case the 
concert has to be cancelled because of rain. The promoter's 
actuary figures expected loss for this risk to be $717. What pro- 
bability is assigned to the possibility that the concert will have 
to be cancelled because of rain? 

5. A basket contains 3 apples, 5 pears, and 7 oranges. If after 
each selection the fruit is replaced, what is the probability of 
drawing, in order, 

a. an orange, then a pear? 

b. 2 apples? 

c. an apple, an orange, then a pear? 
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6. A car has 8 spark plugs, of which 3 are defective. Find the pro- 
bability of locating all 3 defective spark plugs in 3 selections, 
without replacement. 

7. In a convention of 120 politicians, 52 are Democrats and 33 
are Republicans. Find the probability that a politician selected 
is a Democrat or a Republican. 

8. Routine medical examinations are given to 44 smokers and 62 
nonsmokers. If one of the subjects is selected for more 
detailed tests, what is the probability that the selected subject 
smokes? 

9. In a classroom of 33 girls and 22 boys, how many girls would 
you expect to choose in 12 trials? 
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ANSWERS TO ADDITIONAL PRACTICE 

PROBLEMS 

1. a. 7/18 

b. 5/18 

c. 0 

2. a. 11/18 

b. 13/18 

c. 1 

3. a. 5/26 
b. 3.85 

4. 0.128 

5. a. 7/45 

b. 1/25 

c. 7/225 

6. 1/56 

7. 17/24 

8. 22/53 

9. 7.2 
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APPENDIX 1 

NATURAL TANGENTS AND COTANGENTS 
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I 
IM 




GOT 


T«lNi 


COT 


T«M 


COT 


T**fM 


COT 


T**M 




OT 




0 1 


OOOOOOO 1 


OOOOOOO 1 


0. 


01746 1 


57.2900 1 


0.03492 I 


28.6363 1 


0. 


0524 1 1 3 


19. 


0811 1 


0. 


06993 1 3 


L4. 


3007 1 


60 


1 1 


0.00029 1 


3437.73 1 


0. 


01775 1 


56.3306 1 


0.03321 t 


28. 3994 1 


o. 


05270 1 3 


L8. 


9735 1 


0. 


07022 1 


L4. 


241 1 1 


59 


2 1 


0.0OO38 1 


1718.87 1 


0. 


01804 1 


35.4413 1 


0.03550 1 


28. 1664 I 


0. 


05299 1 3 


L8.8711 1 


0. 


07051 1 


L4. 


1821 1 


58 


3 1 


0.00O87 1 


1145.92 1 


0. 


01833 1 


54.5613 1 


0.03579 I 


27.9372 1 


o. 


05328 1 1 


LB. 


7678 1 


0. 


07080 i : 


14. 


1235 1 


57 


4 1 


0.00116 1 


839.436 1 


0. 


01862 1 


33.7086 1 


0.036O9 1 


27.7117 1 


o. 


05357 1 3 


L8.6656 1 


0. 


07110 1 3 


L4. 


0635 1 


56 


S 1 


0.00145 1 


687.549 1 


0. 


01891 1 


32.8821 1 


0.03636 1 


27.4899 1 


0. 


05387 1 1 


LB. 


3645 1 


0. 


07139 1 1 


L4. 


0079 1 


53 


6 1 


0.0O173 1 


572.937 1 


0. 


01920 t 


52-0807 1 


0.03667 1 


27.2715 


0. 


05416 1 1 


LB. 


4645 


0. 


07168 1 1 


L3. 


9507 1 


54 


7 1 


0.00204 1 


491.106 1 


0. 


01949 1 


51.3032 1 


0.03696 1 


27.0566 


0. 


05445 1 3 


LB. 3655 


0. 


07197 t 


13. 


8940 


53 


8 1 


0 . 00233 1 


429.718 1 


0. 


01978 1 


30.3483 1 


0.03725 1 


26.8450 


0. 


05474 1 3 


L8.2677 


0. 


07227 1 1 


L3. 


8378 1 


32 


9 1 


0.00262 t 


381.971 1 


0. 


020O7 1 


49.8137 1 


0.03754 1 


26.6367 


0. 


05503 1 1 


L8. 1708 


0. 


07256 1 3 


L3. 


7B21 


51 


10 1 


0.00291 1 


343.774 1 


0. 


02036 1 


49. 1039 1 


0.03783 1 


26.4316 


0. 


05533 1 3 


L8. 


0750 


0. 


07285 1 


L3. 


7267 


50 


11 1 


0.O0320 1 


312.321 1 


0. 


02066 1 


48.4121 


0.03812 1 


26.2296 


0. 


05562 J : 


L7. 


9802 


0. 


07314 1 


L3. 


6719 


49 


12 1 


0.O0349 1 


286.478 1 


0. 


02O93 1 


47.7393 1 


0.03842 1 


26.0307 1 


0. 


05391 1 3 


L7. 


8863 


0. 


07344 1 


L3. 


6174 1 


48 


13 1 


0.0037B 1 


264.441 1 


0. 


02124 1 


47.0853 1 


0.03871 1 


23.8348 1 


0. 


05620 1 3 


L7. 


7934 


0. 


07373 1 


L3. 


5634 1 


47 


14 1 


0.OO4O7 1 


243.352 t 


0. 


02153 1 


46.4489 1 


0.03900 1 


23.6418 


0. 


05649 1 3 


L7. 


7015 


0. 


07402 1 


13. 


5098 1 


46 


15 1 


0.00436 1 


229. 182 1 


0. 


02182 1 


45.8294 1 


0.03929 1 


25.4517 


0. 


05678 1 J 


17. 


6106 


0. 


07431 1 


L3. 


4566 


43 


16 1 


0.0046S 1 


214.838 1 


0. 


02211 1 


45.2261 


0.03958 I 


25.2644 


0. 


03708 1 3 


L7. 


5203 


0. 


0746 1 1 


L3. 


4039 1 


44 


17 


0.00493 1 


202.219 1 


0. 


02240 1 


44.6386 


0.03987 1 


25.0798 J 


0. 


05737 1 J 


t7. 


4314 1 


0. 


07490 t 3 


13. 


3513 1 


43 


18 


1 0.00324 1 


190.984 1 


0. 


02269 1 


44.0661 


0.04O16 1 


24. 8978 


o. 


03766 1 3 


L7. 


3432 1 


0. 


07319 1 3 


L3. 


2996 1 


42 


19 


1 0.00533 1 


180.932 


0. 


02298 1 


43.5081 


0.04046 1 


24.7185 


0. 


03793 1 1 


L7. 


2358 1 


0. 


07548 1 1 


L3. 


2480 1 


41 


20 


1 0.00582 1 


171.885 


0. 


02328 t 


42.9641 


0.04075 t 


24.5418 


0. 


03824 1 1 


L7. 


1693 


0. 


07578 1 3 


L3. 


1969 1 


40 


21 


1 0.00611 1 


163. 700 


1 0. 


02357 1 


42.4335 


0.04104 1 


24.3675 


0. 


05854 1 1 


L7. 


0837 


0. 


07607 1 


L3. 


1461 1 


39 


22 


0.0O64O 1 


156.259 1 


0. 


02386 1 


41.9158 


0.04133 I 


24. 1957 


0. 


05883 f 1 


L6. 


9990 1 


0. 


07636 1 1 


L3. 


0958 1 


38 


23 


0.00669 1 


149.465 1 


0. 


02415 1 


41.4106 


0.04162 1 


24.0263 


0. 


05912 1 1 


L6. 


9 150 


0. 


07665 1 1 


L3. 


0458 1 


37 


24 


0.0O698 1 


143.237 1 


0. 


02444 1 


40-9174 


0.04191 1 


23.8593 


0. 


0594 1 i : 


L6. 


83 19 


0. 


07695 1 


L2. 


9962 


36 


23 


0.0O727 1 


137. 307 1 


o. 


02473 1 


40.4358 


0.04220 1 


23.6945 


t o. 


05970 1 


16. 


7496 


1 o. 


07724 1 


12. 


9469 


33 


26 


0.00756 1 


132.219 1 


1 0. 


025O2 I 


39.9655 


1 0.042S0 1 


23.5321 


1 0. 


05999 1 , 


16. 


6681 


1 0. 


07753 1 


12. 


8981 


34 


27 


0.00783 1 


127.321 1 


0. 


02531 I 


39.5059 1 


O. 04279 1 


23.3718 


0. 


06029 1 1 


L6. 


5874 


0. 


07782 I 


12. 


8496 1 


33 


28 


t 0.00815 1 


122.774 1 


0. 


02560 1 


39.0568 


0.04308 1 


23.2137 


0. 


06O58 t . 


L6. 


5075 


0. 


07812 1 


L2. 


8014 1 


32 


29 


1 0.00844 1 


118.540 


0. 


02589 1 


38.6177 


0.04337 1 


23.0577 


0. 


06O87 1 


16. 


4283 


0. 


07841 1 


L2. 


7536 1 


31 


30 


1 0.00673 1 


114.589 


1 0. 


02619 1 


38. isas 


0.04366 1 


22.9038 


1 0. 
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16. 


3499 


1 0. 


07B70 1 


12. 
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30 


31 


1 0.OO902 f 
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1 0. 
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0.04395 1 


22. 7519 


1 0. 


06145 t . 
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2722 


1 0. 
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29 


32 


1 0.OO931 1 


107.426 


1 0. 


02677 1 


37 . 3379 


0.04424 1 


22. 6020 


0. 


06175 i : 


L6. 


1952 


0. 


07929 1 3 


L2. 


6124 


28 


33 


1 0.0O96O 1 


104. 171 
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02706 1 


36.9560 


0.O4434 1 


22.4541 


0. 


06204 1 I 


L6. 


1190 


0. 


07938 1 3 
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34 


1 0. 00989 1 
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02735 1 


36.5627 


t 0.04483 1 


22. 3081 


1 0. 


06233 1 1 


L6. 


0435 


0. 


07987 1 3 


L2. 


5199 1 


26 


33 


1 0.01018 1 


98.2179 


1 o. 


02764 1 


36. 177A 


I 0.04512 1 


22. 1640 


1 O- 


06262 1 


L3. 


9687 


0. 


08O17 1 


12. 


4742 


23 


36 


1 0.01O47 ( 


93. 4895 


f 0. 


02793 1 


33.8006 


1 0.O4341 t 


22.0217 


1 0. 


06291 1 3 


L5. 


8945 


0. 


08O46 I 3 


12. 


4288 i 


24 


37 


1 0.01076 1 


92.9065 


1 0. 
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0 I 0.08749 ( 11.4301 I 0.10510 I 9.51436 I 0.12278 I 8.14435 I 0.14054 I 7.11537 I 0.15838 I 6.31375 I 60 

1 I 0.08778 I 11.3919 I 0.10540 I 9.48781 I 0.12308 I 8.12481 I 0.14084 I 7.10038 I 0.15868 I 6.30189 I 39 

2 I 0.08807 t 11.3540 I 0.10569 I 9.46141 I 0.12338 I 8.10536 I 0.14113 I 7.08546 I 0.15898 I 6.29007 I 58 

3 I 0.08837 I 11.3163 I 0.10599 I 9.43515 I 0.12367 I 8.08600 I 0.14143 I 7.07059 I 0.15928 I 6.27829 I 57 

4 I 0.08866 I 11.2789 I 0. 1062B I 9.40904 I O. 12397 I 8.06674 I 0.14173 I 7.05579 I 0.15958 I 6.26655 I 56 

5 I 0.08895 I 11.2417 I 0. 10657 I 9.38307 I O. 12426 I 8.04756 I 0.14202 I 7.04105 I O. 15988 I 6.25486 I 55 

6 I 0.08925 I 11.2048 ! 0.10687 I 9.35724 I 0.12456 I 8.02848 1 0.14232 I 7.02637 I 0. 16017 I 6.24321 I 34 

7 I 0.08954 I 11.16B1 I 0.10716 I 9.33155 I O. 12485 I 8.00948 t 0.14262 I 7.01174 I 0.16047 I 6.23160 I 33 

8 I 0.08983 I 11.1316 I 0. 10746 I 9.30599 I 0.12515 I 7.99058 I 0.14291 I 6.99718 I 0. 16077 I 6.22003 I 52 

9 I 0.09013 I 11.0954 I 0.10775 I 9.28058 \ 0.12544 I 7.97176 I 0.14321 I 6.9B26B I 0.16107 I 6.20851 I 51 

10 I 0.O9O42 I 11.0594 I 0.10805 I 9.25530 I 0.12574 I 7.95302 I 0.14351 I 6.96823 I 0.16137 I 6-19703 I 50 

11 I 0.09071 I 11.0237 1 0. 10B34 I 9.23016 I 0.12603 I 7.93438 I 0.14381 t 6.95385 I 0.16167 I 6.18559 I 49 

12 I 0.09101 I 10.9882 t 0.10863 t 9.20516 I 0.12633 I 7.91582 I 0.14410 1 6.93952 I 0.16196 I 6.17419 I 48 

13 ( 0.09130 I 10.9529 I 0. 10893 t 9. 1 8028 I 0.12662 I 7.89734 I 0.14440 I 6.92525 t 0.16226 I 6.16283 I 47 

14 t 0.09159 I 10.9178 I 0.10922 t 9.15554 I 0.12692 I 7.87895 I 0.14470 t 6.91104 I 0.16256 I 6.15151 I 46 

15 I 0.09189 I 10.8829 I 0.10952 I 9.13093 t 0.12722 I 7.86064 I 0.14499 t 6.89688 t 0.16286 I 6.14023 I 43 

16 I 0.09218 I 10.8483 I 0. 109B1 I 9.10646 I 0.12731 ( 7.84242 I 0.14529 I 6.88278 I 0.16316 I 6.12899 I 44 

17 I 0.09247 I 10.8139 I 0.11011 I 9.08211 I 0. 127B1 I 7.82428 I O. 14559 I 6.86874 I 0.16346 f 6.11779 I 43 

18 I 0.O9277 I 10.7797 I O. 11040 I 9.05789 I 0.12810 I 7.80622 I 0.14588 1 6.B5475 I 0.16376 I 6. 10664 I 42 

19 I 0.O93O6 I 10.7457 I 0.11070 I 9.03379 I 0.12840 I 7.78825 I 0.14618 I 6.84082 I 0. 16405 1 6.09552 I 41 

20 I 0.09335 I 10.7119 1 0.11099 I 9.00983 I 0.12869 I 7.77035 I O. 14648 I 6.82694 t 0.16435 t 6.08444 I 40 

21 I 0.09365 I 10.6783 I 0.11128 I 8.98598 I 0.12899 t 7.73254 I 0.14678 I 6.81312 I 0.16465 I 6.07340 I 39 

22 I 0.O9394 I 10.6450 I 0.11158 I 8.96227 I 0.12929 I 7.73480 I 0. 14707 I 6.79936 I 0.16495 I 6.06240 I 38 

23 I 0.09423 I 10.6118 I 0.11187 I 8.93867 1 0.12958 I 7.71715 I 0.14737 1 6.78564 I 0.16525 I 6.05143 I 37 

24 I 0.09453 I 10.5789 I 0.11217 I 8.91520 I 0.12988 t 7.69957 I 0.14767 I 6.77199 I 0.16555 I 6.04O31 I 36 

25 I 0.09482 I 10.5462 I 0.11246 I 8.89185 I 0.13017 I 7.68208 I 0.14796 I 6.75838 I 0.16585 I 6.02962 I 35 

26 I 0.09511 I 10.3136 I 0.11276 I 8.86862 I 0.13047 I 7.66466 I 0.14826 I 6.74483 I 0.16615 I 6.01878 I 34 

27 I 0.09541 I 10.4813 I 0.11305 I 8.84551 I 0.13076 I 7.64732 I 0.14856 I 6.73133 I 0.16645 I 6.00797 I 33 

28 I 0.09570 I 10.4491 I 0.11335 I 8.82252 I 0.13106 I 7.63O05 I 0.14886 I 6.71789 I 0.16674 I 5.99720 I 32 

29 I 0.09600 I 10.4172 I 0.11364 \ 8.79964 I 0.13136 I 7.61287 I 0.14915 I 6.70450 I 0.16704 t 5.98646 I 31 

30 I 0.09629 I 10.3834 I 0.11394 I 8.77689 I 0.13163 I 7.39575 I 0.14945 I 6.69116 I 0.16734 I 5.97576 I 30 

31 I 0.09658 I 10.3538 I 0.11423 I 8.75425 I 0.13195 I 7.57872 t 0.14975 I 6.67787 I 0.16764 1 5.96310 I 29 

32 I 0.O9688 I 10.3224 I 0.11452 I 8.73172 I 0.13224 1 7.56176 I 0. 150O5 I 6.66463 I 0.16794 I 5.95448 I 28 

33 I 0.09717 I 10.2913 I 0.11482 I 8.70931 I 0.13254 I 7.54487 I 0.15034 I 6.65144 I 0.16824 I 3.94390 I 27 

34 I 0.09746 I 10.2602 I 0.11511 I 8.68701 I O. 13284 I 7.52806 I 0.15064 I 6.63831 I 0.16834 I 3.93335 I 26 

35 1 0.09776 t 10.2294 I 0.11541 I 8.66482 1 O. 13313 I 7.51132 I 0.15094 I 6.62323 I 0.16884 I 5.92283 I 23 

36 I 0.O9BO5 I 10.1988 I 0.11570 I 8.64275 I O. 13343 I 7.49465 t 0.15124 I 6.61219 I 0.16914 I 5.91236 I 24 

37 ( 0.O9834 I 10.1683 I 0.11600 I 8.62078 I O. 13372 I 7.47806 I O. 15153 I 6.59921 I O. 16944 I 5.90191 I 23 

38 I 0.09864 I 10.1381 I 0.11629 I 8.59893 I 0.13402 I 7.46154 I 0.15183 I 6.38627 I O. 16974 I 5.89151 I 22 

39 I 0.09893 I 10.1080 I 0.11659 I 8.57718 I 0.13432 I 7.44509 I 0.13213 I 6.57339 I 0. 170O4 I 5.88114 I 21 

40 I 0.09923 I 10.07BO I 0.11688 t 8.55555 I 0.13461 I 7.42871 I 0.15243 I 6.56055 I 0.17033 I 5.87080 I 20 

41 I 0.09952 I 10.0483 1 0.11718 I 8.53402 I 0.13491 I 7.41240 I 0.15272 I 6.54777 I 0.17063 I 5.86031 I 19 

42 I 0.09981 I 10.01B7 I 0.11747 I 8.51259 I 0.13521 I 7.39616 I 0.15302 I 6.53503 I 0.17093 I 3.83024 I 18 

43 I 0.10011 1 9.98931 t 0.11777 I 8.49128 I 0.13550 I 7.37999 I 0.15332 \ 6.52234 I 0.17123 I 3.840O1 I 17 

44 I 0. 10O4O t 9.96007 I 0.11806 I 8.47007 ( 0.13580 I 7.36389 I 0.15362 I 6.50970 I 0.17153 I 5.82982 I 16 

45 \ 0.10069 I 9.93101 I 0.11B36 t B.44B96 I 0.13609 I 7.34786 I 0.15391 I 6.49710 I 0.17183 I 5.81966 I 13 

46 I 0. 10O99 t 9.90211 1 0. 11B65 I B. 42795 I 0.13639 I 7.33190 I 0.15421 I 6.48456 I 0.17213 I 5.80953 I 14 

47 I 0.10128 I 9.8733B I 0.11B95 t 8.40705 I 0.13669 I 7.316O0 I 0.15451 I 6.47206 I 0.17243 I 3.79944 I 13 
4B I 0.10158 I 9.84482 I 0.11924 1 B. 38625 I 0.13698 I 7.30018 I O. 15481 I 6.45961 I 0.17273 I 5.78936 I 12 

49 I 0.10187 1 9.81641 I 0.11954 I 8.36555 I 0.13728 I 7.28442 I 0.15511 t 6.44720 I 0.17303 I 5.77936 I 11 

50 I 0.10216 I 9.78817 I 0.11983 I 8.34496 I 0. 1375B I 7.26873 I O. 13540 I 6.434B4 I 0.17333 I 5.76937 I 10 

31 1 0.10246 1 9.76009 I 0.12013 I 8.32446 t 0.13787 I 7.23310 I 0.15570 I 6.42253 t 0.17363 I 5.75941 I 9 

32 1 0.10275 I 9.73217 I 0. 12042 I 8.30406 I 0.13817 I 7.23754 I 0. 15600 I 6.41026 t 0.17393 I 5.74949 I 8 

53 I 0.10305 I 9.70441 I 0.12072 I 8.2S376 t 0.13846 \ 7.22204 I 0.15630 I 6.39804 t 0.17423 I 3.73960 I 7 

54 I 0.10334 I 9.67680 I 0.12101 I 8.26355 I 0.13876 I 7.20661 I 0.15660 I 6.38587 I 0.17453 I 5.72974 I 6 

55 I 0.10363 I 9.64935 I 0.12131 I 8.24345 I 0.13906 I 7.19125 I 0.15689 I 6.37374 I 0.17483 I 5.71992 I 3 

56 I 0.10393 I 9.62205 1 0.12160 I 8.22344 t 0.13935 I 7.17594 I 0.15719 I 6.36165 I 0.17513 I 5.71013 t 4 

57 I 0.10422 I 9.59490 1 0.12190 I 8.20352 I 0.13965 I 7.16071 I 0.15749 I 6.34961 I 0.17543 I 5.70O37 I 3 

58 I 0.10452 I 9.56791 I 0.12219 I 8.18370 I 0.13995 I 7.14553 I 0.15779 I 6.33761 I 0.17573 I 5.69064 t 2 

59 I 0.10481 I 9.54106 I 0.12249 I 8.16398 I 0.14024 I 7. 13042 I 0. 15809 I 6.32566 I 0.17603 I 5.68094 I 1 

60 I 0.1O51O I 9.31436 I 0.12278 \ 8.14435 I 0.14054 I 7.11537 I 0.15838 I 6.31375 I 0.17633 I 5.67128 I 0 



T**M COT T«IM COT TftIM COT T#*IM COT TfttM M 

, x 



AI-3 



r-i i o- i i- iz* 13* l^-- 

i 

f\| TAN COT TAN COT T AIM COT T AIM COT TAN COT 



O 1 


0. 


17633 1 


5.67128 1 


0. 


19438 J 


5. 


14455 1 


0. 


21256 


1 4. 


70463 1 




23087 1 


M 

4. 


33148 


1 O. 


Z4933 


4. 


0107B 


1 j j\ 
1 60 


1 1 


0. 


17663 1 


5.66165 1 


0. 


19468 1 


mr 

5. 


« —m j mrr* I 

13658 1 


o. 


2 1Z86 


I 4. 




o. 


*-> ~T * 4 ~7 
*IS 11 / 


j. 

4. 


-w "->4t; ~7 -r 


1 U . 


O Jl O JL Jl 1 
•£4*T4b4 1 


A 

4 . 




1 37 


2 1 


0. 


17693 1 


mm? a vr^Aw 

5.65205 1 


0. 


• OA 

1949H 


5. 


1«E*6Z 1 


V. 


1J 16 




07 1 j£ 1 




•Co 44CJ 


jt 

4 . 


T9rtA • 




*^77J 1 


ji 

H ■ 


AMBI 


1 Ota 


3 1 


0. 


17723 1 


5.64248 1 


0. 


19529 


mr 

5. 


12069 1 


o. 


2 1347 


1 4. 


684 52 


o. 


Z3 179 


4 . 


3 l4o*J 


1 f*l 


*5AWJ\*y JL. 


3 . 


OOKiy) 
ttDt* 


1 >C7 

1 5/ 


4 1 


0. 


17753 1 


5.63295 1 


0. 


19559 1 


mr 

3. 


1 1279 1 


0. 


21377 


1 Jt 

I 4. 


67786 


o. 


2320V J 


jt 

4. 


3V06C/ 


1 A 

I o. 


Z5C756 1 


3. 


tYI/tt 


1 *IjL 


5 1 


0. 


177B3 1 


mr J **4>T MM 

5.62344 1 


0. 


«i ^%i4r e^r% ■ 

19589 1 


mt 

5. 


104V0 1 


o. 


«-y 4 m Art 




6/ l»t 1 


u . 




ji 

4 . 


OU<7 1 


1 u . 




-» 

o . 


TbeU/ 


1 ^K. 
I 35 


6 1 


0. 


17B13 1 


5.61397 1 


0. 


19619 1 


mr 

5. 


09704 1 


0. 


21438 


1 4 . 


6645B 


0. 


2327 1 


ji 

4. 


Z97Z4 


1 O. 


*Mi 4ta i 
Z5 1 la 1 


3. 


TO 117 


1 >KjK 

1 54 


7 1 


0. 


17843 1 


5.60452 1 


o. 


19649 1 


5. 


08921 1 


0. 


21469 


1 4. 


65797 


0. 


^4tf\ 4 

23301 


4. 


29159 


1 0. 


^MM « jm 

25149 1 


3. 


97627 


1 53 


8 1 


0. 


17873 1 


5.59511 1 


o. 


19680 1 


5. 


08139 1 


0. 


21499 


I 4 . 


65136 


o. 


23332 i 


4. 


2BS95 


f o. 


ZD ISO 1 


1 3. 


jQ-» 4| -WJ-fc 

t7I3t 


■ 4K*^ 


9 1 


0. 


17903 1 


5.58573 1 


o. 


197 lO 1 


5. 


07360 1 


0. 


2 1529 


1 4. 


64480 


o. 


23363 


4. 


28032 


1 A 

1 0. 


narn 4 4i i 

2321 1 i 


3. 


96651 


4 V 4 

1 31 


10 1 


0. 


17933 1 


5.57638 1 


0. 


19740 1 


5. 


06584 1 


0. 


21560 


1 4. 


63825 


0. 


23393 


4. 


27471 


1 0. 


25242 


3. 


96163 


i 44TA 

i 50 


1 1 1 


o. 


17963 1 


5.56706 1 


o. 


19770 


S. 


05B09 


o . 


21590 


1 4. 


63 17 1 


o. 


23424 


4. 


269 1 1 


1 o. 


25273 


3. 


nor a 

95680 


1 a m 

l 49 


12 1 


0. 


17993 1 


5.55777 1 


c 


19801 1 


5. 


05037 1 


o. 


2 162 1 


I 4. 


625 18 


o. 


Z3455 


ji 

4 . 


1 JL T«^*3 


1 Urn 


*3*W/\j41 

Z5o04 1 




43*V 4 OJL 
73 l7D 


1 jia 
1 4« 


13 < 


0. 


18023 1 


5 . 5485 1 1 


0. 


1983 1 


5. 


04Z67 1 


o. 


id. 163 1 


i ji 


JL *. OJLO 
O 1 DOO 


u. 


*£o4a5 


ji 

4 . 


^3/73 


1 f\ 
i \J ■ 




-r 
O . 


▼4/ 1«> 


1 jl7 
1 4/ 


4 M 1 

14 1 


0. 


4 mr t 

18053 


5. 53927 


4*>*w 

o. 


1986 1 


5. 


034tt 1 


o . 


1 i too 


1 4 . 


JL 1 O 1 O 
O 1Z 17 


u. 


jco5 la 


A 

4 ■ 




1 ft 


^5«»t^ jl JL 1 
•IJJOO 1 


3 ■ 


019T9 


1 Jl JL 
1 40 


13 1 


o. 


18063 


3. 53007 


1 o. 


■ OOO 1 

Itot 1 


5. 


U«C / 


u. 


\ f Xd. 


1 A 
1 *t • 




u. 


AJU 4 ! / 


A 

4 • 




i n 
l v . 


n«707 1 


-r 
O ■ 


Q7,7« 4 
7«J / a 1 


1 A*\ 

1 "TiJ 


t a i 

16 1 


0 . 


18113 l 


5.52090 1 


o. 


4 OtVl 4 1 


5. 


O I*r / 1 1 




1 / ^-i 


1 A 
1 4 . 


■COO'?'? 


u. 




A 

4 . 


O jl t 


i \j ■ 


9**ji7fa i 

•c34jCO 1 


-r 
-J ■ 


7«>4C / 1 


1 AjI 
I ^4 


17 1 


o. 


18143 1 


at Ki i it i 


o» 


1 OM? I 






u. 


O 1 77T 


1 Jl 

1 *T ■ 




n 


jCs>OUC3 


j* 

*f m 




i n 


C3^d7 1 


o. 


7* / 70 


1 7J 


IS 1 


o. 


18173 


•r JL m 1 


i n 
1 u. 


*j OOQO 
ITTM 




AA«C 1 


*J * 


£- 1 DU*T 


1 A. 




o 




A 
^ . 


jd Jv w W 


i a 


T^JtQO 1 




7(Cj Aw 


1 4? 

1 ~ 4L 


4 A 1 

19 1 


0. 


18203 1 


5.49356 1 


1 rt 








u. 




1 4 ■ 




U ■ 


5TjU7n 

4<lJ>0 / V 


A 

4 . 


4t.4V^O 1 


1 u . 


j£«J)*34C 1 1 


-w 


7 1M7 


I 41 

1 7 * 


ZO 1 


0. 


18233 1 


5.48451 1 


o . 


2004Z 




t8t4U 


0 . 




1 A 
I 4 . 




U. 


JtO /fJ\J 


Jl 

4 . 


■£ 17JO 


1 A 


«c553jii 1 


•t 




1 AA 


21 1 


0. 


18263 1 


5 . 4/548 


o. 


200 7 3 


4 . 


98 IBB 


o. 


Z 1B95 


1 4 > 


56 /Za 


o. 


Zo /o 1 


ji 

4. 


■-> 4 -»Q~T 
Z 1<>D/ 


1 f\ 
1 <J. 


4c53t3o 1 




WOW 


1 TO 

1 »»7 


22 1 


i 0. 


18293 


1 5.4664B 


1 0. 


20103 


4. 


9743B 


0. 


2 1925 


1 4 . 


56091 


o. 


n77i n 

Zo76Z 


ji 

4. 


ZUB4Z 


1 u. 


<3o 14 1 




Oft* 4 ^ 


1 tn 

1 *>B 


23 


1 0. 


18323 


1 5.45751 


1 0. 


20133 


4. 


96690 


0. 


2 1956 


1 4. 


■?4V Jl (C JT^ 

53458 


0. 


23793 


ji 

4. 


**^4-4^> 

20298 


1 o. 


**%4K JL Jl K 1 

25645 1 


3. 


B7743 


1 37 


24 1 


1 0. 


18353 


1 5-44857 


1 o. 


20164 


4. 


95945 1 


o. 


2 1986 


1 M 

1 4 . 


k a\ jt 

54826 


A 

o. 


23823 1 


M 

4. 


19756 


1 o. 


"MK. JL T A. 1 

Z3676 1 


3. 


r~^Q A ~T A 


t jl 


25 


0- 


18384 


1 5.43966 


1 o. 


20194 






o* 




i ji 
1 4. 


54 Itd 




~~W (Zl^t Jl 


A 

4. 


17* 13 


1 u ■ 


•J4X7A7 1 




BvTW4 




26 


1 j^v 

0. 


* Jj^* 4 4 41 

18414 


1 5-43077 


1 o. 


202Z4 


4. 


43IA Jt i. A 


1 o. 




A 

1 4. 


535otJ 


u. 




ji 

4 . 


lOO /5 


1 U - 


«fj / s>«J 1 


o. 




1 7 A 

1 «*4 


27 


1 0. 


1B444 


1 5.42192 


! O. 


20254 


4 . 


93721 


1 o. 


2ZO/S 


1 A 

1 4. 


5Z941 


o. 


nTn 4 j 

Zov 16 


j> 

4 . 


Its 1<3 / 


t 


«-j4K7 JLO 1 

Z5/AV 1 






1 77 


28 


1 o. 


1B474 


5.41309 


1 o. 


20285 


4. 


92984 


o. 


22108 


1 4. 


52316 


0. 


23946 


4. 


17600 


1 O. 


25800 1 


3. 


87601 


1 32 


29 


1 0. 


18504 


5.40429 


1 0. 


20315 


4. 


92249 


0. 


22139 


1 4. 


51693 


0. 


23977 


4. 


17064 


1 0. 


25831 1 


3. 


87136 


1 31 


30 


1 0. 


18534 


5.39552 


1 0. 


20345 


4. 


91516 


1 0. 


22169 


1 4. 


51071 


0. 


24008 


4. 


16530 


1 0. 


23862 1 


t 3. 


86671 


1 30 


31 1 


0. 


18564 


3.38677 


1 0. 


20376 


4. 


90785 


0. 


2220O 


t 4. 


50451 


0. 


24039 


1 4. 


15997 


1 0. 


25893 


1 3. 


86208 


1 29 


32 1 


0. 


18594 


5.37B05 


1 0. 


20406 


4. 


90056 


0. 


22231 


1 4. 


49832 


0. 


24069 


4. 


15465 


1 0. 


25924 


3. 


83743 


1 28 


33 


1 0. 


18624 


5.36936 


1 0. 


20436 


4. 


89330 


0. 


22261 


t 4. 


49215 


1 0. 


24100 


4. 


14934 


1 0. 


25933 


3. 


85284 


1 27 


34 


1 0. 


18654 


1 5.36070 


1 0. 


20466 


4. 


88605 


1 0. 


22292 


1 4. 


48600 


1 0. 


24131 


4. 


14403 


1 0. 


23986 


1 3. 


84824 


1 26 


35 1 


1 o. 


186S4 


r 5.33206 


r o. 


20497 


t 4. 


67882 1 


1 o. 


22322 


t 4. 


47986 


1 o. 


24162 


4. 


13877 


1 o. 


26017 j 


1 3. 


84364 


1 23 


36 


1 0. 


18714 


1 5.34345 


1 0. 


20527 


1 4. 


87162 


1 0. 


22333 


1 4. 


47374 


0. 


24193 


4. 


13350 


1 0. 


26048 1 


3. 


83906 


1 24 


37 


1 0. 


18745 


1 5.33487 


1 o. 


20557 


1 4. 


86444 


1 0. 


22383 


1 4. 


46764 


0. 


24223 


4. 


12B2S 


1 0. 


26079 1 


3. 


83449 


1 23 


3B 


1 o. 


1B775 


1 5.32631 


1 o. 


20588 


1 4. 


85727 


1 0. 


22414 


1 4. 


46155 


o. 


24254 


1 4. 


12301 


1 0. 


26110 


3. 


82992 


1 22 


39 


1 0. 


1880S 


1 5.31778 


1 0. 


20618 


1 4. 


85013 


1 0. 


22444 


I 4. 


45548 


0. 


24285 


1 4. 


11778 


1 0. 


26141 1 


3. 


82337 


t 21 


40 


1 o. 


18835 


1 5.30928 


1 0. 


20648 


4. 


S4300 


1 o. 


22475 


1 4. 


44942 


1 o. 


24316 


4. 


11256 


1 0. 


26172 1 


3. 


82083 


1 20 


41 


1 0. 


18863 


L 5 ■ 3*^^^^^)0 


1 0. 


20679 


1 4. 


B3590 


1 0. 


22505 


1 4. 


44338 


o. 


24347 


1 4. 


10736 


1 o. 


26203 1 


3. 


81630 


1 19 


42 


1 0. 


18895 


1 5.29235 


1 0. 


20709 


1 4. 


82882 


1 0. 


22536 


1 4. 


43735 


1 0. 


24377 


1 4. 


10216 


1 0. 


26235 1 


1 3. 


81177 


1 18 


43 


1 0. 


18925 


1 5.28393 


1 0. 


20739 


4. 


82175 


0. 


22567 


t 4. 


43134 


o. 


24408 


4. 


09699 


t o. 


26266 1 


3. 


80726 


1 17 


44 


1 0. 


18955 


1 5.27553 


1 o. 


20770 


1 4. 


81471 


t 0. 


22597 


1 4. 


42534 


1 0. 


24439 


4. 


09182 


1 0. 


26297 1 


3. 


80276 


1 16 


45 


1 o. 


18986 


1 5.26715 


1 o. 


20800 


t 4. 


80769 


t o. 


22628 


1 4. 


41936 


1 0. 


24470 


t 4. 


OS666 


1 0. 


26328 1 


1 3. 


79827 


1 15 


46 


1 0. 


19016 


1 5.25880 


1 0. 


20830 


1 4. 


80068 


1 0. 


22658 


1 4. 


41340 


1 0. 


24501 


1 4. 


08152 


1 0. 


26359 


1 3. 


79378 


1 14 


47 


1 0. 


19046 


1 5.25048 


1 0. 


20861 


4. 


79370 


0. 


22689 


1 4. 


40745 


0. 


24532 


t 4. 


07639 


1 0. 


26390 


3. 


7B931 


1 13 


4B 


1 0. 


19076 


1 5. 242 IB 


1 o. 


20891 


1 4. 


7B673 


1 0. 


22719 


1 4. 


40152 


0. 


24562 


1 4. 


07127 


1 0. 


26421 


1 3. 


78485 


1 12 


49 


1 0. 


19106 


1 3.23391 


1 0. 


20921 


1 4. 


77978 


1 0. 


22750 


1 4. 


39560 


1 0. 


24593 


1 4. 


06616 


1 0. 


26452 


1 3. 


7BO40 


1 11 


SO 


1 0. 


19136 


1 5.22566 


i 0. 


20952 


1 4. 


77286 


1 0. 


227B1 


1 4. 


3B969 


1 0. 


24624 


1 4. 


06107 


1 0. 


26483 


1 3. 


77595 


1 10 


51 


1 0. 


19166 


1 5.21744 


t 0. 


20982 


4. 


76595 


0. 


22B11 


1 4. 


38381 


0. 


24655 


1 4. 


05599 


1 0- 


26515 1 


3. 


77152 


1 9 


52 


1 o. 


19197 


1 5.20925 


1 0. 


21013 


1 4. 


75906 


1 o. 


22B42 


1 4. 


37793 


1 0. 


24686 


1 4. 


05092 


1 o. 


26546 1 


3. 


76709 


1 8 


33 


1 0. 


19227 


1 5.20107 


1 0. 


21043 


t 4. 


75219 


1 0. 


22872 


1 4. 


37207 


1 0. 


24717 


1 4. 


04586 


1 0. 


26577 1 


I 3. 


76268 


1 7 


34 


1 0. 


19257 


1 5. 19293 


1 0. 


21073 


1 4. 


74534 


1 0. 


22903 


1 4. 


36623 


1 o. 


24747 


1 4. 


04081 


1 0. 


26608 1 


1 3. 


73828 


1 6 


55 


1 0. 


19287 


1 5 . 18480 


r o. 


21104 


4. 


73851 


o. 


22934 


1 4. 


36040 


I o. 


2477B 


4. 


03578 


1 o. 


26639 1 


3. 


75388 


i 5 


36 


t 0. 


19317 


1 5.17671 


1 0. 


21134 


1 4. 


73170 


1 0. 


22964 


1 4. 


35459 


1 0. 


24B09 


4. 


03076 


1 0. 


26670 1 


3. 


74950 


1 4 


37 


1 0. 


19347 


1 5. 16863 


1 0. 


21164 


1 4. 


72490 


1 o. 


22995 


1 4. 


34879 


1 0. 


24B40 


1 4. 


02574 


1 0. 


26701 1 


3. 


74512 


t 3 


5B 


1 0. 


1937B 


J S. 16038 


1 0. 


21195 


1 4. 


71813 


1 0. 


23026 


1 4. 


34300 


1 0. 


24871 


1 4. 


02O74 


1 0. 


26733 1 


3. 


74075 


1 2 


39 


1 0. 


19408 


t 5. 15256 


1 0. 


21225 


4. 


71137 


1 0. 


23056 


1 4. 


33723 


1 0. 


24902 


1 4. 


01576 


1 0. 


26764 1 


3. 


73640 


1 1 


60 


1 0. 


1943B 


1 5. 14455 


1 0. 


21256 


1 4. 


70463 


1 0. 


23087 


1 4. 


33148 


1 0. 


24933 


1 4. 


01078 


1 0. 


26795 


3. 


73205 


1 0 



COT TAN COT TAN COT TAN COT TAN COT TAN M 

j 

-70- -7-7" ~7 -yrs* N 



AI-4 



1=5- X<^~ 1^- IS* 

I 

N T AM COT" TAIM COT TAN COT TAN COT TAN 



0 1 


0. 


26795 1 


3. 


73205 


1 


0. 


28675 1 


3. 


4B741 


I 


0. 


30573 


1 1 


0. 


26826 1 


3. 


72771 


1 


0. 


28706 1 


3. 


4B359 


1 


0. 


30605 


2 t 


0. 


26857 1 


3. 


72338 


1 


0. 


2B738 1 


3. 


47977 


1 


0. 


30637 


3 1 


0. 


26888 1 


3. 


71907 


1 


0. 


28769 1 


3. 


47596 


1 


0. 


30669 


4 1 


0. 


26920 1 


3. 


71476 


1 


0. 


2B801 1 


3. 


47216 


1 


0. 


30700 


5 1 


0. 


26951 1 


3. 


71046 


1 


0. 


28832 I 


3. 


46837 


1 


0. 


30732 


6 1 


0. 


26982 f 


3. 


70616 


1 


0. 


28864 1 


3. 


46458 


1 


0. 


30764 


7 I 


0. 


27013 1 


3. 


70188 


t 


0. 


28893 1 


3. 


46080 


1 


0. 


30796 


8 1 


0. 


27044 1 


3. 


69761 


1 


0. 


28927 1 


3. 


45703 


1 


0. 


30828 


9 1 


0. 


27076 1 


3. 


69335 


1 


0. 


28938 1 


3. 


45327 


1 


0. 


30860 


lO 1 


0. 


27107 1 


3. 


68909 


\ 


0. 


28990 1 


3. 


44951 


1 


0. 


30891 


11 1 


0. 


27138 1 


3. 


68485 


\ 


0. 


29021 1 


3. 


44576 


1 


0. 


30923 


12 1 


0. 


27169 1 


3. 


68061 


1 


0. 


29053 1 


3- 


44202 


1 


O- 


30955 


13 1 


0. 


27201 1 


3. 


67638 


1 


0. 


29084 1 


3. 


43829 


1 


0. 


30987 


14 1 


0. 


27232 1 


3. 


67217 


1 


0. 


29116 t 


3. 


43456 


1 


o. 


31019 


13 1 


0. 


27263 1 


3. 


66796 


t 


0. 


29147 1 


3. 


43084 


1 


0. 


31051 


16 1 


0. 


27294 1 


3. 


66376 


1 


0. 


29179 1 


3. 


42713 


1 


0. 


31083 


17 1 


0. 


27326 1 


3. 


65957 


1 


0. 


29210 1 


3. 


42343 


1 


0. 


31115 


IB 1 


0. 


27357 1 


3. 


65538 


1 


0. 


29242 1 


3. 


41973 


1 


0. 


31147 


19 1 


0. 


27388 1 


3. 


63121 


1 


0. 


29274 1 


3. 


41604 


1 


0. 


31178 


20 1 


0. 


27419 1 


3. 


64705 


1 


0. 


29305 1 


3. 


41236 


1 


0. 


31210 


21 1 


0. 


27451 1 


3. 


64289 


1 


0. 


29337 1 


3. 


40869 


1 


0. 


31242 


22 1 


o. 


27482 1 


3. 


63874 


1 


0. 


29368 1 


3. 


40502 


1 


0. 


31274 


23 1 


0. 


27513 1 


3. 


63461 


i 


0. 


29400 1 


3. 


40136 


1 


0. 


31306 


24 1 


o. 


27545 1 


3. 


63048 


i 


0. 


29432 1 


3. 


39771 


1 


0. 


31338 


25 1 


0. 


27576 1 


3. 


62636 




0. 


29463 1 


3. 


39406 


1 


0. 


31370 


26 I 


0. 


27607 


3. 


62224 


i 


0. 


29495 


3. 


39042 


1 


0. 


31402 


27 1 


0. 


27638 1 


3. 


61814 


i 


0. 


29326 1 


3. 


38679 


1 


0. 


31434 


28 1 


0. 


27670 1 


3. 


61403 


i 


0. 


29338 


3. 


38317 


1 


0. 


31466 


29 1 


0. 


27701 1 


3. 


60996 


i 


0. 


29390 


3. 


37935 


t 


0. 


31498 


30 


0. 


27732 


3. 


60588 


i 


0. 


29621 


3. 


37594 


1 


0. 


31530 


31 1 


0. 


27764 1 


3. 


60181 


i 


0,29653 


3. 


37234 


I 


0. 


31562 


32 


0. 


27795 


3. 


59773 


i 


0. 


29685 


3. 


36875 


1 


0. 


31594 


33 1 


0. 


27826 


3. 


59370 


i 


0. 


29716 


3. 


36516 


1 


0. 


31626 


34 1 


0. 


27858 


3. 


58966 


I 


0. 


29748 


3. 


3615B 


t 


0. 


31638 


33 


0. 


27889 


3. 


58562 


i 


0. 


297BO 


3. 


35B00 


1 


0. 


31690 


36 


0- 


27921 


3. 


5S160 


i 


0. 


29811 


3. 


35443 


1 


o. 


31722 


37 


0. 


27952 


3. 


57758 


t 


0. 


29843 


3. 


35087 


1 


0. 


31754 


38 


0. 


27983 


t 3. 


57337 


i 


0. 


29B75 


3. 


34732 


1 


0. 


31786 


39 


0. 


28015 


3. 


56957 


i 


0. 


29906 


3. 


34377 


I 


0. 


31818 


40 


0. 


28046 


t 3. 


56557 


i 


0. 


29938 


1 3. 


34023 


1 


o. 


31850 


41 


0. 


28077 


3. 


56159 


i 


0. 


29970 


3. 


33670 


1 


0. 


31882 


42 


0. 


28109 


1 3. 


55761 


i 


0. 


3OO01 


r 3. 


33317 


1 


o. 


31914 


43 


0. 


28140 


1 3. 


35364 


i 


0. 


30033 


3. 


32965 


( 


0. 


31946 


44 


1 0. 


28172 


1 3. 


54968 


i 


0. 


30065 


1 3. 


32614 


1 


0. 


31978 


45 


1 0. 


28203 


1 3. 


54573 


r 


0. 


30097 


1 3. 


32264 


1 


0. 


32010 


46 


1 0. 


2B234 


1 3. 


54179 


t 


0. 


30128 


1 3. 


31914 


1 


0. 


32042 


47 


1 0. 


28266 


1 3. 


53785 


i 


0. 


30160 


1 3. 


31565 


I 


0. 


32074 


48 


1 0. 


28297 


1 3. 


53393 


i 


0. 


30192 


1 3. 


31216 


1 


0. 


32106 


49 


t 0. 


28329 


1 3. 


53001 


r 


0. 


30224 


1 3. 


30868 


1 


0. 


32139 


50 


1 0. 


28360 


I 3. 


52609 


i 


0. 


30255 


1 3. 


30521 


1 


0. 


32171 


31 


1 0. 


28391 


r 3. 


52219 


i 


0. 


30287 


t 3. 


30174 


1 


0. 


32203 


52 


1 0. 


28423 


1 3. 


51829 


i 


o. 


30319 


1 3. 


29829 


1 


0. 


32235 


53 


1 0. 


28454 


1 3. 


51441 


i 


o. 


30331 


1 3. 


29483 


1 


0. 


32267 


54 


1 0. 


28486 


t 3. 


51053 


i 


0. 


30382 


1 3. 


29139 


1 


0. 


32299 


55 


1 0. 


28517 


1 3. 


50666 


i 


O- 


30414 


1 3. 


28795 


1 


0. 


32331 


56 


t 0. 


28549 


1 3. 


50279 


i 


0. 


30446 


1 3. 


28452 


1 


0. 


32363 


57 


1 0. 


28580 


1 3. 


49B94 


i 


o. 


30478 


1 3. 


28109 


1 


0. 


32396 


58 


1 0. 


28612 


1 3. 


49509 


i 


0. 


30509 


1 3. 


27767 


1 


0. 


32428 


59 


1 0. 


28643 


1 3. 


49123 


i 


0. 


30541 


1 3. 


27426 


1 


0. 


32460 


60 


1 o. 


28675 


1 3. 


48741 


i 


0. 


30373 


1 3. 


27085 


1 


0. 


32492 



1 


3. 


27085 


1 


0. 


32492 1 


3 . 07768 


1 


0. 34433 


1 


2.90421 1 


60 


t 


3. 


26745 


1 


0. 


32524 1 


3 . 07464 


1 


0* 34463 


1 


Z-90147 1 


MO 


1 


3. 


26406 


1 


0. 


32556 1 


3.07160 


1 


^s. A\ A\ 

0. 34498 


1 


2.89873 1 


58 


t 


3. 


26067 


1 


0. 


325BB 1 


3. 06857 


* 

1 


0* 34330 


i 

1 


2 . 89600 1 


57 


t 


3. 


23729 


1 


0. 


3262 1 1 


3.06334 


1 


0. 34563 


i 

I 


2 . 89327 1 


56 


1 


3. 


25392 


1 


0. 


32653 1 


3.06232 


1 


0. 34596 


1 


2. 89053 1 


33 


1 


3. 


25055 


1 


0. 


32685 1 


3.03950 


1 


0. 34628 


I 


2. 88783 1 


54 


1 


3. 


24719 


1 


0. 


32717 1 


3.05649 


1 


0. 34661 


t 


2.88311 1 


53 


1 


3. 


24383 


1 


0. 


32749 1 


3.05349 


1 


0. 34693 


1 


2. 88240 1 


52 


1 


3. 


24049 


I 


0. 


32782 1 


3.05049 


1 


0.34726 


I 


2.87970 1 


51 


1 


3. 


23714 


1 


0. 


32814 1 


3.04749 


1 


0. 34758 


I 


2.B7700 1 


50 


1 


3. 


23381 


1 


0. 


32846 1 


3.04450 


1 


0.34791 


1 


2.87430 1 


49 


1 


3. 


2304B 


1 


0. 


32878 1 


3.04152 


1 


0. 34824 


I 


2.87161 1 


48 


1 


3. 


22715 


1 


0. 


32911 1 


3.03834 


1 


O. 34856 


1 


2.86892 1 


47 


1 


3. 


22384 


1 


0. 


32943 1 


3. 03356 


1 


0.34889 


I 


2.86624 1 


46 


1 


3. 


22053 


1 


0. 


32973 1 


3.03260 


1 


0. 34922 


I 


2.86356 1 


43 


t 


3. 


21722 


1 


0. 


33007 1 


3.02963 


1 


0.34954 


1 


2.B60B9 1 


44 


1 


3. 


21392 


1 


0. 


33040 1 


3.02667 


t 


0.34987 


1 


2.83822 1 


43 


1 


3. 


21063 


1 


0. 


33072 1 


3.02372 


1 


0.33020 


1 


2.83533 1 


42 


1 


3. 


20734 


1 


o. 


33104 1 


3.02077 


1 


0.35032 


I 


2.83289 1 


41 


1 


3. 


20406 


1 


0. 


33136 1 


3.01783 


1 


0.33083 


1 


2.85023 \ 


40 


1 


3. 


20079 


1 


0. 


33169 1 


3.01489 


1 


0.35118 


I 


2.84738 1 


39 


1 


3. 


19752 


1 


0. 


33201 1 


3.01196 


1 


0.33 ISO 


I 


2.84494 1 


38 


1 


3. 


19426 


1 


0. 


33233 1 


3.0O903 


1 


0.33183 


1 


2.84229 1 


37 


1 


3. 


19100 


f 


0. 


33266 1 


3.0O611 


1 


0.33216 


I 


2.83965 1 


36 


1 


3. 


18775 


1 


0. 


33298 1 


3.00319 


1 


0.35248 


I 


2.83702 1 


33 


1 


3. 


18451 


1 


0. 


33330 


3.00028 


1 


0.35281 


i 


2.83439 1 


34 


1 


3. 


18127 


1 


0. 


33363 1 


2.99738 


1 


0.35314 


1 


2.83176 1 


33 


1 


3. 


17804 


1 


0. 


33393 


2.99447 


1 


0. 33346 


1 


2.82914 1 


32 


1 


3. 


17481 


1 


0. 


33427 


2.99156 


1 


0.33379 


1 


2.82633 1 


31 


1 


3. 


17159 


1 


0. 


33460 


2.98868 


1 


0. 354 12 


1 


2.82391 1 


30 


1 


3. 


16838 


1 


0. 


33492 


1 2.98380 


1 


0.35443 


1 


2.82130 1 


29 


1 


3. 


16517 


1 


0. 


33324 


2.98292 


1 


0.33477 


1 


2.81870 


28 


1 


3. 


16197 


1 


0. 


33357 


1 2.980O4 


1 


O. 33310 


1 


2.81610 


27 


1 


3. 


15877 


1 


0. 


33589 


1 2.97717 


1 


0.33343 


1 


2.81330 1 


26 


1 


3. 


15558 


1 


0. 


33621 


1 2.97430 


1 


0.39576 


1 


2.81091 


23 


1 


3- 


15240 


t 


0. 


33654 


I 2.97144 


1 


0.35608 


1 


2.80833 


1 24 


1 


3. 


14922 


1 


0. 


33686 


t 2.96858 


1 


0.33641 


1 


2.80374 


1 23 


1 


3- 


14605 


i 


0. 


33718 


1 2.96573 


1 


0. 33674 


1 


2.80316 


22 


1 


3. 


14288 


1 


0. 


33751 


t 2.96288 


1 


0. 35707 


1 


2.8O039 


1 21 


1 


3. 


13972 


1 


0. 


33783 


1 2. 96004 


1 


0.35740 


1 


2. 79802 


1 20 


1 


3. 


13656 


t 


0. 


33816 


1 2.93721 


1 


0.35772 


1 


2.79545 


1 19 


1 


3. 


13341 


1 


0. 


33848 


1 2.95437 


1 


0.338O3 


1 


2.79289 


1 18 


1 


3. 


13027 


1 


0. 


33881 


1 2.93155 


1 


0.33838 


1 


2.79033 


1 17 


1 


3. 


12713 


1 


0. 


33913 


I 2.94872 


1 


0.33871 


1 


2.78778 


1 16 


1 


3. 


12400 


1 


0. 


33945 


1 2.94391 


1 


0.33904 


1 


2.78323 


1 IS 


1 


3. 


12087 


1 


0. 


33978 


1 2.94309 


1 


0.33937 


1 


2.78269 


1 14 


1 


3. 


11775 


1 


0. 


34010 


1 2.94028 


1 


0.33969 


1 


2.78014 


I 13 


t 


3. 


11464 


1 


0. 


34043 


1 2.93748 


1 


0.36002 


1 


2.77761 


1 12 


t 


3. 


11153 


1 


0. 


34075 


1 2.93468 


1 


0. 36035 


1 


2.77307 


1 11 


1 


3. 


10842 


1 


0. 


34108 


1 2.93189 


t 


0.36O68 


1 


2.77254 


1 10 


t 


3. 


10532 


1 


0. 


34140 


1 2.92910 


1 


0.36101 


1 


2. 770O2 


1 9 


i 


3. 


10223 


1 


0. 


34173 


1 2.92632 


t 


0.36134 


t 


2.76730 


1 8 


1 


3. 


09914 


1 


0. 


34205 


1 2.92354 


t 


0.36167 


1 


2. 76498 


1 7 


1 


3. 


09606 


1 


0. 


34238 


1 2.92076 


1 


0.36199 


1 


2.76247 


1 6 


1 


3. 


09298 


1 


o. 


34270 


1 2.91799 


1 


0. 36232 


1 


2.75996 


1 3 


1 


3. 


08991 


1 


0. 


34303 


1 2.91523 


1 


0.36263 


1 


2. 7574A 


1 4 


1 


3. 


08683 


1 


o. 


34335 


t 2.91246 


1 


0.36298 


1 


2.73496 


1 3 


1 


3. 


08379 


1 


0. 


34368 


1 2.90971 


1 


0.36331 


1 


2.73246 


1 2 


1 


3. 


08O73 


1 


O. 


34400 


1 2.90696 


1 


0.36364 


1 


2.74997 


1 1 


1 


3. 


07768 


1 


0. 


34433 


t 2.90421 


1 


0. 36397 


1 


2. 74748 


1 0 



COT TAN COT TAN COT TAN COT TAN COT TAN M 

_ . I 

-73- -7 1 " 70* M 



AI-5 



I — 

INJ T**IM COT T^M COT T*=HM COT TfttM COT T^IM COT 



O 1 


O. 


36397 1 


2. 


74748 1 


0. 


38386 


2. 


60509 


0. 


40403 1 


2. 


47509 


0. 


42447 


2. 


35585 


0. 


44523 


1 2. 


24604 


1 60 


1 1 


0. 


36430 1 


2. 


74499 | 


0. 


38420 


2. 


602B3 


0. 


40436 1 


2. 


47302 


0. 


42482 


2. 


35393 


0. 


44558 


1 2. 


24428 


1 59 


2 1 


0. 


36463 1 


2. 


7425 1 1 


0. 


3S453 


2. 


6O057 


0. 


40470 1 


2. 


47095 


0. 


42516 


2. 


35205 


0. 


44593 


1 2. 


24232 


58 


3 1 


0. 


36496 1 


2. 


74004 1 


0. 


38487 


2. 


59G31 


0. 


40504 1 


2. 


46888 


0. 


42551 


2. 


35015 


0. 


44627 


1 2. 


24077 


1 57 


4 1 


0. 


36529 1 


2. 


73756 1 


0. 


38520 


2. 


59606 


0. 


40538 1 


2. 


46682 


0. 


42585 


2. 


34825 


0. 


44662 


1 2. 


23902 


1 56 


5 1 


0. 


36562 1 


2. 


73509 1 


0. 


38553 


2. 


59381 


0. 


40572 1 


2. 


46476 


O. 


42619 


2. 


34636 


0. 


44697 


1 2. 


23727 


1 35 


6 1 


0. 


36595 1 


2. 


73263 1 


0. 


38587 


2. 


59156 


0. 


40606 1 


2. 


46270 


0. 


42654 


2. 


34447 


0. 


44732 


1 2. 


23533 


1 54 


7 1 


0. 


36628 1 


2- 


73017 1 


0. 


38620 


2. 


58932 


0. 


40640 1 


2. 


46065 


0. 


42688 


2. 


34236 


I 0. 


44767 


1 2. 


23378 


1 33 


8 1 


0. 


3666 1 1 


2. 


7277 1 1 


0. 


38654 


2. 


58708 


0. 


40674 1 


2. 


45860 


0. 


42722 


2. 


34069 


0. 


44802 


1 2. 


23204 


1 52 


9 1 


0. 


36694 1 


2. 


72526 1 


0. 


38687 


2. 


58484 


0. 


40707 1 


2. 


45655 


0. 


42757 


2. 


33681 


1 0. 


44837 


1 2. 


2303O 


1 51 


10 1 


0. 


36727 1 


2. 


72281 1 


0. 


38721 


2. 


58261 


0. 


40741 


2. 


45451 


0. 


42791 


2. 


33693 


0. 


44872 


1 2. 


22637 


1 SO 


11 1 


0. 


36760 1 


2. 


72036 1 


0. 


38754 


2. 


5803B 


0. 


40775 1 


2. 


45246 


0. 


42826 


2. 


33503 


0. 


44907 


1 2. 


22683 


1 49 


12 1 


0. 


36793 1 


2. 


71792 1 


0- 


38787 


2. 


37815 


0. 


40B09 1 


2. 


45043 


0. 


42860 


2. 


33317 


1 0. 


44942 


1 2. 


22510 


i 48 


13 1 


0. 


36826 1 


2. 


71548 1 


0. 


38821 


2. 


57593 


0. 


40843 1 


2. 


44839 


o. 


42894 


2. 


33130 


o. 


44977 


1 2. 


22337 


1 47 


14 1 


0. 


36839 1 


2. 


71305 1 


0. 


38834 


2. 


57371 


0. 


40877 


2. 


44636 


0. 


42929 


2. 


32943 


0. 


45012 


1 2. 


22164 


1 46 


IS 1 


0. 


36892 1 


2. 


71062 1 


o. 


38888 


2. 


57150 


0. 


40911 ! 


2. 


44433 


0. 


42963 


2. 


32756 


0. 


43047 


1 2. 


21992 


1 43 


16 1 


0. 


36925 1 


2. 


70819 1 


0. 


38921 


2. 


S692B 


0. 


40945 1 


2. 


44230 


o. 


42998 


2. 


32570 


0. 


45082 


1 2. 


21619 


1 44 


17 1 


0. 


36938 1 


2. 


70577 1 


0. 


38935 


2. 


56707 


0. 


40979 1 


2. 


44027 


o. 


43032 


2. 


32383 


o. 


45117 1 


2. 


21647 1 


43 


18 1 


0. 


3699 1 1 


2. 


70335 1 


0. 


3898B 


2. 


564B7 


0. 


41013 1 


2- 


43823 


0. 


43067 


2. 


32197 


0. 


45152 1 


2. 


21473 1 


42 


19 1 


0. 


37024 1 


2. 


70094 1 


0. 


39022 


2. 


56266 


0. 


4 1047 1 


2. 


43623 


0. 


43101 


2. 


320 12 


0. 


45187 1 


2. 


21304 1 


41 


20 


0. 


37057 


1 2. 


69653 


0. 


39055 


2. 


56046 


0. 


41081 1 


2. 


43422 


0. 


43136 


2. 


31826 1 


0. 


45222 i 


2. 


21132 1 


40 


21 


0. 


37090 


2. 


69612 


0. 


39089 


2. 


55827 


o. 


41115 1 


2. 


43220 


o. 


43170 


2. 


31641 


0. 


45237 


2. 


20961 1 


39 


22 


0. 


37123 


2. 


69371 


0. 


39122 


2. 


5560B 


0. 


41149 1 


2, 


43019 


0. 


43205 


2. 


31456 


0. 


45292 


2. 


20790 1 


38 


23 


0. 


37157 1 


2. 


69131 1 


0. 


39156 


2. 


553B9 


0. 


41183 1 


2. 


42819 


0. 


43239 


2. 


31271 


0. 


45327 


2. 


20619 1 


37 


24 1 


0. 


37190 1 


2. 


68892 


0. 


39190 


2. 


55170 


0. 


41217 1 


2. 


42618 


0- 


43274 


2. 


31086 


0. 


45362 


1 2. 


20449 


36 


23 1 


0. 


37223 1 


2. 


68653 1 


0. 


39223 


2. 


54952 


0. 


41251 1 


2. 


42418 


0. 


43308 


2. 


30902 


0. 


45397 


1 2. 


20278 1 


1 35 


26 1 


0. 


37256 


2. 


68414 1 


0. 


39257 


2. 


54734 


0. 


41285 1 


1 2. 


42218 


0. 


43343 


2. 


30716 


1 0. 


45432 


1 2. 


20106 


34 


27 


0. 


372B9 


2. 


68175 1 


0. 


39290 


2. 


54516 


0. 


41319 1 


2. 


42019 


0. 


4337B 


2. 


30534 


0. 


45467 


I 2. 


19938 


33 


26 


0. 


37322 


2. 


67937 


0. 


39324 


2. 


54299 


0. 


41353 


1 2. 


41819 


0. 


43412 


2. 


30351 


o. 


45502 


1 2. 


19769 


32 


29 


0. 


37333 


2. 


67700 


0. 


39357 


2. 


54082 


1 0. 


41387 1 


1 2. 


41620 


0. 


43447 


2. 


30167 


0. 


45336 


2. 


19399 1 


31 




V/a 




& ■ 


o r *fOC 






4t- m 


53IW*5 




4 142 1 




4 1421 


o 


43481 


2. 


29984 


0. 


45573 1 


1 2- 


19430 1 


30 


31 


o. 


37422 


2. 


67225 


0. 


39425 


2. 


53648 


0. 


41455 1 


2. 


41223 


0. 


43316 


2. 


2980 1 


0. 


4560S 


2. 


19261 1 


29 


32 


0. 


37455 


2. 


66989 


0. 


39458 


2. 


53432 


0. 


41490 


2. 


41025 


0- 


433SO 


2. 


29619 


0. 


45643 1 


2. 


19092 1 


28 


33 


0. 


37488 


2. 


66752 


0. 


39492 


2. 


53217 


0. 


41524 


1 2. 


40827 


0. 


43585 


2. 


29437 


0. 


45676 1 


2. 


16923 1 


27 


34 


O- 


37521 


1 2. 


66516 


0. 


39526 


2. 


53001 


1 0. 


41558 


1 2. 


40629 


0. 


43620 


2. 


29234 


0. 


45713 1 


2. 


18733 ! 


26 


33 


0. 


37354 


1 2. 


66261 


1 0. 


39559 


2. 


52786 


I 0. 


41592 


1 2. 


40432 


0. 


43654 


2. 


29073 


0. 


45746 1 


2. 


18387 1 


1 23 


36 


0. 


37588 


1 2. 


66046 


0. 


39593 


2. 


52571 


1 0. 


41626 


1 2. 


40235 


0. 


43689 


2. 


28891 


0. 


43784 1 


2. 


18419 1 


24 


37 


o. 


37621 


2. 


65811 


1 0. 


39626 


t 2. 


52357 


1 0. 


41660 


1 2. 


40038 


0. 


43724 


2. 


28710 


0. 


45819 


1 2. 


16231 1 


1 23 


36 


0. 


37654 


2. 


65376 


0. 


39660 


2. 


52 142 


1 0. 


41694 


1 2. 


39841 


0, 


43758 


2. 


26328 


0. 


45634 


1 2. 


16084 1 


22 


39 


0. 


37687 


2. 


63342 i 


0. 


39694 


2. 


51929 


I o. 


41728 1 


1 2. 


39645 


0. 


43793 


2. 


26348 


0. 


45889 


1 2. 


17916 1 


21 


40 


0. 


37720 


1 2. 


63109 


0. 


39727 


2. 


51715 


I 0. 


41763 


I 2. 


39449 


0. 


43828 


2. 


26167 


0. 


45924 


1 2. 


17749 


20 


41 


0. 


37754 


2. 


64675 


0. 


39761 


2. 


51502 


1 0- 


41797 1 


1 2. 


39253 


0. 


43662 


2. 


27967 


0. 


43960 


2. 


17382 1 


1 19 


42 


1 0. 


37787 


1 2. 


64642 


1 0. 


39795 


2- 


51289 


1 0. 


41831 


1 2- 


39058 


0. 


43697 


2. 


27606 


0. 


45993 


2. 


17416 1 


18 


43 


t 0. 


37820 


1 2. 


64410 


0. 


39829 


2. 


51076 


I 0. 


41863 


1 2. 


38863 


0. 


43932 


2. 


27626 


0. 


46030 


1 2. 


17249 


17 


44 


1 0. 


37853 


1 2. 


64177 


1 0. 


39862 


2. 


50864 


1 0- 


41899 


1 2. 


38668 


0. 


43966 


2. 


27447 


0. 


46065 


2. 


17083 1 


16 


43 


1 0. 


37887 


1 2. 


63945 


1 0. 


39896 


2. 


50652 


1 O- 


41933 


! 2. 


38473 


0. 


44001 


2. 


27267 


0. 


46101 1 


2. 


16917 1 


13 


46 


1 o. 


37920 


1 2. 


63714 


1 0. 


39930 


2. 


5044O 


1 0. 


41968 


I 2. 


38279 


0. 


44036 


2. 


27088 


0. 


46136 1 


2. 


16731 1 


14 


47 


1 0. 


37953 


1 2. 


63483 


1 o. 


39963 


2. 


50229 


1 0. 


42002 


1 2. 


38084 


0. 


44071 


2. 


26909 


0. 


46171 1 


2. 


16583 1 


13 


48 


1 0. 


37986 


1 2. 


63252 


I o. 


39997 


2. 


50018 


1 0. 


42036 


1 2. 


37891 


0. 


44105 


2. 


26730 


0. 


46206 1 


2. 


16420 1 


12 


49 


1 0. 


38020 


1 2. 


63021 


1 0. 


40031 


2. 


49807 


1 0. 


42070 


1 2. 


37697 


0. 


44140 


2. 


26552 


0. 


46242 1 


2. 


16233 1 


11 


50 


1 0. 


38053 


1 2. 


62791 


1 0. 


40065 


2. 


49597 


1 0. 


42105 


I 2. 


37504 


0. 


44175 


2. 


26374 


0. 


46277 1 


2. 


16090 1 


10 


31 


1 0. 


38086 


1 2. 


62561 


1 o. 


40098 


2. 


49386 


1 0. 


42139 


1 2. 


37311 


0. 


44210 


2. 


26196 


0. 


46312 1 


2. 


13925 1 


9 


52 


1 0. 


38120 


1 2. 


62332 


1 0. 


40132 


2. 


49177 


1 0. 


42173 


1 2. 


371 IB 


0. 


44244 


2. 


260 IB 


0. 


46348 


2. 


15760 1 


8 


53 


t 0. 


38153 


1 2. 


62103 


1 0. 


40166 


2. 


48967 


1 0. 


42207 


1 2. 


36925 


0. 


44279 


2. 


23840 


0. 


46363 


2. 


15596 


7 


54 


1 0. 


38186 


1 2. 


61874 


1 0. 


402OO 


2. 


48758 


1 0. 


42242 


1 2. 


36733 


0. 


44314 


2. 


23663 


0. 


46418 


2. 


13432 1 


6 


53 


1 0. 


38220 


1 2. 


61646 


1 0. 


40234 


2. 


48549 


1 0. 


42276 


1 2. 


36541 


0. 


44349 


2. 


254B6 


0. 


46454 


1 2. 


15268 I 


3 


56 


1 0. 


38253 


1 2. 


61418 


1 0. 


40267 


2. 


48340 


1 0. 


42310 


1 2. 


36349 


0. 


44384 


2. 


23309 


0. 


46489 


2. 


15104 1 


4 


57 


1 0. 


38286 


t 2. 


61190 


I 0. 


40301 


2. 


48132 


1 0. 


42345 


I 2. 


36158 


0. 


44416 


2. 


25132 


0. 


46523 


2. 


14940 1 


3 


58 


1 0. 


38320 


1 2. 


60963 


1 0. 


40335 


2. 


47924 


1 o. 


42379 


1 2. 


35967 


0. 


44453 


2. 


24956 


0. 


46560 1 


2. 


14777 1 


2 


59 


1 0. 


38353 


1 2. 


60736 


1 0. 


40369 


2. 


47716 


1 0. 


42413 


1 2. 


35776 


0. 


444B8 


2. 


24780 


0. 


46595 1 


2. 


14614 1 


1 


60 


1 0. 


38386 


1 2. 


60509 


1 0- 


40403 


2. 


47509 


1 o. 


42447 


1 2. 


35585 


0. 


44523 


2. 


24604 


0. 


46631 1 


2. 


14431 1 


0 



COT T#=%IM COT T^tM COT T**IM COT T«IM COT T**IM M 

I 

£>S>" <£»0~ 6z>~7~ <t»r5* IM 



AI-6 



I 

N TAN COT TAN COT TAN COT TAN COT TAN 



0 1 


0. 


46631 1 


2. 


14451 1 


0. 


48773 1 


2. 


05030 1 


0- 


50953 ( 


1 


.96261 1 


0. 


53171 1 


1. 


88073 1 


0. 


53431 1 


1. 


80403 


1 60 


1 1 


0. 


46666 1 


2. 


142BB 1 


0. 


48809 1 


2. 


04879 1 


0. 


50989 ( 


1 


.96120 1 


0. 


33208 1 


1. 


87941 1 


0. 


35469 1 


1. 


80281 


1 39 


2 1 


0. 


46702 1 


2. 


14125 1 


0. 


48845 1 


2- 


04728 1 


0. 


51026 t 


1 


.95979 1 


0. 


33246 1 


1. 


87809 1 


O. 


35307 1 


1.80138 


1 38 


3 1 


O. 


46737 1 


2. 


13963 1 


0. 


4888 1 1 


2. 


04577 1 


O. 


31063 1 


1 


.95838 1 


o. 


53283 1 


1. 


87677 1 


0. 


33345 1 


1. 


80034 


1 37 


4 1 


0. 


46772 1 


2. 


13801 1 


0. 


48917 1 


2. 


04426 1 


0. 


51099 1 


1 


.95698 1 


0. 


53320 1 


1. 


87546 1 


0. 


35383 1 


1. 


79911 


1 36 


5 1 


0. 


46808 1 


2. 


13639 1 


0. 


48953 1 


2. 


04276 1 


0. 


51136 1 


1 


. 95557 1 


0. 


53358 1 


1. 


87413 1 


o. 


53621 1 


1. 


79788 


1 33 


6 1 


o 


46843 1 


2. 


13477 1 


o. 


48989 1 


2. 


04125 1 


0. 


51173 1 


1 


. 95417 


0. 


53395 1 


1. 


87283 1 


0. 


35639 1 


1. 


79665 


1 34 


7 1 

* 




46B79 1 


2. 


13316 1 


o. 


49026 1 


2. 


03975 1 


o. 


51209 1 


1 


. 95277 1 


0. 


33432 1 


1. 


87152 


0- 


33697 1 


1. 


79342 


1 53 


8 1 


O. 


469 14 1 


2. 


13154 1 


0. 


49062 1 


2. 


03823 


0- 


51246 1 


1 


.95137 1 


0. 


33470 1 


1. 


87021 


0. 


33736 1 


1. 


79419 


1 32 


9 1 


0. 


46950 1 


2. 


12993 1 


o. 


49098 1 


2. 


03675 1 


0, 


31283 1 


1 


. 94997 


0. 


33507 1 


1. 


86891 1 


0. 


33774 1 


1. 


79296 


1 51 


10 1 


0. 


46985 1 


2. 


12832 1 


o. 


49134 1 


2. 


03526 


o. 


31319 1 


1 


. 9485B 


0. 


53343 1 


1. 


86760 1 


0. 


33812 1 


1. 


79174 


1 50 


1 1 1 


0. 


47021 1 


2. 


1267 1 1 


0. 


49170 1 


2. 


03376 


0. 


51356 1 


1 


.947 IB 1 


0. 


33382 1 


1. 


86630 I 


0. 


53830 1 


1. 


79051 


1 49 


12 1 


0. 


47036 1 


2. 


1231 1 1 


0. 


49206 I 


I 2. 


03227 


0. 


51393 1 


1 


. 94579 


0. 


53620 1 


1. 


86499 


0. 


33888 1 


1. 


78929 


1 48 


13 1 


0. 


47092 1 


2. 


12330 1 


0. 


49242 ! 


2. 


03078 


0. 


51430 1 


1 


.94440 1 


0. 


33637 1 


1. 


86369 


0. 


33926 1 


1. 


708O7 


1 47 


14 1 


0. 


47 128 1 


2. 


12 190 1 


o. 


49278 


2. 


02929 


0. 


51467 1 


1 


. 94301 


0. 


53694 1 


1. 


86239 


0.93964 1 


1. 


78683 


t 46 


15 1 


0. 


47 163 1 


2. 


12030 1 


0. 


49313 


1 2. 


02780 


0- 


5 1503 1 


1 


. 94 162 1 


0. 


53732 1 


1. 


86109 


0. 


36003 1 


1. 


78363 


I 43 


16 1 


0- 


47199 1 


2. 


1 187 1 1 


0. 


49351 1 


1 2. 


02631 


0- 


51540 1 


1 


. 94023 


0. 


53769 1 


1. 


83979 


0. 


36041 1 


1. 


78441 


1 44 


17 1 




47234 1 


2 


1 17 1 1 1 


o 


49387 


I 2 


02483 


o. 


31377 1 


1 


. 93883 1 


0. 


53807 1 


1. 


83830 


0. 


36079 1 


1. 


78319 


1 43 


18 1 


1 O- 


47270 1 


2. 


1 1352 1 


0. 


49423 


1 2. 


02335 


o. 


51614 1 


1 


. 93746 


0. 


53844 1 


1. 


83720 


0. 


36117 1 


1. 


78198 


1 42 


19 1 


O- 


47305 1 


2. 


1 1392 1 

A A V ah 


o. 


49439 


2. 


02187 


0. 


51651 1 


1 


. 93608 1 


0. 


33882 1 


1. 


83391 


0. 


36156 1 


1. 


78077 


1 41 


20 1 


O- 


4734 1 1 


2. 


1 1233 1 


O- 


49495 


1 2- 


02039 


0. 


5 1688 1 


1 


. 93470 1 


0. 


53920 1 


1. 


83462 


0. 


56194 1 


1. 


77933 


1 40 


21 1 


v * 


47377 1 


2 


1 1073 1 


o 


49532 


2. 


01891 


o. 


51724 1 


1 


. 93332 


0. 


33957 1 


1. 


85333 


0. 


36232 1 


1. 


77834 


1 39 




A 


474 12 




10916 1 


A 

\-¥ m 


49568 


1 2 

^k * 


01743 


o. 


51761 1 


1 


. 93 193 


o. 


53993 1 


1. 


85204 


0. 


36270 1 


1. 


77713 


1 38 


23 1 




47448 1 


2 


107S8 1 




49604 


I 2- 


01596 


o. 


51798 1 


1 


. 93057 


0. 


54032 1 


1. 


85073 


0. 


36309 1 


1. 


77392 


1 37 


24 1 


O. 


47483 


2. 


10600 1 


1 0. 

a 


49640 


1 2. 

^k ■ 


01449 


o. 


3 1835 1 


1 


. 92920 


0. 


54070 1 


1. 


84946 


0. 


36347 1 


1. 


77471 


1 36 


23 1 


0- 


47319 1 


2. 


10442 1 


1 0. 


49677 


1 2. 


01302 


0. 


31B72 1 


1 


. 927B2 


0. 


54 107 1 


1. 


84818 


0. 


36383 1 


1. 


77331 


1 33 


26 1 


1 0. 


47355 


1 2. 


10284 1 


1 0. 


49713 


1 2. 


01 155 


o. 


51909 1 


1 


. 92645 


0. 


54145 1 


1. 


84689 


0. 


36424 1 


1. 

* * 


77230 


t 34 


27 1 


1 0- 


47590 I 


t 2. 


10126 1 


1 o. 


49749 


[ 2. 


01008 


0. 


51946 1 


1 


. 92508 


0. 


54 183 1 


1. 


84361 


0. 


36462 1 


1. 


77110 


1 33 


28 1 


1 0. 


47626 1 


2. 


09969 1 


1 0. 


49786 


1 2. 


00862 


0. 


51983 1 


1 


. 9237 1 


0. 


54220 1 


1. 


84433 


0. 


36501 1 


1. 


76990 


1 32 


29 1 


0- 


47662 1 


2. 


09811 1 


1 0. 


49822 


I 2. 


00715 


0. 


52020 1 


1 


.92233 


0. 


54238 1 


1. 


84303 


0. 


36S39 1 


1. 


76869 


1 31 


30 1 


1 0. 


47698 


1 2. 


09634 


1 0, 


49838 


2. 


00569 


0. 


52057 1 


* 

1 


. 92098 


0. 


54296 1 


1. 


84177 


0. 


36377 1 


1. 


76749 


1 30 


31 1 


1 0. 


47733 1 


2. 


09498 1 


1 0. 


49894 


1 2. 


00423 


0. 


52094 1 


1 


.91962 


0. 


34333 1 


1. 


84049 


0. 


56616 1 


1. 


76629 


1 29 


32 1 


0. 


47769 


2. 


09341 


1 0. 


49931 


1 2. 


00277 


0. 


52131 1 


1 


.91826 


0. 


54371 1 


1. 


83922 


0. 


36634 1 


1. 


76310 


1 28 


33 1 


0. 


47805 1 


2. 


09184 1 


1 0. 


49967 


! 2. 


00131 


0. 


32168 1 


1 


.91690 


o. 


34409 1 


1. 


83794 


0. 


36693 1 


1. 


76390 


1 27 


34 1 


0. 


47840 1 


1 2. 


09028 


1 0. 


50004 


1 1. 


99986 


0. 


52205 1 


1 


.91554 


0. 


34446 1 


1. 


83667 


0. 


36731 1 


1. 


76271 


1 26 


33 1 


0. 


47876 1 


2. 


08872 


t 0. 


50040 


1 1. 


99841 


o. 


52242 1 


1 


.91418 


0. 


34484 1 


1. 


83340 


0. 


36769 1 


1. 


76131 


1 23 


36 1 


0. 


47912 


1 2. 


08716 


1 0. 


30076 


1 1. 


99695 


0. 


32279 1 


1 


.91282 


0. 


54522 1 


1. 


83413 


0. 


568C8 1 


1. 


76032 


1 24 


37 1 


o. 


47948 


2. 


08S60 


1 o. 


50113 


t 1. 


99550 


o. 


32316 1 


1 


.91147 


o. 


54560 1 


1. 


83286 


t o. 


56846 1 


1. 


73913 


i 23 


38 1 


o. 


47984 


1 2. 


08405 


I 0. 


30149 


1 1. 


99406 


0. 


52353 t 


1 


.91012 


0. 


54597 1 


1. 


83159 


1 0. 


1 


1. 


73794 


1 22 


39 1 


0. 


48019 1 


1 2. 


08230 


1 o. 


50185 


1 1. 


99261 


0. 


52390 1 


1 


. 90876 


0. 


54635 1 


1. 


83033 


1 0. 


56923 1 


1. 


73675 


1 21 


40 1 


1 0. 


48035 


1 2. 


08094 


1 o. 


30222 


1 1. 


99116 


0. 


52427 1 


1 


. 9074 1 


0. 


54673 1 


1. 


82906 


1 0. 


56962 1 


1. 


73336 


1 20 


41 


1 0. 


48091 


1 2. 


07939 


1 0. 


30258 


1 1. 


98972 


0. 


52464 1 


1 


. 90607 


o. 


54711 1 


1. 


82780 


1 0. 


370OO 1 


1. 


75437 


1 19 


42 


1 0. 


48127 


1 2. 


07785 


1 0. 


50295 


1 1. 


98828 


0. 


52501 1 


1 


. 90472 


1 0. 


34748 1 


1. 


82634 


1 0. 


37039 1 


1. 


73319 


1 18 


43 


1 o. 


48163 


1 2. 


07630 


1 0- 


50331 


1 1. 


98684 


0. 


32338 1 


I 


. 90337 


0. 


54786 1 


1. 


82328 


0.57078 1 


1. 


7S200 


1 17 


44 


1 0. 


48198 


! 2. 


07476 


1 0. 


50368 


1 1. 


98540 


0. 


52375 1 


1 


. 90203 


1 0. 


54824 1 


1. 


82402 


1 0. 


37116 1 


1. 


73082 


i 16 


43 


1 0. 


48234 


1 2. 


07321 


1 0. 


50404 


1 1. 


98396 


0. 


52613 1 


1 


.90069 


1 0. 


54862 1 


1. 


82276 


0. 


57135 1 


1. 


74964 


1 IS 


46 


1 0. 


48270 


1 2. 


07167 


1 0. 


50441 


1 1. 


98233 


0. 


32650 1 


1 


. 89935 


1 0. 


54900 1 


1. 


82130 


0. 


37193 1 


1. 


74846 


1 14 


47 


1 0. 


48306 I 


1 2. 


07014 


1 0. 


30477 


1 1. 


98110 


0. 


52687 1 


1 


.89801 


0. 


54938 1 


1. 


82023 


0. 


57232 1 


1. 


74728 


1 13 


48 


1 0. 


48342 


1 2. 


06860 


1 0. 


50514 


1 1. 


97966 


o. 


52724 1 


1 


. 89667 


0. 


54975 1 


1. 


81899 


0. 


37271 1 


1. 


74610 


1 12 


49 


1 0. 


48378 


1 2. 


06706 


1 0. 


50530 


1 1. 


97823 


0. 


52761 1 


1 


. 89533 


1 0. 


55013 1 


1. 


81774 


0. 


37309 1 


1. 


74492 


1 11 


SO 


1 0. 


48414 


1 2. 


06553 


1 0. 


50587 


1 1. 


97681 


0. 


5279B 1 


1 


.8940O 


I o. 


55051 1 


1. 


81649 


0. 


57348 1 


1. 


74373 


1 10 


31 


1 0. 


48450 1 


1 2. 


06400 


1 0. 


50623 


1 1. 


97538 


0. 


52836 1 


1 


.89266 


1 o. 


33089 1 


1. 


81524 


0. 


57386 1 


1. 


74257 


1 9 


32 


1 0. 


48486 


1 2. 


06247 


1 0. 


50660 


1 1. 


97395 


0. 


52B73 1 


1 


.89133 


1 o. 


55127 1 


1. 


81399 


0. 


57423 1 


1. 


74140 


1 8 


53 


1 0. 


48321 


1 2. 


06094 


1 0. 


50696 


1 1. 


97253 


1 0. 


52910 1 


1 


.89000 


1 0. 


55163 1 


1. 


81274 


0. 


57464 1 


1. 


74022 


t 7 


34 


1 0. 


48337 


1 2. 


03942 


1 0. 


50733 


1 1. 


97111 


1 0. 


52947 1 


1 


.88867 


1 0. 


55203 I 


1. 


81130 


0. 


37303 1 


1. 


73905 


1 6 


33 


1 0. 


48593 


1 2. 


05790 


1 0. 


50769 


1 1. 


96969 


1 0. 


529B5 1 


1 


.88734 


1 o. 


5324 1 1 


1. 


81025 


1 0. 


57341 1 


1. 


737BB 


1 3 


56 


1 0. 


48629 


1 2. 


05637 


1 0. 


S0B06 


1 1. 


96827 


t 0. 


53022 1 


1 


. 88602 


1 0. 


55279 1 


1. 


80901 


1 0. 


375BO 1 


1. 


73671 


1 4 


57 


1 0. 


48665 


1 2. 


05485 


1 0. 


50843 


1 1. 


96685 


0. 


53059 1 


1 


. 88469 


1 0. 


55317 1 


1. 


80777 


1 0. 


57619 1 


1. 


73535 


1 3 


58 


1 0. 


48701 


1 2. 


05333 


1 0. 


50879 


1 1. 


96544 


1 0. 


53096 1 


1 


.88337 


1 0. 


55355 1 


1. 


B0653 


1 0. 


57657 1 


1. 


73438 


1 2 


59 


1 0. 


48737 


1 2. 


05182 


1 0. 


50916 


1 1. 


96402 


1 0. 


53134 1 


1 


.88203 


1 0. 


55393 1 


1. 


80529 


1 0. 


57696 1 


1. 


73321 


1 1 


60 


1 0. 


48773 


1 2. 


05030 


1 0. 


50953 


1 1. 


96261 


1 0. 


53171 


1 


.88073 


1 0. 


55431 1 


1. 


B0405 


1 0. 


57735 1 


1. 


73205 


1 0 



COT TAN COT TAN COT TAN COT TAN COT TAN M 

I 

<^^- A3* 6.2* AO- N 



AI-7 



rt 


30* 




3 1" 














3^-~ 






i 

IM 


T**IM 


COT 




COT 


T<=klM 


COT 


T^IM 


COT 




T**IM 


COT 




0 1 


0.57735 1 1 


.73205 1 


0. 60086 1 1 


.66428 1 


0.62487 1 1 


. 60033 1 


0.64941 1 1 


.53986 


1 


0.67451 1 1 


L. 48236 1 


60 


1 1 


0-37774 1 1 


.73089 1 


0.60126 1 1 


.66318 1 


0.62527 1 1 


. 59930 1 


0.64982 1 1 


.53888 


1 


O. 67493 I 1 


1.48163 1 


59 


2 1 


O. 378 13 1 1 


.72973 \ 


0.6O165 1 1 


.66209 1 


0.62566 1 1 


.59826 1 


0.65024 1 1 


.53791 


1 


0.67336 1 1 


1 . 46070 1 


38 


3 1 


0.37831 t 1 


.72837 1 


0.60205 1 1 


.66099 1 


0.62608 1 1 


.59723 1 


0.65065 1 1 


.53693 


1 


0.67578 1 i 


1 . 47977 1 


57 


4 1 


0.37890 1 1 


.72741 1 


0.60245 t 1 


.65990 1 


0.62649 1 1 


.39620 1 


0.65106 1 1 


.53395 


1 


0.67620 1 1 


1.47085 1 


56 


5 1 


0.57929 1 1 


.72623 t 


0.60284 1 1 


.65881 1 


0.62669 1 1 


.59517 1 


0.65148 1 1 


.53497 


I 


0.67663 1 J 


L. 47792 1 


35 


6 1 


0.57968 1 1 


.72509 1 


0.60324 1 1 


.65772 1 


0.62730 1 1 


.59414 1 


0.65189 1 ] 


L.334O0 


1 


0.67705 1 1 


t. 47699 1 


54 


7 1 


0.58007 1 1 


.72393 1 


0.60364 1 1 


L . 65663 1 


0.62770 1 1 


.59311 1 


0.65231 1 1 


.53302 


1 


0.67748 1 1 


L.47607 1 


53 


8 1 


0.58O46 1 1 


.72278 1 


0.60403 1 1 


1. 65554 1 


0.62811 1 1 


.59208 1 


0.65272 1 1 


1.53205 


1 


0.67790 1 1 


1.47514 1 


32 


9 1 


0.58O8S 1 1 


.72163 1 


0.60443 1 1 


1.65445 1 


0.62852 1 1 


.59105 1 


0.65314 1 1 


.53107 


1 


0.67832 1 1 


1 . 47422 1 


31 


10 1 


0.38124 1 1 


.72047 1 


0.60483 1 1 


1.65337 1 


0.62892 1 1 


.59002 1 


0.65355 1 1 


1.53010 


1 


0.67873 1 ] 


1 . 47330 1 


30 


11 1 


0.38162 1 1 


.71932 1 


O. 60522 1 1 


1.65226 1 


0.62933 1 1 


.58900 1 


0.65397 1 1 


1.52913 


1 


0.67917 1 1 


1 . 47238 1 


49 


12 1 


0.382O1 1 1 


.71817 1 


O. 60362 1 1 


1.65120 1 


0.62973 t 1 


.58797 1 


O- 63438 1 1 


1.52816 


1 


0.6796O 1 1 


L. 47146 1 


48 


13 1 


0.38240 1 1 


.71702 1 


0.60602 1 1 


1.63011 1 


0.63O14 1 J 


.58695 1 


O. 65480 1 1 


1. 52719 


t 


0 . 68O02 1 1 


L. 47053 


47 


14 1 


0.58279 1 1 


.71588 1 


0.60642 1 1 


1.64903 1 


0.63O33 1 1 


..58593 1 


0. 6552 1 1 1 


1 . 52622 


1 


0.68045 t 1 


L . 46962 1 


46 


IS 1 


0. 38318 1 1 


.71473 1 


0.60681 1 1 


1.64793 1 


0.63O95 1 J 


..58490 1 


0.65563 1 1 


1.52525 


1 


0.68008 1 J 


L. 46870 


45 


16 1 


0.58357 1 1 


.71358 1 


0.6O721 1 1 


1.64687 1 


0.63136 1 1 


.58388 1 


0.65604 1 1 


L. 52429 


1 


0.6813O 1 J 


L . 46778 1 


44 


17 1 


0.58396 1 1 


.71244 1 


0.60761 I 1 


1.64379 1 


0.63177 1 1 


.58286 1 


0.65646 < 1 


1.52332 


1 


0.68173 t 1 


L. 46686 1 


43 


IB 1 


0.38435 1 1 


1.71129 1 


0.60801 1 1 


L. 64471 1 


0.63217 t 1 


.58184 1 


O. 65688 1 1 


1.52233 


1 


0.68215 1 1 


L. 46595 1 


42 


19 1 


0.58474 1 1 


1.71015 1 


0.60841 1 1 


L. 64363 1 


0. 63258 1 1 


..58083 1 


0.65729 1 1 


1.52139 


1 


0.68236 1 1 


L. 46303 I 


41 


20 1 


0.58513 1 1 


L. 70901 1 


0.60681 1 1 


L. 64256 1 


0.63299 1 1 


,.57981 1 


0.63771 I 1 


L.52043 


1 


0.68301 1 1 


L. 4641 1 1 


1 40 


21 1 


0.58352 1 1 


1.707B7 1 


0.6O921 1 1 


L. 64146 1 


0.63340 1 1 


.57879 \ 


0.65813 t 1 


L. 51946 


1 


0.68343 1 1 


L. 46320 


39 


22 1 


0.38591 1 1 


L. 70673 1 


0.60960 1 1 


L. 64041 1 


0.63380 1 1 


1.57778 1 


0.63834 t 1 


1.51850 


1 


0.68386 1 1 


L. 46229 


38 


23 1 


0.58631 1 1 


L.7056O 1 


0.61000 1 1 


L. 63934 1 


0.63421 I 1 


L. 57676 1 


0.63896 1 1 


L. 51734 


1 


0.68429 1 1 


L. 46137 


1 37 


24 1 


0.58670 1 1 


L. 70446 1 


0.61040 1 1 


L. 63826 1 


O. 63462 1 1 


1 . 57575 


0.65938 1 1 


L. 51658 


1 


0.68471 I 1 


L . 46046 


1 36 


25 1 


0.58709 1 1 


L. 70332 1 


0.61080 1 3 


L. 637 19 1 


0.63503 ( I 


L . 57474 


0.65980 1 1 


L. 51362 


1 


0.68314 1 ] 


L. 49995 1 


1 35 


26 1 


0.58748 t 1 


L. 70219 1 


1 0.61120 1 1 


L. 63612 


0.63544 1 1 


L . 57372 


0.66021 1 1 


1 . 5 1466 


1 


0.68337 1 1 


L. 45864 


1 34 


27 1 


0.58787 t 1 


L.70106 1 


1 0.61160 t J 


L.63503 


0.63584 1 1 


t . 5727 1 


0 . 66063 1 ] 


L . 5 1370 


1 


0.6B600 1 1 


L . 43773 


1 33 


28 1 


0.58826 1 1 


1.69992 


I 0.61200 i : 


L. 63398 


0.63625 1 1 


1.57170 


0.66105 1 1 


L . 5 1275 


1 


0.68642 1 1 


L. 45682 


I 32 


29 1 




t. 69879 1 


1 0.61240 1 : 


1 . 63292 


0.63666 1 1 


1 . 57069 


0.66147 1 1 


L.S1 179 


1 


0.68685 1 3 


t. 45592 


1 31 


30 


0.389O5 1 1 


L. 69766 


1 0.61280 1 : 


L . 63 183 


0.63707 1 1 


1 . 56969 


0.66189 1 ] 


1.31064 


1 


0.68728 1 3 


L.43301 


1 30 


31 


0.38944 1 ] 


L . 69653 


1 0.61320 i : 


L . 63079 


0.63748 1 1 


L. 56868 


0.66230 1 1 


L.50986 


1 


0.60771 1 ; 


L. 45410 


1 29 


32 


0.58983 1 ] 


L. 69541 


1 0.61360 1 : 


I . 62972 


0.63789 1 1 


L. 56767 


0.66272 1 1 


L. 30893 


1 


0.68814 1 3 


L. 45320 


1 28 








1 O 61400 I : 




0 . 63830 1 1 


L. 56667 


0.66314 1 1 


L . 50797 


1 




1.45229 


1 27 


34 


0.59061 1 ] 


t. 69316 


1 0.61440 I J 


L . 62760 


0.63871 1 1 


L. 56566 


1 0.66356 1 J 


L.30702 


1 


0.60900 1 


1.43139 


t 26 




ft *W1A1 I 1 




1 ft &14BO 1 1 




b . 639 12 I 1 


I . 56466 


1 0.66398 1 J 


L.50607 


I 


0.68942 1 


L.45049 


1 25 


36 


1 0.59140 1 1 


1.69091 


1 0.61S2O 1 1 


L. 62546 


0.63953 1 1 


1 . 56366 


1 0.66440 1 3 


L.50512 


1 


0.68983 1 


t. 44958 


1 24 


37 


1 0.59179 t ] 


1. 68979 


1 0.61561 1 1 


1 . 62442 


0.63994 1 1 


L. 56263 


1 0.66482 1 : 


1.30417 


1 


0.69O28 1 3 


1.44868 


t 23 


38 


1 0.59218 1 1 


1. 68866 


1 0.61601 t J 


I. 62336 


0.64035 1 1 


L. 36163 


1 0.66524 1 3 


L. 30322 


1 


0.69O71 1 


L . 44778 


1 22 


39 


1 0.59258 1 1 


L. 68754 


1 0.61641 1 


1.62230 


f 0.64O76 t : 


L.56065 


t 0.66S66 1 : 


L.30228 


1 


0.69114 1 


t. 44688 


1 21 


40 


1 0.59297 1 1 


L. 68643 


1 0.61681 1 


1.62125 


1 0.64117 1 1 


L. 55966 


1 0.66608 1 : 


L.50133 


1 


0.69157 1 


1.44598 


1 20 


41 


1 0.59336 1 


L. 68331 


1 0.61721 1 


1.62019 


1 0.64158 1 1 


L . 33866 


1 0.66650 1 : 


L.50038 


1 


0.69200 1 


1.44500 


1 19 


42 


1 0.59376 1 


L. 68419 


1 0.61761 1 


1.61914 


1 0.64199 1 1 


L. 35766 


1 O. 66692 1 : 


L. 49944 


1 


0.69243 1 


1.44418 


1 10 


43 


1 0.59415 1 


L.68308 


1 0.61801 1 


1.61808 


t O. 64240 1 : 


L . 55666 


1 0.66734 1 : 


L. 49849 


1 


0.69286 1 


1.44329 


1 17 


44 


1 0.59454 1 


I . 68 196 


1 0.61B42 1 


1.61703 


1 0.64281 1 : 


L. 55567 


1 0.66776 1 : 


1.49755 


1 


0.69329 1 


1.44239 


1 16 


43 


1 0.59494 1 


1.68063 


1 0.61882 1 


1.61598 


1 0.64322 1 1 


1 . 55467 


1 0.66818 1 


t. 49661 


1 


0.69372 1 


1.44149 


1 15 


46 


1 0.59533 i 


1.67974 


1 0. 6 1922 > 


1.61493 


1 0.64363 1 : 


L . 55368 


1 0.66860 1 


1.49566 


1 


0.69416 1 


1.44060 


1 14 


47 


1 0.59373 1 


1 . 67863 


1 0.61962 1 


1.61388 


1 0.644O4 t : 


L . 55269 


1 0.66902 f 


1 . 49472 


1 


0.69459 1 


1 . 43970 


1 13 


48 


1 0.39612 1 


1.67752 


t 0.62003 1 


1.61283 


1 0.64446 1 I 


L . 55170 


1 0.66944 1 


1.49378 


1 


0.695O2 1 


1.43881 


1 12 


49 


1 0.59651 1 


L. 67641 


1 0.62043 1 


1.61179 


> 0.64487 1 : 


I. 55071 


1 0.66986 t 


1.49284 


1 


0.69345 t 


1.43792 


1 11 


50 


1 0.59691 1 


1.67530 


1 0.62O83 t 


1.61074 


1 0.64528 1 : 


t . 54972 


1 0.67028 t 


1.49190 


1 


0.69588 1 


1.43703 


1 10 


51 


1 0.5973O I 


1.67419 


1 0.62124 t 


1 . 60970 


1 0.64569 1 : 


L . 54873 


1 0.67071 1 


1.49097 


t 


0.69631 1 


1.43614 


1 9 


52 


1 0.59770 1 


1 . 67309 


1 0.62164 1 


1.60865 


1 0.64610 1 . 


t . 54774 


1 0.67113 1 


1.49O03 


1 


0.69675 1 


1.43525 


1 8 


53 


1 0.59B09 1 


1.67198 


t 0.622O4 1 


1.60761 


> 0.64652 1 . 


1 . 54675 


1 0.67155 1 


1.48909 


1 


0.69718 1 


1.43436 


1 7 


54 


t 0.59849 1 


1.67088 


1 O. 62245 t 


1 . 60657 


t 0.64693 1 


1 . 54576 


1 0.67197 1 


1.48816 


1 


0.69761 1 


1.43347 


1 6 


55 


1 0.59888 1 


1 . 66978 


1 0.62285 1 


1 . 60553 


t 0.64734 1 . 


1 . 54478 


1 0.67239 1 


1.48722 


1 


0.698O4 1 


1.43258 


1 5 


56 


1 0.59928 1 


1 . 66867 


1 0.62325 1 


1 . 60449 


1 0.64775 1 


1.54379 


1 0.67282 1 


1.48629 


1 


0.69847 1 


1.43169 


1 4 


37 


1 0.39967 1 


1 . 66757 


1 0.62366 1 


1.60345 


i 0.64817 1 


1.54281 


1 0.67324 1 


1.48536 


1 


0.69891 1 


1.43080 


1 3 


58 


t 0.60O07 1 


1.66647 


1 0.62406 1 


1 . 6024 1 


t 0.64858 1 


1.541B3 


1 0.67366 1 


1.48442 


I 


0.69934 1 


1.42992 


1 2 


39 


f 0.60O46 1 


1 . 66538 


1 0.62446 1 


1.60137 


1 0.64899 1 


1 . 54085 


1 0.67409 1 


1.48349 


1 


0.69977 1 


1.42903 


1 1 


60 


I 0.60086 1 


1 . 6642B 


1 0.62487 1 


1 . 60033 


1 0.64941 1 


1.539B6 


1 0.67451 1 


1.48256 


1 


0.70O21 1 


1.42815 


1 0 




COT 


Trf=*M 


COT 


Trf^lNJ 


COT 


T**IM 




T**IM 




COT 


T**IM 


M 
I 


























N 



AI-8 



M 3S- 3<£»* 3Q- 3«t?* 

I • ■ 

N TAN COT TAN COT TAN COT TAN COT TAN COT 



KJ 1 


fx 


/ 1 ] J 


1 4l~>f3 t "5 1 

. * *T*vO k*J 


KJ ■ 


/ llDJ"» 1 


1 




rj 


/ 1 


1 

1 ■ 




ri 
v . 


70 1 90 1 


1 


4£ / 777 1 


\j 4 


RD07P 1 1 


77. A«»ri 1 

l 4 4v07 wKJ 1 


ou 


1 1 


fX 


1 1 

/ yJ\JQ*+ I J 


. ■ Tat t CD 


f\ 


i A.O~W 1 


1 


7,7«* 1 


f\ 

V ■ 


f sty x 1 


4 

* ■ 




*j ■ 


7fl 4 -J*K 1 


4 

1 4> 


tf 71/ 1 


KJ 4 


n 1 n?7 1 1 

D 1 KJ*- til 


07J 4 JL | 

V 4 *t-«>7 IO 1 


»J7 


o 


A 

kj ■ 


f\J\KJ/ 1 i 


L ■ 4cOoD 


i~i 
\J • 


TDIA'K 1 

/*/^o 1 


1 




\J ■ 


7S4A7 1 


1 


70^ A A | 


KJ m 


TOOOO ft 
/ 04C«£<£ 1 


4 

1 • 


07QJ 4 I 

4C / 07 1 1 


KJ m 


n 1 i*it«k, 1 1 

OIV/3 I J 


OTTiT 1 
I 4 *.<30^>> 1 


"CP 


3 1 


u ■ 


~Tf\ 4 *"C 4 1 1 




KJ . 


797UO 1 


1 • 


T77JJi j 
>> / 043D ■ 


f\ 

yj • 


/34Y2 1 


1 • 


TO* i A 1 




7Q7Z.O t 


4 

1 • 


O771 A 1 


f\ 

KJ . 


a 4 4 77 1 1 
a I 123 l 1 


( 0 7074*1 i 
t>232/V 1 


3 f 


A 1 

4 1 


u. 


—j r\ \ a a i 4 

/UlT^ 1 ] 


A 7 A JL •*> I 


f\ 
U. 


/ 2D32 1 


1 . 




f\ 


/ JJJD 1 


4 

1 • 


~T OTQ A 1 

32384 1 


KJ • 


T07 4 Jm. 1 


4 

1 . 


77LOO 1 


KJ 4 


a 1 1 t 4 1 1 
all/1 1 1 


07 4 QaW 1 

La 23 176 1 


*KAk 
•JO 


far i 

3 1 


u. 


"7ft9TP 1 1 


A777 a 1 


\J ■ 


Tttt~7~7 1 
/«o/ / 1 


4 

X ■ 




rs 

\f m 


7KCn« 1 

'39a4 1 


4 

1 . 




f% 




4 

1 . 


971 4 4 1 
«. fa 1 I 1 


KJ m 


a 1 07/1 1 1 


1 77 4 77 1 

I a 23 123 1 


n 

59 


A_ 

a 


A 
KJm 


7ft90 1 1 i 

/U^a 1 1 


. . -42200 


f\ 
\J . 


7005 1 1 


4 

X ■ 


T7 4 74 


f\ 
U . 


/3t>i(7 1 


1 • 


T 70 "7 A 1 

32224 


f\ 
Urn 


Tan 1 rs 1 
/841U 1 


4 

1 ■ 


97«t-t 1 
4t:/~33Z> 


U 4 


O 4 OIQ I 1 

a 1268 1 1 


l 77 AJTA 1 


■j 

54 


/ 


A 

u. 


7Q325 1 i 


. . 42 I TO 


ft 


/ *TOO 1 


4 

1 - 




fi 




1 ■ 


-r *-> 1 A A I 

32144 




/o45/ I 


4 

1 ■ 


T7 j-rn 1 

2 / 458 


Urn 


04741 1 . 
81316 1 ] 


1 77077 1 
.■22777 1 


■7 

53 


B 


o. 


70368 1 


L AO 4 1 A 

. . 421 IO 


f\ 

0. 


73010 1 


1 . 


36V67 


f\ 
O. 


7572 1 I 


1 . 


TOAl.il 1 

32U64 


f\ 

u. 


7Q4ftv A A 1 

78D04 1 


4 

1 ■ 


077#30 

27382 


A 
O. 


n 1 71 a 1 4 

8 1364 1 1 


L « 22904 


■0 
52 


ft 

V I 


o. 


704IZ f J 


, . 420ZZ 1 


O. 


73WD5 1 


i 

1 . 


36oa3 


O. 


7ftX ~f J ~9 1 


1 . 


7 4 DO A J 

3 1 tB4 


U. 


7n^g 4 I 

7855 1 1 


4 

1 ■ 


077^1 j 
27306 1 


A 
Om 


E% 4 A % 7 ft 4 

81413 1 J 


k 0007 4 J 

L ■ 22B3 1 1 


wmt a 

31 


io 


0. 


70435 1 J 


a 4 0^ a 
, . 4 1t34 


O. 


7J100 1 




36BOO 


0. 


75812 1 


l . 


31Y04 


u . 


7QftTDO 1 

7o5t8 1 


4 

1 ■ 


27Z30 1 


A 

Kfm 


r*i * aa a 4 ■ 4 

81461 1 J 


L a ZZ758 1 


*m\f\ 
50 


1 1 1 




70477 l 


..41H4/ 


f\ 
O. 


/3144 1 


1 . 


71711 1 
36/16 


o. 


/3a5B 1 


* 

1 - 


7 4 DOE 1 

3 1825 


U. 


7Q/ «B ft 

Z8645 1 


4 

1 . 


07 4 K7 1 

27153 1 


A 

u. 


81510 1 J 


1 '101 01 1 
t a ZZ685 1 


1 AO 

4t 


1Z 1 


o. 


7 AK A rj | 4 

70542 1 






77 4 DO 1 


1 ■ 


71177 
36633 


u . 


/5Yt*4 1 


l ■ 


T47i|E 

31/ 45 


u. 


70100 1 
/86t2 1 


4 

1 4 


2/O/Z 1 


A 
%Jm 


8 1558 1 ] 


OOl 4 0 1 

La 22612 1 


a a 

1 4W 


4 7 

13 


o. 


7Q3DO 1 


1 A 4 iT) 


O. 


77*77JI 1 


1 . 


3654*? 


O. 


7^Q«/"w I 


1 . 


3 1666 


0. 


70770 1 

/873t 1 


4 

1 • 


07AA 4 1 

27001 


A 
O. 


O 4 A A A ft 4 

8 1 6O6 1 


1 . 22537 1 


1 A 7 

47 


14 


0. 


70629 1 


i . 41584 


O. 


73Z7B 1 


1. 


7 1_ A A 1 

36466 


1 0. 


75V96 1 


* 

1 . 


7 4 ft^ft^ 1 
3 15B6 


0. 


7B7B6 1 


4 

1 . 


26923 1 


A 
O. 


4 / km~ 4f | J 

81655 1 3 


1 OO A At. 7 

L ■ 22467 


1 A M- 

\ 46 


4f"E 


O. 


70673 1 J 


■414t7 


O. 


73323 l 


§ 


36383 


0. 


76042 1 


1 . 


7 # 7 J 

3 1507 




7007 A t 

78834 f 


4 

1 . 


26849 1 


A 
O. 


Cfft 4 7^7 J 4 

8 1 703 1 i 


[ . ZZ394 1 


1 43 


lo 


o. 


707 17 1 ] 


. ■ 4 140"r 


U. 


73368 1 


1. 


36300 


0. 


7608B 1 


1 ■ 


7 4 A OT 1 

31427 


0. 


^tfSAO 4 ft 

7BB8 1 1 


4 

1 . 


ZtS7/4 1 


A 
O. 


& 4 ^ 1 A 

S173Z 1 


I 2232 1 


A A 

44 


17 


0. 


7076O 1 j 


,.41 322 


O. 


73413 1 


1 . 


7 A\. O 4 T 

36217 


0. 


7^_ 4 T A 1 

76134 1 


1 . 


7 4 7 m n I 

3 1348 1 


0. 


78928 1 


4 

1 4 


Z66t8 1 


A 
O. 


S1800 1 j 


k OOO AO 

I ■ 22249 


I 43 


IB 


0. 


70BO4 1 


L . 4 1235 


O. 


73457 1 


1. 


36 134 


0 . 


—j 1 « n^v ft 

76 1BO 1 


4 

1 . 


3 1269 1 


k A 

0. 


78973 1 


4 

1 4 


26622 1 


A 
O. 


81849 1 J 


L. 22176 


1 A 7 

1 42 


19 


o. 


*~~A^nAO • 4 


1 ^ 4 4 A 43 

L. 4 1 148 


O. 


73502 1 


1 . 


3605 1 


0 ■ 


76226 1 


4 

1 . 


7 4 4 J 

3 1 lYO 


k s\ 


7t022 1 


4 

1 . 


26546 1 


A 

u. 


b 4 "94B4C1 1 i 


I OO 4 A~\ M 

I • ZZ 104 


> A 4 

1 41 


oa> 

ZO 




^AA~tn t ft 4 
/OBt 1 1 


1 a 4 y\ / 4 
. . 4 1U6 1 


1 A 
1 O. 


73547 1 


1 ■ 


T v n j n 

35*r6B 


0. 


76272 1 


4 

1 . 


7 4 4 4 A*\ 

311 IO 


k f\ 


—y r~\ f\ —f 1 

7t070 1 


4 

1 • 


i^4 

2647 1 


A 
O. 


r-% m ha 1 k 1 

B1t46 1 


L . ZZ03 1 


1 40 


21 


Om 


70t35 1 j 


I ■ 40Y74 




735V2 1 


1 ■ 


35a85 


0. 


7 J-7 4 A ft 

763 IB f 


4 


7 4 ft"W 4 

31 03 2 


k 

1 o. 


70 447 1 
/Tl 1 7 J 


4 


263 ¥5 




Q 4 FTfefTk HT ft i 

81995 ) 3 


I - 21t5t 


1 TO 


OO 


a 
O. 


7/\070 1 1 

70Y7Y I 


1 a AD07 


O. 


73637 1 


1 ■ 


35802 


o. 


7*7 1 A 1 

76364 1 


4 

1 . 


3UY52 


u. 


70 4 i- A t 

/t164 I 


4 

1 ■ 


0 1 7 4 a 
263 It 1 


A 

Ui 


rj*i/"\ a a t 4 
82044 1 ] 


1 0 4 oai. 
L a 2 1886 


1 TO 

1 38 


OT 

23 


u. 


7 4 A07 1 4 

7 1023 1 


, ■ 4UUUU 


o. 


7tl.Qi 1 

736a 1 1 


1 . 


357 It 


O. 


TLA 4 A ft 

764 IO I 


4 

1 * 


3<Ja / 3 


u. 


7QO 4 O 1 

/T212 1 


4 

1 • 


26244 


A 

u> 


DOAOO 1 4 

B20t2 1 J 


1 O 4 O 4 A 

L. 21814 


1 77 

37 


24 


A 

o. 


7 IUoo 1 


L ■ 40 / 1 4 


o. 


73/26 1 


1 . 


TK1.7-J 

35637 


t /"ft 
O. 


76456 1 


4 

1 ■ 


jU/tj 


fs 


/t25t 1 


4 

1 ■ 


Ol 4 i_ 0 
26 16t 


A 

Ui 


O.O 4 A 4 1 4 

82 14 1 1 J 


1 O 4 7 A O 

L a 2 1742 


1 7 1_ 
36 


o* 

25 


o. 


7 4 4 4 1 4 

711 IO 1 


L ■ 40627 


o. 


73771 1 


1 . 


7 W*£ A 

35554 


1 f\ 
O. 


1 V y. r\ k 

76502 1 


4 

1 * 


7rt7 4 a\. 

3*J / 16 


u . 


/T306 1 


4 

1 > 


1 /\d7 

26Ut3 


A 

u. 


I^O 4 OA 1 1 

82 l7U 1 1 


1 O 4 17A 

L - 2167Q 


7* 

35 


ox. 


o. 


7 4 4 »*t A 1 1 

7 1 134 1 


1 Af\AZA/\ 

[ ■ 4U54U 


0. 


/3a 16 1 


• 

1 ■ 


354/2 


1 f\ 


/654B 1 


4 

1 . 


7A1.77 


u. 


/T354 1 


4 

1 4 


01 a 4 a 
260 18 


> /\ 
v. 


8ZZ38 1 


1 0 4 **too 

L a Z 15 TO 


1 7 A 

1 34 


07 


u- 


7 4 4 00 I 1 

/ Z 1 70 1 


1 Af\A*K-A 

I ■ 4W434 




-1-fQi « ■ 

/3aa 1 I 


1 ■ 


7K700 

353(37 


u. 


71 ft*o A 1 


4 

1 ■ 


7/^^^a 
3*J55a 


C ■ 


70AS"l 4 1 

/TW 1 1 


4 

1 4 


"WOU 7 

25V43 


1 fx 
v» 


000407 ft 

8228 / 1 


1 • 2 2 526 


1 77 

I 33 


2D 


A 

o. 


7 4 oa 0 1 1 
7 1242 1 


L ■ 4U36 F 


0. 


/ J7U6 1 


4 

1 - 


"TK-fl-|7 

353U/ 


Ci. 


7 / 1 A 1 

/ 6640 1 


4 


7A4 Of\ 




70 A A O ft 

/T44T 1 


• 

1 > 


"JM 4_| 1 1 

2586/ 


A 
Ua 


D07 7 1 i 

82336 1 J 


1 1 4 A*XA 

I ■ 2 1 454 


1 70 
1 32 


Zr 


o. 


7 4 ■ 1 
7 l«iaj 1 


\ a r\ TO 4 


0. 


7 T 4 1 

73V31 1 


1 . 


35224 


1 f\ 


7 1 1 d 1 
/6686 1 


4 

1 4 


Tfti A 4 

3V40 1 


KJ. 


70401 ft 

/t4t6 1 


• 

1 4 


257tZ 1 


A 
O. 


82385 I 


1 O 4 TOO 

I a Z 1382 


1 7 • 
1 31 


30 


0. 


71329 I ] 


1.40195 


\ 0. 


73996 1 


1. 


35142 


1 0. 


76733 1 


1. 


30323 


1 0. 


79544 1 


1. 


25717 


O. 


82434 1 3 


L. 21310 


1 30 


31 


0. 


71373 1 1 


L. 40 109 


0. 


7404 1 1 


1. 


35060 


1 0. 


76779 1 


1. 


30244 


1 0. 


79591 1 


1. 


23642 


0. 


82483 1 3 


1.21238 


1 29 


32 


0. 


71417 1 1 


L.40022 


1 0. 


74086 f 


1. 


34978 


1 0. 


76825 1 


1. 


30166 


1 0. 


79639 1 


1. 


25567 


0. 


82531 t 3 


L. 21166 


1 26 


33 i 


0. 


71461 t 3 


1.39936 


1 0. 


74131 1 


1. 


34896 


1 0. 


76871 1 


1. 


30087 i 


1 0. 


79686 J 


1. 


25492 


0. 


823SO I 3 


1.21094 


1 27 


a-* A 

34 


0. 


71505 1 1 


L. 39850 


0. 


74176 1 


1. 


34814 


1 0. 


769 IB 1 


1. 


30009 1 


1 0. 


79734 1 


1. 


25417 


0. 


B2629 1 


L. 21023 


26 


33 


0. 


71549 1 1 


L. 39764 


0. 


7422 1 1 


1. 


34732 


0. 


76964 1 


1. 


29931 


! 0. 


79781 1 


1. 


25343 


0. 


82678 1 1 


L. 20951 


1 23 


36 


0. 


71393 1 3 


L. 39679 


t 0. 


74267 1 


1. 


34650 


1 0. 


77010 1 


1. 


29853 


1 0. 


79829 1 


1. 


23268 


0- 


82727 1 1 


L. 20879 


1 24 


37 


0. 


7 1637 1 3 


L. 39593 


t 0. 


74312 1 


1. 


34568 


1 0. 


77057 1 


1. 


29775 


1 0. 


79877 1 


1. 


25193 


0. 


62776 1 3 


L.20808 


1 23 


38 


1 0. 


71681 1 1 


L . 39507 


1 0. 


74357 1 


1. 


344B7 


1 0. 


77103 1 


1. 


29696 


1 0. 


79924 1 


1. 


25118 


t 0. 


82825 1 3 


L. 20736 


1 22 


39 


1 0. 


71725 1 1 


L. 39421 


1 0. 


74402 1 


1. 


34405 


t 0. 


77149 1 


1. 


29618 


1 0. 


79972 \ 


1. 


25044 


1 0. 


82874 1 3 


L. 20665 


t 21 


40 


1 0. 


71769 1 3 


1 . 39336 


0. 


74447 1 


1. 


34323 


1 0. 


77196 1 


1. 


29541 


1 0. 


B0020 t 


1. 


24969 


0. 


82923 1 1 


L. 20593 


I 20 


41 


1 0. 


71813 1 3 


t. 39230 


0. 


7449Z 1 


1. 


34242 


1 0. 


77242 1 


1. 


29463 


0. 


80067 1 


1. 


24895 


0. 


82972 1 3 


L. 20522 


1 19 


42 


1 0. 


71857 1 3 


I. 39163 


0. 


7453B 1 


1. 


34160 


1 0. 


77289 1 


1. 


29385 


1 0. 


80115 1 


1. 


24820 


t 0. 


83022 1 1 


L. 20451 


1 IB 


43 


1 0. 


71901 1 3 


L . 39079 


0. 


74583 1 


1. 


34079 


1 0. 


77335 1 


1. 


29307 


1 0. 


80163 1 


1. 


24746 


0. 


83071 1 3 


t . 20379 


1 17 


44 


1 0. 


71946 1 3 


L. 38994 


0. 


74628 1 


1. 


33998 


1 0. 


77382 1 


1. 


29229 


1 0. 


80211 1 


1. 


24672 


1 0. 


83120 1 : 


1.20308 


1 16 


45 


1 0. 


71990 1 1 


L.38909 


1 0. 


74674 1 


1. 


33916 


1 0. 


77428 1 


1. 


29152 


t 0. 


80258 1 


1. 


24597 


1 0. 


83169 I : 


U 20237 


1 15 


46 


0. 


72034 1 1 


L.38B24 


0. 


74719 1 


1. 


33835 


1 0. 


77475 1 


1. 


29074 


1 0. 


S03O6 1 


1. 


24523 


0. 


83218 1 3 


L. 20166 1 


1 14 


47 


0. 


72O70 t 1 


I . 38738 


0. 


74764 1 


1. 


33754 


1 0. 


7732 1 1 


1. 


28997 


1 0. 


80354 1 


1. 


24449 


0. 


83268 1 3 


1 . 20095 


1 13 


48 


0. 


72122 1 3 


L. 38653 


1 0. 


74810 1 


1. 


33673 


1 0. 


77368 1 


1. 


28919 


I 0. 


80402 1 


1. 


24375 


0. 


83317 1 3 


L . 20024 


1 12 


49 


0. 


72167 1 3 


L . 38568 


t 0. 


74855 t 


1. 


33592 


1 0. 


77615 I 


1. 


28842 


1 0. 


80450 1 


1. 


24301 


0. 


83366 1 3 


L. 19953 


1 11 


30 


1 0. 


72211 1 3 


L. 38484 


1 0. 


74900 1 


1. 


33511 


t 0. 


77661 1 


1. 


28764 


1 0. 


80498 1 


1. 


24227 


1 0. 


83415 1 3 


L. 19882 


1 10 


31 


t 0. 


72255 1 3 


L . 38399 


1 0. 


74946 1 


1. 


33430 


1 0. 


77708 1 


1. 


28687 


1 0. 


80546 I 


1. 


24153 


1 0. 


B3465 1 1 


I. 19811 


1 9 


52 


1 0. 


72299 1 3 


L. 38314 


1 0. 


74991 1 


1. 


33349 


i 0. 


77754 1 


1. 


28610 


1 0. 


B0594 1 


1. 


24079 


0. 


83514 1 1 


I. 19740 


1 B 


53 


1 0. 


72344 1 1 


L. 38229 


I 0. 


75037 1 


1. 


3326B 


I 0. 


77801 I 


1. 


28533 


1 0. 


80642 1 


1. 


24005 


0. 


83564 1 3 


L. 19669 


1 7 


34 


1 0. 


72388 > 3 


L. 38 143 


1 0. 


75082 1 


1. 


33187 


1 0. 


77848 1 


1. 


28456 


1 0. 


80690 1 


1. 


23931 


1 0. 


836 13 1 3 


La 19399 


1 6 


55 


1 0. 


72432 I 3 


1 . 38060 


1 0. 


7512B 1 


1. 


33107 


1 0. 


77895 1 


1. 


28379 


1 0. 


80738 1 


1. 


2385B 


1 0. 


83662 1 . 


L. 19528 


t 5 


56 


1 0. 


72477 1 : 


1 . 37976 


1 0. 


75173 1 


1. 


33026 


1 0. 


7794 1 1 


1. 


2B302 


1 0. 


80786 1 


1. 


23784 


1 0. 


83712 1 


L, 19457 


1 4 


57 


1 0. 


72521 1 3 


1 . 3789 1 


1 0. 


75219 1 


1. 


32946 


1 0. 


77988 1 


1. 


28225 


1 0. 


80834 1 


1. 


237 IO 


1 0. 


83761 1 


t. 19387 


1 3 


58 


1 0. 


72565 1 3 


1.37807 


0. 


75264 1 


1. 


32865 


1 0. 


78035 1 


1. 


2814B 


1 0. 


80882 1 


1- 


23637 


1 0. 


83811 1 : 


I. 19316 


1 2 


39 


1 0. 


72610 1 3 


L. 37722 


1 0. 


753 10 1 


1. 


32785 


1 0. 


78082 1 


1. 


28071 


! 0. 


80930 1 


1. 


23563 


1 0. 


83860 1 3 


L . 19246 


1 1 


60 


1 0. 


72654 1 3 


L.3763B 


1 0. 


75355 1 


1. 


32704 


1 0. 


78129 1 


1. 


27994 


1 0. 


80978 1 


1. 


23490 


1 0. 


83910 1 : 


I. 19175 


1 0 




COT 


TAN 


COT 


TAN 


COT 


TAN 


COT 


TAN 


c 


^OT 


TAN 


M 

- I 












S3 
















3 W. 








SO* 




N 



AI-9 



m <ao- 4 1- -as- ^3- 

I — - . _ - — 

N T**IM COT T**IM COT" TftIM COT T^tM COT T^IM COT 



0 


1 0.83910 1 


1. 


19175 


t O. 86929 1 


1. 15037 


1 


0.90040 


1 


1 0.83960 1 


1. 


19105 


I 0.86980 1 


1. 14969 


I 


0.90093 


2 


1 0.84009 1 


1. 


19035 


1 0.87031 1 


1. 14902 


1 


0.90146 


3 


1 0.84059 1 


1. 


18964 


1 0.87082 1 


1. 14834 


1 


0.90199 


4 


1 0.84108 1 


1. 


18894 


1 0.87133 1 


1. 14767 


1 


0.90251 


5 


I 0.84158 1 


1. 


18824 


1 0.87184 1 


1. 14699 


1 


0.9O3O4 


6 


1 0.84208 1 


1. 


1B754 


1 0.87236 I 


1. 14632 


1 


0.90357 


7 


1 0.B4258 1 


1. 


1B684 


1 0.87267 1 


1. 14565 


1 


0.90410 


8 


1 0.84307 1 


1. 


1B614 


1 0.67338 1 


1. 14498 


1 


0.90463 


9 


1 0.B43S7 1 


1. 


18544 


1 0.67369 1 


1. 14430 


1 


O. 903 16 


10 


t 0.84407 1 


1. 


18474 


1 0.87441 1 


1. 14363 


1 


O. 90569 


11 


0.B4457 1 


1. 


18404 


1 0.87492 t 


1 . 14296 


1 


0.90621 


12 


0.B4507 1 


1. 


18334 


1 0.87343 1 


1 . 14229 


1 


O. 90674 


13 


0.84S56i 1 


1. 


18264 


1 0.87395 1 


1. 14162 


I 


0.90727 


14 


0.84606 1 


1. 


18194 


1 0.87646 1 


1. 14095 


1 


0.90781 


IS 


0.84656 1 


1. 


18125 


1 0.87698 1 


1. 14028 


1 


0.90834 


16 


1 0.84706 1 


1. 


18055 


1 0.S7749 1 


1. 13961 


1 


0.90867 


17 


t 0.84756 1 


1. 


17986 


1 0.87801 1 


1. 13894 


1 


0.90940 


18 


1 0.84806 1 


1. 


17916 


1 0.87852 1 


1. 13828 


1 


0.90993 


19 


0.84856 1 


1. 


17846 


1 0.87904 1 


1. 13761 


1 


0.91O46 


20 


0.849O6 1 


1. 


17777 


1 0.87955 1 


1. 13694 


1 


0.91099 


21 


0.84956 1 


1. 


17708 


1 0.88007 1 


1. 13627 


1 


0.91153 


22 


1 0.B3OO6 1 


1. 


17638 


1 0.88O59 1 


1. 13561 


1 


0.91206 


23 


1 0.83O57 1 


1. 


17569 


1 0.88110 1 


1. 13494 


1 


0.91259 


24 


1 0.83107 1 


1. 


17500 


1 0.B8162 1 


1. 13428 


1 


0.91313 


23 


t 0.83157 1 


1. 


17430 


1 0.88214 1 


1. 13361 


1 


0.91366 


26 


1 0.B52O7 1 


1. 


17361 


1 0.88265 1 


1. 13295 


1 


0.91419 


27 


1 0.85257 1 


1. 


17292 


1 0.88317 1 


1. 13228 


1 


0.91473 


28 


1 0.85308 1 


1. 


17223 


1 0.88369 1 


1. 13162 


1 


0.91526 


29 


0.85358 1 


1. 


17154 


1 O. 88421 1 


1. 13096 


1 


0.91580 


30 


0.85406 t 


1. 


17083 


0.88473 1 


1. 13029 


1 


0.91633 


31 1 


0.83438 1 


1. 


17016 


O. 88524 1 


1. 12963 


1 


0.91687 


32 1 


0.835O9 1 


1. 


16947 


0.88576 1 


1. 12897 


1 


0.91740 


33 


0.85539 1 


1. 


16878 


0.88628 1 


1. 12831 


1 


0.91794 


34 


0.83609 1 


1. 


16809 


0.88680 1 


1. 12765 


1 


0.91847 


35 


0.83660 t 


1. 


16741 


0.88732 1 


1 . 12699 


1 


0.91901 


36 


0.83710 1 


1. 


16672 


t 0.88784 1 


1. 12633 


1 


0.91955 


37 


0.83761 1 


1. 


16603 


1 0.88836 1 


1. 12567 


1 


0.92008 


38 


0.85811 1 


1. 


16535 


0.88888 1 


1. 12501 


1 


O. 92062 


39 


0.83862 1 


1. 


16466 


0.88940 1 


1. 12435 


1 


0.92116 


40 


0.83912 1 


1. 


16398 


0.88992 1 


1. 12369 


1 


0.92170 


41 


0.83963 1 


1. 


16329 


0.89045 1 


1. 12303 


1 


0.92224 


42 


0.86014 1 


1. 


16261 


0.89097 » 


1 . 12236 


1 


0. 92277 


43 1 


0.86064 1 


1. 


16192 


0.89149 t 


1. 12172 


1 


0.92331 


44 1 


0.B6115 1 


1. 


16124 1 


O.B9201 1 


1. 12106 


1 


0.92365 


43 1 


0.86166 t 


1. 


16036 1 


0.89253 1 


1. 12041 


1 


0.92439 


46 1 


0.86216 1 


1. 


15987 1 


0.89306 1 


1 . 1 1975 


1 


0.92493 


47 1 


0.86267 1 


1. 


15919 1 


0.89358 1 


1. 11909 


1 


0.92547 


48 1 


0.86318 1 


1. 


15831 1 


0.B9410 1 


1. 11B44 


1 


0.92601 


49 1 


0.86368 1 


1. 


15783 1 


0.89463 1 


1. 11778 


1 


0.92655 


30 1 


0.86419 1 


1. 


15715 1 


0.89515 1 


1. 11713 


1 


0.92709 


31 1 


0.86470 t 


1. 


15647 1 


0.89367 1 


1. 11646 


1 


0 . 92763 


32 1 


0.86521 1 


1. 


15579 1 


0.89620 1 


1. 11582 


1 


0.92817 


33 1 


0.86572 t 


1. 


15511 1 


O. 89672 1 


1. 11517 


1 


0.92872 


34 1 


0.86623 1 


1. 


15443 1 


0.89723 1 


1 . 1 1452 


1 


0.92926 


55 1 


0.86674 1 


1. 


15375 1 


0.89777 1 


1. 11387 


1 


0.92980 


56 1 


0.86725 > 


1. 


15308 1 


0.89830 1 


1. 11321 


1 


0.93034 


57 1 


0.86776 1 


1. 


15240 1 


0.89883 1 


1. 11256 


1 


0.93088 


58 1 


0.86827 1 


1. 


15172 1 


0.89935 1 


1. 11191 


1 


0.93143 


59 1 


0.86878 1 


1. 


13104 1 


0.89988 1 


1. 11126 


1 


O. 93197 


60 1 


0.86929 1 


1. 


15037 1 


0.90040 \ 


1. 11061 


1 


0. 93252 



1. 


11061 


I 0. 


93252 1 


1 . 07237 


1 


0.96569 1 


1.03553 


1 60 


1. 


10996 


1 0. 


93306 1 


1.07174 


1 


0.96625 1 


1.03493 


1 39 


1. 


10931 


1 0. 


93360 ( 


1.07112 


1 


0.96681 1 


1.03433 


1 58 


1. 


10867 


1 0. 


93415 1 


1.07049 


1 


0.96738 1 


1 . 03372 


1 57 


1. 


10802 


1 0. 


93469 1 


1 . 06987 


1 


O. 96794 1 


1.03312 


1 56 


1. 


10737 


1 0. 


93524 1 


1.06925 


1 


0.96850 1 


1.03252 


1 55 


1. 


10672 


1 0. 


93578 1 


1.06862 


I 


0.96907 1 


1.03192 


1 54 


1. 


10607 


1 0. 


93633 1 


1.06800 


t 


0.96963 1 


1.03132 


1 53 


1. 


10543 


1 0. 


93688 1 


1.06736 


1 


0.97020 1 


1.03O72 


1 52 


1. 


10478 


1 0. 


93742 1 


1 . 06676 


1 


0.97076 1 


1.03012 


1 51 


1. 


10414 


1 0. 


93797 1 


1 . 066 13 


1 


O. 97 133 1 


1.02952 


1 SO 


1. 


10349 


1 0. 


93852 1 


1.06551 


1 


0.97189 1 


1.02892 


1 49 


1. 


10285 


1 0. 


93906 1 


1.06469 


1 


0.97246 > 


1.02832 


1 48 


1. 


1022O 


1 o. 


9396 1 1 


1 . 06427 


1 


0.97302 1 


1.02772 


1 47 


1. 


10156 


1 0. 


94016 1 


1.06365 


1 


0.97359 ( 


1.02713 


1 46 


1. 


10091 


1 0. 


94071 1 


1.06303 


1 


0.97416 1 


1.02653 


1 45 


1. 


10027 


1 0. 


94125 1 


1.06241 


1 


0.97472 1 


1.02593 


1 44 


1. 


09963 


1 0. 


941B0 1 


1.06179 


1 


0.97529 1 


1.02333 


1 43 


1. 


09899 


1 0. 


94235 1 


1.06117 


1 


0.97586 t 


1.02474 


1 42 


1. 


09834 


1 o. 


94290 ) 


1 . 06056 


1 


0.97643 1 


1.02414 


41 


1. 


09770 


1 0. 


94345 1 


1.05994 


1 


0.97700 1 


1.02335 


40 


1. 


09706 


1 0. 


94400 1 


1.05932 


1 


0.97756 1 


1.02295 


39 


1. 


09642 


1 0. 


94455 1 


1.05670 


1 


0.97813 1 


1.02236 1 


38 


1. 


09578 


1 0. 


94510 1 


1.05809 


1 


0.97870 1 


1.02176 1 


37 


1. 


09514 


1 0. 


94565 1 


1.05747 


1 


0.97927 1 


1.02117 1 


36 


1. 


09450 


1 0. 


94620 1 


1.0568S 


1 


0.97984 1 


1.02057 1 


33 


1. 


09386 


1 0. 


94676 1 


1.05624 


1 


0.98041 1 


1.01998 1 


34 


1. 


09322 


0. 


94731 1 


1.05562 


1 


0.98O9B 1 


1.01939 1 


33 


1. 


09258 


1 0. 


94766 1 


1.05501 


1 


0.98155 1 


1.01879 1 


32 


1. 


09195 


1 0. 


9464 1 1 


1.05439 


1 


0.98213 1 


1.01820 1 


31 


1. 


09131 


1 0. 


94896 1 


1.05378 


1 


0.98270 1 


1.01761 1 


30 


1. 


09067 


0. 


94952 1 


1.05317 


1 


0.98327 1 


1.01702 1 


29 


1. 


09OO3 


1 0. 


95007 1 


1.05255 


1 


0.98384 1 


1.01642 1 


28 


1. 


08940 


0. 


93062 1 


1.05194 


1 


0.98441 1 


1.01383 1 


27 


1. 


08876 


0. 


95118 1 


1.05133 


1 


0.98499 1 


1.01324 I 


26 


1. 


08813 


0. 


95173 1 


1.05072 


1 


0.98536 1 


1.01463 1 


23 


1. 


08749 1 


0. 


95229 1 


1.05010 


1 


0.98613 1 


1.01406 1 


24 


1. 


08686 1 


0. 


95284 1 


1 . 04949 


1 


0.98671 1 


1.01347 1 


23 


1. 


08622 1 


0. 


95340 1 


1.04888 


1 


0.98728 1 


1.01288 1 


22 


1. 


08559 1 


0. 


95395 1 


1.04827 


1 


0.98786 1 


1.01229 1 


21 


1. 


08496 1 


0. 


95451 1 


1 . 04766 


1 


0.98843 1 


1.01170 I 


20 


1. 


08432 1 


0. 


95506 1 


1.04705 


1 


0.98901 1 


1.01112 1 


19 


1. 


08369 1 


0. 


95562 1 


1.04644 


1 


0.98938 1 


1.01033 1 


18 


1. 


08306 1 


0. 


95618 1 


1 . 04583 


1 


0.99016 1 


1.00994 1 


17 


1. 


08243 1 


0. 


95673 1 


1 . 04522 


1 


0.99073 I 


1.00933 1 


16 


1. 


08179 1 


0. 


95729 1 


1.04461 


1 


0.99131 1 


1.00876 1 


13 


1. 


08116 1 


0. 


95785 1 


1.04401 


1 


0.99189 1 


1.O0818 1 


14 


1. 


08053 1 


o. 


93841 1 


1.04340 


1 


0.99247 ! 


1.00739 I 


13 


1. 


07990 1 


0. 


93897 1 


1.04279 


1 


0.99304 1 


1.00701 1 


12 


1. 


07927 1 


0. 


95952 1 


1.04218 


1 


0.99362 1 


1.00642 t 


11 


1. 


07864 1 


0. 


96008 1 


1.04158 


1 


0.99420 1 


1.00383 1 


10 


1. 


07BO1 1 


0. 


96064 1 


1.04097 


1 


O. 99478 1 


1.00523 1 


9 


1. 


07738 1 


0. 


96120 1 


1 . 04036 


1 


0.99536 1 


1.0O467 t 


8 


1. 


07676 1 


0. 


96176 1 


1.03976 


1 


0.99594 1 


1.0O4O8 1 


7 


1. 


07613 1 


0. 


96232 1 


1.03915 


1 


0.99652 1 


1.00330 1 


6 


1. 


07550 1 


0. 


96288 1 


1.03835 


1 


0.99710 1 


1.00291 1 


3 


1. 


074B7 1 


0. 


96344 1 


1.03794 


1 


0.99768 1 


1.00233 1 


4 


1. 


07425 1 


0. 


96400 1 


1.03734 


1 


0.99826 t 


1.00175 1 


3 


1. 


07362 I 


0. 


96457 1 


1.03674 


1 


0.99884 1 


1.00116 1 


2 


1. 


07299 1 


0. 


96513 1 


1.03613 


t 


0.99942 1 


1.00O3B t 


1 


1. 


07237 1 


0. 


96569 1 


1.03353 


1 


l.OOOOO 1 


l.OOOOO 1 


0 



*=*r\J COT T^IM COT T^IM COT TftM COT TftIM M 

- X 

^Q- 1£>- ^S5» IM 



AI-10 



INDEX 



A 

Abscissas, 1-2 

Acute angle between two lines, 1-10 to 
1-12, 1-25 

Angle between two lines, 1-10 to 1-12, 
1-25 

Angle of inclination, 1-6, 1-24 
Area under a curve, 6-2 to 6-7, 6-15 to 
6-19, 6-25 

Areas above and below a curve, 6-20 to 

6-23, 6-26 
Arrangements, 8-20, 8-25 
Asymptotes, 2-39, 2-57 



C 

Center of a circle, 2-6, 2-54 
Chain rule, 5-19 to 5-21, 5-35 
Circle, 2-6 to 2-17, 2-54 
Circle defined by three points, 2-10, 2-54 
to 2-55 

Combinations, 8-1, 8-5 to 8-8, 8-24 
Combinations and permutations, 8-1 to 8-27 

combinations, 8-5 to 8-8, 8-24 

definitions, 8-1 to 8-4, 8-24 

introduction, 8-1 

permutations, 8-12 to 8-23, 8-24 

principle of choice, 8-10 to 8-12, 8-24 

summary, 8-24 to 8-25 
Completing the square, 2-7 to 2-8, 2-34 
to 2-35 

Compound probabilities, 9-12 to 9-19, 9-25 to 
9-26 

dependent events, 9-14 to 9-16, 9-25 
independent events, 9-12 to 9-13, 9-25 
mutually exclusive events, 9-17 to 9-19, 
9-26 

Conic sections, 2-1 to 2-60 
circle, 2-6 to 2-17, 2-54 
ellipse, 2-25 to 2-36, 2-56 to 2-57 
hyperbola, 2-37 to 2-48, 2-57 to 2-58 



Conic sections — Continued 
introduction, 2-1 to 2-2 
locus of an equation, 2-2 to 2-5, 2-54 
parabola, 2-18 to 2-25, 2-55 
polar coordinates, 2-48 to 2-52, 2-58 
transformation from Cartesian to 
polar coordinates, 2-49 to 2-50, 
2-58 

transformation from polar to Carte- 
sian coordinates, 2-51 to 2-52, 2-58 
summary, 2-54 to 2-58 
Conjugate axis, 2-40, 2-57 
Constant, derivative of, 5-2 to 5-4, 5-34 
Constant of integration, 6-8, 6-25 
Constant to a variable power, integral 

of, 7-17 to 7-23, 7-35 
Constants, integral of, 7-2 to 7-3, 7-34 
Constants to variable powers, derivative 

of, 5-30 to 5-32, 5-36 
Continuity, 4-16, 4-30 
Coordinates, 1-2 



D 

Definite integrals, 6-15 to 6-23, 6-26 
Dependent events, 9-14 to 9-16, 9-25 
Derivative, general formula of any expression 

in x, 4-21 to 4-22, 4-31 
Derivative, ways of expressing y with respect 

to x, 4-20, 4-30 
Derivatives, 5-1 to 5-38 

derivative of a constant, 5-2 to 5-4, 5-34 
derivative of constants to variable 

powers, 5-30 to 5-32, 5-36 
derivatives of variables, 5-4 to 5-30, 5-34 
to 5-36 

chain rule, 5-19 to 5-21, 5-35 
implicit functions, 5-24 to 5-25, 5-36 
inverse functions, 5-22 to 5-23, 5-35 
natural logarithmic functions, 5-29 to 
5-30, 5-36 



INDEX- 1 



Derivatives — Continued 

derivatives of variables-Continued 
power form, 5-4 to 5-7, 5-34 
powers of functions, 5-14 to 5-15, 
5-35 

products, 5-10 to 5-12, 5-34 
quotients, 5-12 to 5-13, 5-35 
radicals, 5-16 to 5-18, 5-35 
sums, 5-8 to 5-10, 5-34 
trigonometric functions, 5-26 to 5-29, 
5-36 

introduction, 5-1 to 5-2 

summary, 5-34 to 5-36 
Differential, 4-16, 6-2, 6-7, 6-25 
Differentiation, examples of, 4-22 to 4-27 
Directrices, 2-56, 2-57 
Directrix, 2-1, 2-18, 2-54, 2-55 
Discontinuities, 4-16 to 4-18, 4-30 
Distance between two points, 1-2 to 1-3, 1-24 
Distance from a point to a line, 1-20 to 
1-23, 1-26 

Division of a line segment, 1-3 to 1-5, 1-24 



E 



Eccentricity, 2-2, 2-54 
Ellipse, 2-25 to 2-36, 2-56 to 2-57 
Empirical probabilities, 9-20 to 9-23, 9-26 
Equation of a straight line, 1-13 to 1-19, 1-25 
to 1-26 

normal form, 1-16 to 1-17, 1-25 
parallel and perpendicular lines, 1-18 to 

1-19, 1-26 
point-slope form, 1-13 to 1-14, 1-25 
slope-intercept form, 1-14 to 1-15, 1-25 
Equations and lengths of tangents and 

normals, 3-13 to 3-17, 3-30 to 3-31 
Expectation, 9-8 to 9-11, 9-25 

mathematical expectation, 9-10 to 9-11, 
9-25 

numerical expectation, 9-9 to 9-10, 9-25 



F 



Factorial, 8-2, 8-24 

Focal chord, 2-20, 2-40, 2-55, 2-57 

Foci, 2-40, 2-56, 2-57 

Focus, 2-1, 2-18, 2-54, 2-55 



H 



Hyperbola, 2-37 to 2-48, 2-57 to 2-58 
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Parallel lines, slopes of, 1-8, 1-24 
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Point-slope form of a line, 1-13 to 1-14, 
1-25 
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Polar coordinates, 2-48 to 2-52, 2-58 

transformation from Cartesian to polar 

coordinates, 2-49 to 2-50, 2-58 
transformation from polar to Cartesian 
coordinates, 2-51 to 2-52, 2-58 
Pole, 2-49, 2-58 

Power form, derivative of, 5-4 to 5-7, 5-34 
Power of a function, integral of, 7-6 to 7-8, 
7-34 

Power of a variable, integral of, 7-1 to 
7-2, 7-34 

Powers of functions, derivative of, 5-14 to 
5-15, 5-35 

Powers of trigonometric functions, integral 

of, 7-31 to 7-32, 7-35 
Principle of choice, 8-10 to 8-12, 8-24 
Probability, 9-1 to 9-29 

basic concepts, 9-1 to 9-11 

expectation, 9-8 to 9-11, 9-25 

mathematical expectation, 9-10 

to 9-11,9-25 
numerical expectation, 9-9 to 
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compound probabilities, 9-12 to 9-19, 
9-25 to 9-26 

dependent events, 9-14 to 9-16, 9-25 
independent events, 9-12 to 9-13, 
9-25 

mutually exclusive events, 9-17 to 
9-19, 9-26 

empirical probabilities, 9-20 to 9-23, 9-26 

introduction, 9-1 

summary, 9-25 to 9-26 
Probability, definition of, 9-2, 9-25 
Probability of failure, 9-6 to 9-7, 9-25 
Probability of success, 9-2 to 9-4, 9-25 
Product of two or more functions, derivative 

of, 5-10 to 5-12, 5-34 
Pythagorean theorem, 1-2 to 1-3 
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Quotient, integral of, 7-9 to 7-16, 7-34 to 7-35 

method 1, 7-10 to 7-11, 7-34 

method 2, 7-12 to 7-14, 7-34 

method 3, 7-15 to 7-16, 7-35 
Quotient of two functions, derivative of, 
5-12 to 5-13, 5-35 
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Radicals, derivative of, 5-16 to 5-18, 5-35 

Radius of a circle, 2-6, 2-54 

Radius vector, 2-49, 2-58 

Relative frequency of success, 9-21, 9-26 

Repetition, 8-21 to 8-23, 8-25 

Rules for integration, 6-9 to 6-14, 6-26 
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Semimajor axis, 2-28, 2-56 
Semiminor axis, 2-39, 2-57 
Slope of a curve at a point, 3-2 to 3-11, 3-30 
tangent at a given point on other curves, 

3-8 to 3-11, 3-30 
tangent at a given point on the standard 
parabola, 3-3 to 3-7, 3-30 
Slope of a line, 1-6 to 1-8, 1-24 
Slope-intercept form of a line, 1-14 to 
1-15, 1-25 

Slopes of parallel and perpendicular lines, 
1-8 to 1-9, 1-24 to 1-25 



Straight lines, 1-1 to 1-28 

angle between two lines, 1-10 to 1-12, 
1-25 

distance between two points, 1-2 to 1-3, 
1-24 

distance from a point to a line, 1-20 to 

1-23, 1-26 
division of a line segment, 1-3 to 1-5, 

1-24 

equation of a straight line, 1-13 to 
1-19, 1-25 to 1-26 
normal form, 1-16 to 1-17, 1-25 
parallel and perpendicular lines, 

1-18 to 1-19, 1-26 
point-slope form, J 13 to 1-14, 
1-25 

slope-intercept form, 1-14 to 1-15, 
1-25 

inclination and slope, 1-6 to 1-8, 
1-24 

introduction, 1-1 to 1-2 

slopes of parallel and perpendicular 

lines, 1-8 to 1-9, 1-24 to 1-25 
summary, 1-24 to 1-26 
Sum of two or more functions, derivative 

of, 5-8 to 5-10, 5-34 
Sums, integral of, 7-3 to 7-4, 7-34 
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Tangent at a given point on other curves, 

3-8 to 3-11, 3-30 
Tangent at a given point on the standard 

parabola, 3-3 to 3-7, 3-30 
Tangent, length of, 3-15, 3-31 
Tangent line, equation of, 3-13, 3-30 
Tangents, normals, and slopes of curves, 
3-1 to 3-33 

equations and lengths of tangents and 
normals, 3-13 to 3-17, 3-30 to 3-31 
introduction, 3-1 

parametric equations, 3-18 to 3-27, 
3-31 

motion in a circle, 3-20 to 3-21 
motion in a straight line, 3-19 
other parametric equations, 3-21 to 
3-27 

slope of a curve at a point, 3-2 to 3-11, 
3-30 
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curves, 3-8 to 3-11, 3-30 
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standard parabola, 3-3 to 3-7, 3-30 
summary, 3-30 to 3-31 
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Transformation from Cartesian to polar 

coordinates, 2-49 to 2-50, 2-58 
Transformation from polar to Cartesian 

coordinates, 2-51 to 2-52, 2-58 
Transverse axis, 2-40, 2-57 
Trial, 9-1 

Trigonometric functions, derivative of, 5-26 to 
5-29, 5-36 

Trigonometric functions, integral of, 7-24 to 
7-30, 7-35 
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Variable raised to a power, derivative of, 5-4 
to 5-7, 5-34 

Variables, derivatives of, 5-4 to 5-30, 5-34 to 
5-36 

chain rule, 5-19 to 5-21, 5-35 
implicit functions, 5-24 to 5-25, 5-36 
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inverse functions, 5-22 to 5-23, 5-35 
natural logarithmic functions, 5-29 to 

5-30, 5-36 
power form, 5-4 to 5-7, 5-34 
powers of functions, 5-14 to 5-15, 

5-35 

products, 5-10 to 5-12, 5-34 
quotients, 5-12 to 5-13, 5-35 
radicals, 5-16 to 5-18, 5-35 
sums, 5-8 to 5-10, 5-34 
trigonometric functions, 5-26 to 5-29, 
5-36 

Vertex, 2-18, 2-55 
Vertices, 2-56, 2-57 
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Y intercept, 1-15, 1-25 
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Assignment Questions 



Information : The text pages that you are to study are 
provided at the beginning of the assignment questions. 



Assignment 1 



Textbook assignment: Chapter 1, "Straight Lines, " pages 1-1 through 1-2 8. 



Learning Objective: 

Determine distances, divisions, slopes, 
inclinations , angles , and equations of 
straight lines. 

1-1. Analytic geometry is the branch of 
mathematics that is concerned with 
the algebraic analysis of geometri- 
cal relationships . 

1 . True 

2. False 

1-2. In the rectangular coordinate 
system, an abscissa is a 

1 . number that describes a point 

2. distance measured parallel to 
the Y axis 

3. distance measured parallel to 
the X axis 

4. distance measured perpendicular 
to the X axis 

1-3. An ordinate is positive if it is 
a measurement in what direction 
from the origin? 

1. To the right 

2. To the left 

3 . Above 

4. Below 

1-4. The point M whose abscissa is 4 and 
ordinate is -3 is designated by 

1. 4,-3 

2. M(4,-3) 

3. P(-3,4) 

4. M(-3,4) 

1-5. The abscissa and ordinate of a 
point are called the 

1. intersection 

2. mantissa of the point 

3. coordinates of the point 

4. Cartesian symbols of the point 



1-6 



1-7 



1-8. 



1-9. 



The length of a line segment 
parallel to the X axis can be 
measured in the same manner as 
a line segment on the X axis. 

1 . True 

2. False 

Using the formula for finding the 
distance from one point to another 
in a coordinate system, what is 
the distance from point P to point 
Q if P has the coordinates P{0,2) 
and Q has the coordinates Q(6,10)? 

1. 10 

2. 14 

3. /20" 

4. 100 

What is the distance from the 
point T(8,3) to the point U(-3,5)? 



1 
2 
3 
4 
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What is the initial error in the 
following step-by-step calculation 
of the distance from M(6,4) to 
N(-3,8) which resulted in the 
incorrect answer 5? 



B 
C 
D 
E 



V (6 - 3) 



+ (4 - 8) 



(-4) 



16 



V~25 
5 



1. The square of -4 in C 

2. The addition result in D 

3. The extraction of the square 
root in E 

4. The sign before the 3 in A 



1 



1-10. If point Q is located g- of the dis- 
tance from point R to point S, what 
is the ratio of RQ to RS? 



1 
2 
3 
4 



6 
1 
1 
2 
1 
3 
1 
6 




M N 

Figure 1A. —Similar triangles. 

IN ANSWERING ITEM 1-11, REFER TO 
FIGURE 1A. 

1-11. If the ratio of P^M to P^N is -|, 
the ratio of P-^P to ^ s 

3 I 
J - 2 

1 

1-12. Find the coordinates of point M 
one-third of the distance from 
P(3 ,8) to Q(3,5) . 

1. M(3,7) 

2. M(4,7) 

3. M(7,3) 

4. M(7,4) 

1-13 . What are the coordinates of the 

midpoint M of the segment joining 
A(-4 f -6) and B(8,10) ? 

1. M(0,0) 

2. M(2,2) 

3. M(-2,-2) 

4. M(3,3) 

1-14. In the rectangular coordinate 
system, the angle (a) the line 
crossing the X axis makes with 
the positively directed portion 
of the X axis , such that 
0°< a <180° > is called the 

1. tangent 

2 . acute angle 

3. reference angle 

4. angle of inclination 



1-15. The slope of any line is equal 
to the 

1. angle of inclination 

2. coordinate where it crosses 
the X axis 

3. tangent of its angle of 
inclination 

4. angle at the intersection of 
the line and the X axis 

1-16. A line sloping downward and to 

the right has what kind of slope? 

1. Zero 

2 . Negative 

3. Positive 

4. Infinite 

1-17. The slope of a line is a ratio. 

1 . True 

2. False 



1-18. What is the slope m of a line 
connecting A (4, 7) and B(-2,3)? 



1. 
2 . 

3. 

4. 



0 
3 
5 



3 
4 



2 
3 



1-19 



What change, if any, would occur 
in the answer to the previous item 
if A had the coordinates (-2,3) 
and B had the coordinates (4,7)? 



1. There would be no change 

2. The sign would be opposite 

3. The slope of the line would be 
zero 

4 . The reciprocal of the answer 
would be true 

1-20 . The slope of a line parallel to 
the X axis is 

1. 1 

2 i 

3. <*> 

4. 0 



2 



1-21. The slope of a vertical line is 
not defined since the tangent of 
the line's angle of inclination 
increases without limit as the 
angle approaches 

1. 90° 

2. 0° 

3. 180° 

4. 45° 

1-22. Which statement is true of two 
parallel lines in a rectangular 
coordinate system? They have the 
same 

1. x intercept 

2 . y intercept 

3. slope 

4. coordinates 

1-23. What is the relationship of the 

line between A(-l,-2) and B(l,-4) 
and the line between C(9,-l) and 
D(2,6)? 

1. The lines are vertical 

2. The lines are collinear 

3. The lines are parallel 

4. The lines are perpendicular 

1-24. Points A, B r and C have the coordi- 
nates (3,6), (-89,0), and (2,13), 
respectively. What is the rela- 
tionship of line segments AC and BC? 

1 . They are parallel 

2 . They are perpendicular 

3 . They are equal in length 

4. They form an angle of 45° 



1-29. If <$> is the acute angle and <J) ' is 
the obtuse angle between lines 
and L2 , then 

1. = <|> 

2. 4) 1 - <}> = 180° 

3 . $ • + <f> = 180° 

4. + $ = 90° 



1-30. If lines Lj_ and L£ have slopes of 

2 and 6, respectively, what is 
the size of the acute angle 
between them? 

1. 6° 17' 

2. 17° 6' 

3. 28° 13' 

4. 176° 

1-31. The size of the acute angle 

between L-^, which has a slope of 

8, and L2 , which is parallel to 

the X axis is 

1. 82° 53' 

2. 97° 7 1 

3. 108° 

4. 118° 

1-32. What is the size of the obtuse 
angle formed by line L-^ , whose 

slope is -j, and line L2 , whose 
slope is undefined or °°? 

1. 8° 26* 

2. 98° 6 • 

3. 100° 

4. 108° 26' 



In items 1-25 through 1-28, select from 
column B the set of lines that is appro- 
priate to each description listed in 
column A. 

A. DESCRIPTIONS B. SETS 



1-25. Lines having the 1 
same slope 

1-26. Slopes that 2 
are negative 
reciprocals 

3 

1-27 . Lines having 

the same angle 
of inclination 



Parallel 
lines 

Perpendicular 
lines 

Lines having 
a positive 
slope 



1-33. The equation y - y 1 = m(x - x.^ 
is called the 

1 . slope formula 

2 . quadratic formula 

3. equation of a line whose slope 
is x^ 

4. point- slope form of the 
equation of a line 

1-34. The equation of a line through 
(3,8) which has a slope of 2 is 

1. 3x + 8y = 0 

2. 2x - y + 2 = 0 

3. 2x + 2y - 2 = 0 

4. 2y - x + 2 = 0 



1-28. Lines that slope 
up and to the 
right 
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1-35. Using the point-slope form of the 
equation of a line, under which of 
the following conditions can you 
determine a linear equation? 

1. One point on the line and the 
slope of the line are known 

2. Two points on the line and the 
slope of the line are known 

3. Two points on the line are 
known 

4 . All of the above 

1-36. What is the equation of a line 

through points (3,3) and (-4,2)? 

1. x + y - 18 = 0 

2 . x + 7y - 18 = 0 

3. x - 7y + 18 = 0 

4. 7x - y + 18 = 0 

1-37 . Any line that is not perpendicular 
to the X axis intersects the Y 
axis at 

1 . no point 

2. some point 

3. all points 

4 . two points 

1-38. The x coordinate of the point at 
which any line crosses the Y axis 
is always 

1. zero 

2 . positive 

3. negative 

4. the same as the y coordinate 

1-39. The equation y = mx + b is called 
the slope -intercept form of the 
equation of a line . 

1 . True 

2. False 

1-40. Which of the following data, if 

known, is sufficient to permit the 
general form y = mx + b to be 
used in finding the equation of 
a line? 

1. One point on the line 

2. The slope of the line 

3. The y intercept of the line 

4 . The slope of the line and its 
y intercept 



1-41 . What is the slope of the 
line whose equation is 
5y = 15x + 11? 

1 li 
" 5 

2 . 11 

3. 3 

4. 15 

1-42. The line whose y intercept is 
(0,3) and whose slope is 

g- has what equation? 

1. x = 6y + 18 

2. 6y = x + 18 

3. 6x = y - 18 

4. 6x + 6y - 1 = 0 



1-43. 



1-44 



1-45 



1-46 



In using the normal form to 
write the equation of a line, 
what information must you know 
about the desired line? 

1. The slope and the y intercept 

2. One point on the line and the 
slope 

3. Two points on the line and the 
perpendicular distance from 
the origin to the line 

k. The perpendicular distance of 
the line from the origin and 
the angle the perpendicular 
makes with the positive side 
of the X axis 

Which of the following is the 
equation of a line if the perpen- 
dicular distance from the origin 
is 4 units and the angle between 
the perpendicular and the pos it ive 
side of the X axis is 60°? 

1. /I = 8x - y 
2.8 = x/3 + y 

3. 8 = x + y/3 

4. 8x - y = 2 

What is the equation of a line 
parallel to 2x + y - 6 = 0 and 
passing through (4,6) ? 



1. y = x + 8 

2 . y = 2x + 16 

3. 2y - x - 8 = 

4. 2x + y - 14 



0 

= 0 



Which of the following is the 
equation of a line perpendicular 
to 2x + y - 6 = 0 and passing 
through (4,6) ? 



1. 2x + y - 14 

2. 2y - x - 8 = 

3 . y = x + 8 

4. y = 2x + 16 



= 0 
0 
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1-47. The formula d = 



1-48. 



B + C 



A2 + B 2 



is used to find the 



1. normal to a line 

2. general equation of a line 

3. distance between two points 

4. distance from a point to a 
line 

What is the distance from (-2,0) 
to the line whose equation is 
8x - 3y + 2 = 0? 



1 

2 



14/73 
73 

14/73 



73 



, /73 
4. 14 



1-49. 



1-50. 



What is the distance from (-3,2) 
to the line whose equation is 
x + 2y - 8 = 0? 

/5 
5 



1. -4- 



2. 
3. 
4. 



/5 

7/5 
5 

7 
5 



VThat is the distance from (5,/7) 
to the line whose equation is 
/7y = 3x? 



1. 
2. 

3. 
4. 



-2 
2 

/7 
2 
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Assignment 2 



Textbook assignment : Chapter 2 , "Conic Sections," pages 2-1 through 2-6 0 and 

Chapter 3, "Tangents, Normals, and Slopes of Curves," 
pages 3-1 through 3-33 . 



luaminq Ob j ectivz • 

Recognize zlzme, n 1 6 oft c o n i c taction*, a n d 
anal yzz zqua ti cn6 o & co n Ic 6 e c ti o n 6 . 

2-1. Conic sections are formed by pass- 
ing planes at varying angles 
through a right circular cone. 



2-2. 



2-3. 



2-4. 



2-5. The distance from a point (x,y) to 
a point (3,1) is indicated by 
which of the following expressions? 



1- V(x + 3) 2 + (y + l) 2 

2. y<x - 3) 2 + <y - l) 2 

3. (x - l) 2 + (y - 3) 2 

4. (x + 1) 2 + {y + 3) 2 



2-6. If a point on a circle with its 

center at the origin has coordinates 
(4,3) , the radius of the circle is 




2 . 3.5 

3. 5 

4. 7 



3. 13x 2 + 13y 2 - lOlx - lOy 

- 987 = 0 

4. 15x 2 + 15y 2 - 120x - 107y 

- 225 = 0 



1. True 

2. False 

All of the following are examples 
of conic sections except the 

1. ellipse 

2 . circle 

3 . sphere 

4. parabola 

A conic section is the locus of 
all points in a plane whose 
distance from a fixed point is a 
constant ratio to its distance 
from a fixed line. This constant 
ratio i s known as the 

1. focus 

2 . directrix 

3 . coordinate 

4. eccentricity 

Which points satisfy the locus 

2 2 

of the equation x + y =4? 

1. (±2,0), CO, ±2), (±/2,.t/2) 

2. (4,0) , (0,4) , (3, 1) 

3. (±2,0) , (0,±2) , (2,2) 

4. (0,0) 



The locus of the equation 

(x - 3) 2 + (y - 5) 2 = 64 is a 
circle. Where is its center 
located and what is its radius? 

1 . (5,3); 8 units 

2 . (3,5); 8 units 

3 . (3,5); 64 units 

4 . (5,3); 64 units 

Three noncollinear points can 
determine the definition of 

1 . one circle 

2 . two circles of different 
diameters 

3. three circles of different 
diameters 

4. an infinite number of circles 
of different diameters 

The equation of the circle passing 
through points (8,9), (-3,7), and 
(-4,-5) is 

1. x 2 + y 2 - 23x - 17y - 77 = 0 

2. llx 2 + lly 2 - 87x - 18y 
- 179 = 0 
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2-10. The locus of all points 

equidistant from two given 
points is 

1. a circle whose radius cannot 
be determined from the infor- 
mation given 

2. a circle with a radius equal 
to the distance between the 
two given points 

3. a circle with a radius equal 
to the square root of the 
distance between the two given 
points 

4. the perpendicular bisector of 
the line segment connecting 
the two given points 



2-11. 



2-12 



2-13 



2-14 . 



A possible explanation for an 
inconsistent solution in attempt- 
ing to determine the equation of 
a circle passing through three 
points is that the three points 

1. are collinear 

2. are noncollinear 

3. form three equations with three 
unknowns 

4. are not equidistant from each 
other 

The parabola with its vertex at 
the origin in the Cartesian coor- 
dinate system, with its focus at 
(0,a) on the Y axis, and with the 
line y - -a as its directrix has 
the equation 



1. 


2 

x 


= -4ay 


2. 


x 2 


= 4 ay 


3. 


y 2 


= -4ax 


4. 


y 2 


= 4ax 



The point that lies midway 
between the focus and directrix 
is known as the 

1. vertex of the parabola 

2. center of the parabola 

3. origin of the parabola 

4. midpoint of the parabola 

The equation of the parabola 
2 

x = 8y opens 

1 . to the right 

2. to the left 

3 . downward 

4. upward 



2-15. The width of a parabolic curve at 
its focus is called the 

1. vertex 

2 . center 

3. directrix 

4. focal chord 

2 

2-16. A parabola described by y = 16x 
has a horizontal distance 
between its focus and vertex of 

1. 1 

2. 4 

3. 8 

4. 16 

2 

2-17. (y + 3) = 16 (x - 5) represents a 
parabola with its vertex at point 



2-20 



1. 
2. 
3. 
4. 



(-5,3) 
(5,-3) 
(-3,5) 
(3,5) 



2-18. Which of the following is true 
of an ellipse? 

1. e = 0 

2. e = 1 

3. e > 1 

4. 0 < e < 1 



2-19. The equation 



144 



= 1 



axis . 
axes , 



describes an ellipse with a 
directrix parallel to the Y 
Its semimajor and semiminor 
respectively, are equal to 

1. 6,4 

2. 12,8 

3. 18,8 

4. 24,16 



If an ellipse has its center at 
the origin, foci of (4,0) and 
(-4,0), and eccentricity of 0.8, 
the value of a in the 



is 



what 
formula 



- 1? 



1. ±3.2 

2. ±5 

3. 25 

4. ±25 
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* 



2-21 



2-22 



If the center of an ellipse is 
moved from the origin to (-3,-2) , 
the numerators of the fractions 
on the left side of the general 
equation for this ellipse are now 



2-23. Reduce the equation 



1. 
2. 

3 . 

4 . 



Cx + 
(x - 
(x + 
(x - 



3) 
3) 
3) 
3) 



(y - 2) 

(y - 2) 

(y + 2) 

(y + 2) 



When completing the square of 
2 

3 (A - 18A) on the left side of 
an equation, the value to be 
added to the right side of the 
equation is 



3x 2 + 



4y 2 + 6x + 32y + 31 = 0 



to the standard form of an 
ellipse - What are the lengths of 
the semimajor and semiminor axes, 
respectively? 

1. 2/3,3 

2. /T,2 

3. 1,4 

4. 3,4 



1. 36 

2 . 54 

3. 81 

4. 243 



x 



The diaoram in figure 2A refers to a hyperbola of form 

a 



- ^ = i. 




Figure 2A. — Hyperbola. 



V and V are the vertices of the hyperbola. V and V may also be described 
as the intersections of the hyperbola with its focal axis. The focal axis, also 
called the principal axis, is the line segment FF ' connecting the two foci of the 
hyperbola. That portion of the principal axis between V and V, that is, line 
segment W , is called the transverse axis of the hyperbola and is equal to 2a. 

Line segment BB 1 , where BO = OB 1 = b, is called the conjugate axis of the 
hyperbola. Note that the conjugate axis is perpendicular to the transverse axis 
and its total length is equal to 2b. 

The line segment LL* through either focus perpendicular to the principal 
axis is called the focal chord and is equal to 2b 2 /a. 
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2-24. The relationship between the foci 
and directrices of a hyperbola 
with respect to the origin as the 
center of symmetry is that 

1. each focus is nearer the origin 
than its corresponding 
directrix 

2. the focal axis is parallel to 
each directrix at the origin 

3. each directrix is coincident 
with its corresponding focus 
at the origin 

4 . each focus is farther away from 
the origin than its correspond- 
ing directrix 



2 o 

2-29. The focal chord of 2L_ - Z_ 

25 9 

1. 3 3/5 

2. -21/5 

3. 50/3 

4. -16 2/3 



= 1 is 



2-30 . What are the asymptotes of 
2 2 

£1 - Zl = i? 
64 49 



1. y = ± _Lx 
* 8 

2. 8x ± 7y = 0 



3. Both 1 and 2 above 



2-25. 



The lines y = - — x and 

2 a 



b 

= — x 
a 



2-26 



2-27. 



used in tracing a hyperbola are 
called 

1 . asymptotes 

2 . diagonals 

3 . center lines 

4 . directrices 

2 2 

- ^ - 1 is described verbally 
a b 

with respect to the rectangular 
coordinate system as a hyperbola 
which opens 

1 . to the left 

2 . to the right 

3 . upward and downward 

4. to the left and to the right 

A hyperbola, with its center 
at the origin, has foci at (±5,0) 
and eccentricity of 1.5. In the 
standard form, this hyperbola 

2 

would have a equal to 

1. 3 1/3 

2. 10 

3. 11 1/9 

4. 13 



2 2 
X v 

2-28. The equation - ^5 = 



1 is a 



hyperbola with its center at the 
origin and foci at 

1. ±/T4 along the X axis 

2. ±/T5 along the Y axis 

3. ± 9 along the X axis 

4. ± 9 along the Y axis 



4. x = ± 'y 

2-31. 9x 2 + 4y 2 - 18x + 16y - 11 = 0 
is an equation of 

1. a parabola 

2. a hyperbola 

3 . an ellipse 

4. a circle 

L&ainlng Ob jzctivz : 

TsianA ioKm Ca.n.£2,64.an coofid-inatZA to 
VoldK cioon.dinatz6 and vict v a . 

2-32. What must be known in order to 
locate a point in a plane by 
means of polar coordinates? 

1. The horizontal and vertical 
components of the point 

2. The radius vector and its 
polar angle 

3. The radius vector and its chord 

4. The polar angle and focal chord 

2-33. The origin of a polar coordinate 
system is also called the 

1. apex 

2 . vertex 

3 . center 

4. pole 

2-34 . Polar angles are 

1 . positive if measured 

c lockwise and negative i f 
measured counterclockwise 

2. negative if measured 
clockwise and positive if 
measured counterclockwise 

3 . always positive 

4. positive for O°^0£l8O° and 

negative for 180°<9<360° 
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2-35. The equation x 2 + y 2 = 2a 

expressed in polar coordinates is 

1. o 2 = 2a 

2 . p = 2 a 

2 

3. p (sin 0 + cos 0) = 2a 

4. p (sin 2 G cos 2 9) = a 

Cartesian coordinates are the 
same as polar coordinates. 

1. True 

2. False 



2-36. 



2-3 7 . The equation p = 4 sin 0 cot 0 
is equivalent to 

1. 4 (x 2 + y 2 ) = x 

2. x 2 + y 2 = 4x 



. /x 2 + y 2 = 4x + /x 2 



4 . 



x 



= 4 



/x 2 + y 2 / \/x 2 + y 2 . 
Learning Ob j zctivz • 

Calculate, the AlopzA o& cu>ive.6 and Aolve. 
^ok the equation o j} the tangent Itne and 
noxwal line to a cu?ive. 

2-38. The slope of a curve at a point, 

Ax 

P(x,y), can be represented by 



Ay 



1 . True 

2. False 



2-39. Which of the following statements 
is TRUE regarding the error 
incurred in calculating the slope 
of a curve at a given point? 

1 . Calculation error is small if 
the curvature is great and 
large increments of Ay and Ax 
are used 

2 . Calculation error is large if 
the curve is nearly flat , 
regardless of the value of the 
Ax and Ay increments 

3. If the curvature is great, cal- 
culation error increases as the 
lengths of Ay and Ax increase 

4 . If the curvature is great , cal- 
culation error decreases as the 
lengths of Ay and Ax increase 



2-40. In finding the slope of a curve 
at a given point using 
sufficiently small increments, 
you are actually determining the 
slope of the tangent to the curve 
at that point. 

1 . True 

2. False 



2-41. A tangent to a curve at P(x,y) 

has a slope equal to 0. Relative 
to maximum and minimum, the curve 
at this point may be 

1. at a minimum 

2 . at a maximum 

3. at either a maximum or a 
minimum 

4 . at both a maximum and minimum 

2-42. If the tangent to a curve at 

point P(x,y) has an infinite slope, 
this tangent is described as being 
perpendicular to 

1. the curve at point P 

2. the X axis 

3 . the Y axis 

4 . Ay 



2-43. If Ay = 



4Ax 



2y x + Ay 



and y. is 



independent of both Ax and Ay , 
then as Ax approaches zero Ay 
approaches a value of 

1. zero 



2. 



2 Y 



3. 



4. 



2y x + Ay 



2 Y 



2-44. If the slope of the tangent line 
to a curve at the point (5,10) 
is 3/2, the equation of the tan- 
gent line is 



1. 2x - 

2. 3x - 

3 . 5x - 

4. lOx 



3y + 10 = 0 
2y + 5 = 0 
lOy + 12 = 0 
- 5y + 24 = 0 
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2-45. In using the general method to 

find the equation of the tangent 
to a curve at (x^y^) , pick a 

second point to the curve, 

(x^ + Ax,y^ + Ay), and substitute 

these values into the equation of 
the curve and simplify. When 
simplifying, the term containing 
(Ay) to the second power can be 
eliminated because this term 



2-49. The slope of a tangent to a curve 

at a given point is m . Therefore, 

P 

the slope of the normal to the 
curve at this same point is the 

1. inverse of m 

P 

2. negative of m 

P 

3. negative reciprocal of m 

A P 

4. same as m 



1. is independent of Ax 

2. is eliminated through sub- 

2 

traction of (Ay) 

3 . approaches zero as Ax 
approaches zero 

4. is eliminated through division 

by (Ay) 2 



2 2 2 
2-46. If x + y = r and (x^,y^) is 

a point on the curve, then the 

2 2 2 
expression r - x^ - y^ is 

equivalent to 



1. zero 

2. r 2 - (x 2 - 

: 2 + 



3. 
4. 



2 _ 



(x 2 - 
{-x 2 



y^) 
y 2 ) 
- y 2 ) 



2-47. The equation of the tangent to 

the curve 8x 2 - y 2 = 8 at the 
point (3,8) is 



i. y 
2 - y 

3. y 

4. y 



3x + 5 
-3x + 17 
3x - 17 
3x - 1 



2-4 8. The normal to a curve at a given 
point is 

1. parallel to the tangent line 
at that point 

2. perpendicular to the tangent 
line at that point 

3. perpendicular to the X axis at 
that point 

4. perpendicular to the Y axis at 
that point 



2-50. The length of the normal is 

defined as that portion of the 
normal line between the point 
P(x,y) and the 

1 . X axis 

2 . Y axis 

3. origin 

4. point P(x,0) 















0 


R 


N M 



Figure 2B . — Curve with tangent and 

normal lines . 

IN ANSWERING ITEM 2-51, REFER TO 
FIGURE 2B. 

2-51. The lengths of the tangent 
and normal are represented, 



respectively, by 




1. NM and RN 




2. P 1 M and P^N 




3. PjN and PR 




4. PjM and P^R 




If x 2 + y 2 = 4, then the 
of the tangent at (l,/3) 


length 
is 


1. /3 

2. 2 

3. 12 

4. /12 
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LaoLtininQ Objective, : 

Rzcogn-lzz pa?iamttn.ic equation* and 
dctzKmint coordinate* a tangent to a 
cuKve at a point when paKametxlc 
equation* an.e involved . 

^ In answering items 2-53 through 
2-56, refer to the formulas 

x = 7rr2 and y = 2Trr. 

2-53 . The letter r is known as a 

1. base 

2. constant 

3. parameter 

4. parametric equation 



2-54 . 



If r is eliminated, the relation- 
ship between x and y is 

y 2 

1. x = 1 — 



2 . 



x = 



x = 



2tt 



4 TT 



2 



4, y' - 



2 - JL 



x 

4 TT 



2-55. If y = 2, what is the value of x? 

1. , 2 

2. 4tt 

3. i 

TT 

4. * 



4tt 



2-56. 



If = 27T and ^ = 27rr, the 
Ar Ar 

slope of the tangent to the 
curve at r - 3 is 



1 . 

2. 

3. 
4. 



1 

TT 
1 

3 
3 

-3 



2-59 



In answering items 2-57 and 2-58, 
refer to the following equations: 

x = 2 sin 6, y = 4 cos 6 

Ax Ay A 

M = 2 cos 9, ^ = -4 



sin 6 



2-57 . The general expression for the 



slope 



is 



A^ 
Ax 



of the curve at (x^,y^) 



-2 tan 6 

tan 8 

cot 9 



4. 2 cot 9 

2-58. At the point where 9 = 30° the 
equation of the normal to the 
curve is 

1. 2x - y/3 + 5 = 0 

2 . 2y - x/3 -3/3 = 0 

3. 6y - 3x - 9 = 0 

4. 6x - 3y + 8 = 0 



When using parametric equations, 
we find the vertical tangent to 
a curve by setting 



1 
2 
3 
4 



= 0 

At 

& = 0 

At 

7* = 0 
Ay 

¥ = o 

AX 



2-60. If x = t 2 , y = 3t, |~ = 2t, and 

Ay 

^£ - 3, at what coordinates on the 

curve is the tangent parallel to 
the Y axis? 



1. 
2. 
3. 
4. 



(4,6) 

(1,1) 
(0,1) 
(0,0) 
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Assignment 3 



Textbook assignment: Chapter 4 , "Limits and Differentiation, " pages 4-1 through 

4-34 and Chapter 5, "Derivatives," pages 5-1 through 5-38 . 



A thorough understanding of functions and functional notation is necessary at 
' this point. In mathematics a variable, y, is said to be a function of 
another variable, x. It is not enough to say that a change in x causes a 
corresponding change in y, because this is not always true; for example, when y 
equals a constant. To allow for certain exceptions, we have adopted the following 
definition: If for each value of variable x there is only one corresponding value 
y, then y is said to be a function of x. Consider the equation y = 3. This is a 
straight line parallel to the X axis and intersecting the Y axis at 3. No matter 
what value is assigned to x, there is a corresponding value for y; in this example 
3. 

Functional notation is used as a brief and convenient way of symbolizing 
that variable y is a function of variable x and is written y - f(x) where y is the 
dependent variable and x is the independent variable. This is read, "y equals f 
of x." This means y is some function of x; that is, y has a value for each value 
of x. This symbolism does not mean that some quantity f is to be multiplied by 
some quantity x. It also does not indicate what the function of x is. It could be 
o 

3 sin x, x log^x, or any function involving x as the independent variable . 



1 - x 



If more than one function of x must be considered in a single discussion, a 

symbol other than f is used, such as: g(x), q(x), or h(x). For example, if it is 

2 

given that y is a function of x cos x, 0 <_ x < 5, and x + 2 , 5 £ x _< 9 , this could 
be stated symbolically as 



y = 



f (x) , 0 < x < 5 

g (x) , 5 £ x <_ 9 

where f(x) = x cos x and g(x) = x 2 + 2 . 

When using functional notation, we should remember that throughout a single 
problem or discussion, a given functional symbol such as f (x) will always represent 
the same function, and a symbol such as f (a) means that the function f (x) is to be 
evaluated at x = a. Stated in symbols, f (a) represents the value of f(x) at x = a . 

As an example, find f(2) when 

2 

y=f(x) =x - x + 2 
To find f (2) , we merely substitute a 2 every place an x occurs in f (x) . 

f (2) =2 2 -2+2=4 

Likewise, f(x) may be evaluated for any constant value assigned to x and symbolized 
in functional notation by placing in parenthesis the value x will have for that 
particular problem. In the above example find f(-2), f(3), and f(a). Hence, 

f (-2) = (-2) 2 - (-2) +2 = 8 

f(3) =3 2 -3+2=8 



f (a) = a -a+2 
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Learning Objec tive : 

Define "limit rt and re cognize techniques 
use fu I in evaluati n g a I i mit . 

In answering items 3-1 and 3-2 , 
refer to the curve y - . 



= L, then f(a) exists 



3-1. 



3-2 



3-3 



3-4. 



y = 16 on the graph is considered 
to be the limit of 

1. L as x is allowed to approach 
the value 4 

2. f (x) as y is allowed to approach 
the value 4 

3 . f {x) as x is allowed to approach 
the value 4 

2 

4. y = x as x is allowed to 
approach the value 16 

If the curve is defined at x equals 
4 , it can then be said that the 

1 . limit of x = 4 

2. limit f(x) = f(4) 
x-*4 ^ 

3. limit of x =16 

4. limit f(4) = 4 

Which interval would NOT contain 

lim x^? 
x-*5 

1. 1 - 81 

2. 16 - 36 

3 . 20 . 25 - 30.25 
4. 4 - 6 



Which statement below explains why 
L is the limit of f(x) as x 
approaches a? 

1. The value of f(a) equals L 

2. The function f (x) , when evalu- 
ated at x equal to a , is such 
that f(x) - f(a) is equal to 
zero 

3. The absolute value of the sum 

of f(x) and L is made larger than 
any test number 6 by choosing 
an appropriate value for x very 
near, but not equal to, e 

4. The absolute value of the dif- 
ference between f{x) and L can 
be made smaller than any other 
positive number named by choosing 
an appropriate value for x very 
near , but not equal to , a 



3-5. If lim f(x) 
x >a 

1. True 

2. False 



For all the functions given in 

* items 3-6 through 3-8, the limf(x) 

x-*a 

may be found by substituting a for x; 
that is, by evaluating f (a) . 



3-6 . The limit of 3x - 5 - x as x 
approaches -3 is 



1. 
2 . 
3. 
4. 



10 
18 
25 
35 



3-7. 



lim ( 
x->2 



v 



2x - 2x + 3x) is 



1. 12 

2. 8 

3. 2 (/J + 3) 

4. 4 

3-8. Find lim f(z) when f ( z ) equals 
3 Z 2 _ z 

— - — - — y~ anc ^ a equals 0. 

1. 1 

2. -1 

3. 0 

4. 5 

In items 3-9 through 3-12, find 
• the limit of the functions and, 
where necessary, change the function by 
division or factoring so that an indeter- 
minate form does not occur. 

3-9. lim 16t 2 + 20t - 30 is 
t+2 



1. 0 

2. 6 

3. 36 

4. 74 
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3-10. lim 
x+0 



- 1 



x - 1 



IS 



1. 1 

2. 2 

3. 0 

4. x + 1 



3-11. lim 



x 4 - 2x 2 + 3 
x-" 2x 4 + x 3 - 3x 2 + x 



IS 



1. 0 

2. » 

3. 3 



3-12. lim 

x-1 



x 



- 1 



X - 1 



IS 



1. 1 

2. 2 

3. 0 

4 . x + 1 



3-13. Which of the following statements 
correctly describes the outcome of 

produced when you attempt to 
determine lim f (x) by evaluating 

f (a)? 

1. The limit is zero 

2. The limit, if it exists, 
cannot be determined by this 
method because the outcome is 
in an indeterminate form 

3 . The limit is one 

4 . The limit is infinity 

3-14. What is lim sin_x+_x^ where 
x is in radians? 

1. +1 

2 I 
• 2 

3. -1 

4. 0 



0 I terns 3-15 through 3-19 relate to the limit theorems . 



In answering items 3-15 through 3-18, select from column B the word statement of 
each of the theorems in column A. 



A. THEOREMS 

3-15. lim f(x) g(x) = 
x+a 



lim f{x) 
x^a 



J L 



lim g ( 
x+a 



1 



3-16. lim [f(x) + g(x)] = lim f(x) + lim g(x) 
x+a x^a x-+a 



3-17. lim U^l 
x-a 



lim f(x) 

■fi^ 7 — r / if lim g(x) / 0 

x+a 



3-18. lim cf (x) = c lim f(x) 
x+a x+a 



B. STATEMENTS 

1. The limit of the quotient of two 
functions is equal to the quotient 
of their limits , provided the limit 
of the divisor is not equal to zero 

2. The limit of the product of two 
functions is equal to the product 
of their limits 

3. The limit of the sum of two 
functions is equal to the sum of 
the limits 

4. The limit of a constant, c, times a 
function, f (x) , is equal to the 
constant, c, times the limit of the 
function 
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3-19. Using theorems 2 and 3 given in 3-27. Which statement concerning 

your text, find the limit of infinitesimals is FALSE? 



3(x - 2) (x + 4) as x approaches 5. 

1. 38 

2. 81 

3. 261 

4. 340 



Learning Objective: 

Define and apply the concept of 
i n finites i I s . 

3-20. An infinitesimal results when 
a variable 

1. approaches 0 as a limit 

2. equals its limit 

3. approaches °° as a limit 

4. can be assigned a definite 
value 

3-21. A variable approaches a constant 
as a limit if the difference 
between the variable and the con- 
stant becomes an infinitesimal. 

1 . True 

2. False 

In items 3-22 through 3-26 , mark your 
• answer sheet True if the function 
becomes an infinitesimal in approaching 
its limit and False if it does not. 

3-22. lim + 5x - 6 _ 2 
x-3 x + 6 

3-23. lim (x 2 - 4x + 3) 
x-*4 

3-24. lim (5x - x 3 ) 
x-*2 

3_ 25 . lim * 2 + 8 * t 16 

a x + 4 
x-*-4 

. , . x + 2x - 1 
3-26. lim — = 

x+0 x - 3x + 2 



1. The product of a constant and 
an infinitesimal is always an 
infinitesimal 

2. The product of two or more 
infinitesimals is always an 
infinitesimal 

3. The sum of two or more 
infinitesimals is always an 
infinitesimal 

4. The ratio of two infinitesimals 
is always an infinitesimal 

A function is discontinuous at x 
^ equals a if the evaluation of f(a) 
causes division by zero. Since a point 
has no physical dimensions , the graph of 
a curve with only one missing point 
would appear to be a continuous curve, 
but mathematically it is considered to 
be di scon tinuous . The graph of the 

2 _ 4 

function - % is discontinuous at x 

x - 2 

equals 2 because division by 0 occurs. 
This point is represented by a small 
circle drawn on the curve at x equals 2 . 
Even though the curve does not exist at 
x equals 2, no gap would be left that 
could be physically seen. The small 
circle would actually contain an 
infinite number of points and is 
therefore only symbolic of the dis- 
continuity. 

Other forms of discontinuity can 
be graphically shown. The function, 
y = tan x, is continuous in the 

interval -j < tan x < 1, or 

3tt 

\ < tan x < — but is discontinuous 

at these limits. This curve continues 
to repeat itself at ^ radian intervals 
and is discontinuous at tt/2 + nir, where 
n is any integer. 

Generally speaking, a function is 
continuous in a given interval if the 
curve is unbroken; that is, if it can be 
drawn in that interval without lifting 
the pen or pencil from the paper. 
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Learning Obj ec tive : 

Define and recognize continuous functions. 

3-28. At which one of the following 
values of x is the function 

— + continuous? 

x + 2 x 2 + x - 12 

1. -4 

2. -2 

3. 3 

4. 4 



Learning Objective; 

Use the Urn it concept in differentiating 
func tions . 

3-32. In the function y = f(x), the 

limit of the ratio of Ay to Ax as 
Ax approaches zero is called the 

1. integral of Ay 

2 . derivative of Ax 

3. differential of y 

4. derivative of f{x) 



3-29. Which of the following functions 
is defined at x equals 2? 



1. 
2. 

3. 
4. 



x - 2 

/n - x 

x - 8 

3 



x J + 3x - 5 
x + 2 



x - 6x + 8 



3-30. Which of the following functions 
is continuous at x equals c? 



1. 



cx 



- r2 



, c # 0 



2. 2c ~ CX , c * 0 
x - c 



m Remember, the limit of an incre- 
ment as it approaches zero is an 
infinitesimal and is considered to be 
zero . This does not , however , apply to 
the ratio of two infinitesimals. As 
pointed out in your text, the ratio may 
have any numerical value , including zero . 
Any term that includes an infinitesimal 
as a factor can be dropped because the 
whole term is an infinitesimal, except 
when two infinitesimals occur as a 
ratio. Note in the example below that 
when the limit is taken, terms containing 
increments that become infinitesimals 
drop out. 

3 

lim (4x - 3xAx + lOOOAx - Ax ) = 4x 
Ax+0 

Here is an additional example 
using the four-step delta method given 
in your text. The derivative of 



2 2 

3 - VH- ' c * 0 



4. 



2^2 
x + c , c * 0 



x 



2 _ n 2 



3-31. Which of the following functions 
of x is continuous for all values 
of x? 



1. h(x) = 



2. g(x) 



3. q(x) = 



= i 



4. f(x) = 



_ i 





4 






2 




2 

X 




x - 6 , 




X 


- 3 


5, 


X 


= 3 


x 2 




3x - 4 




X 


+ 1 


0, 


X 


= 4 


x3 




8 x 4 


X 




2 ' * 


4, 


X 


= -2 



, x + 4 



y = 2x - x + 8 is found as follows: 

If x were to increase by an increment 
Ax, the corresponding increase in y 
would be Ay. This is illustrated in the 
next equation where y + Ay replaces the 
y and x + Ax replaces all x's in the 
original equation. 

y + Ay = 2 (x + Ax) 2 - (x + Ax) + 8 

Performing the indicated expansion of 
the squared binominal gives 

2 2 
y + Ay = 2(x + 2xAx + Ax ) - (x + Ax) +8 

? 2 
y + Ay = 2x + 4xAx + 2Ax - x - Ax + 8 
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Now subtracting the original equation 
gives 

2 2 
y + Ay = 2x + 4xAx + 2Ax - x - Ax + 8 

y - 2x 2 - x +8 



Ay = 



+ 4xAx + 2Ax 



- Ax 



This step is allowable because equals 
are subtracted from equals. Next divide 
both sides of the equation by Ax. 



AY _ 4xAx 2 Ax' 
Tot Ax Ax 



which reduces to 



Ax 
Ax 



Ay 

Ax 



= 4x + 2Ax - 1 



Take the limit of both sides of the 
equation . 

lim A^ = lim (4x + 2Ax - 1) 

Ax+0 Ax Ax^O 

The le f t-hand member is symbolized 



dy 
dx 



and the right-hand member becomes 4x - 
dy _ 



l; 



thus 



dx 



= 4x - 1. 



^ In items 3-3 3 through 3-3 5 , find 
the derivative of the given func- 
tion using the four-step delta method 
given in your text. 

2 

3-3 3 . The derivative of y = 3x + 100 is 

1. 6x 

2 . 6x 2 

3. 5x + 10 

2 

4. 3x + 6xAx + 100 



3-34. The derivative of y 

1 . 2x 

2. 5x 3 

3. 6x 2 

4. 6x 2 + 6x 



= 2x 



is 



3-35. The derivative of y = 



1 . 2x 



x 



IS 



2. 



2x 



3. - 



x 



4. - ± + 2 

x 

_ In answering items 3-36 and 3-37, 
find the slope of the tangent 
line to the given curve at the point 
indicated . 

2 

3-36. The slope of y = 5x at x = 4 is 

1. 5 

2. 15 

3. 30 

4. 40 



3-37. 



The slope of y 
x = 1 is 



= x 



- 4x + 4 at 



1. 

2. 
3. 
4. 



-2 

2 
0 
4 



Consider the graph of the curve 

* 3 2 

y = 5x - 6x - 3x + 3. 

The maximum or minimum values for this 
curve obviously are undefined since the 
curve grows without bounds. But in the 
interval between x equals -1 and x 
equals 2, the curve reaches a maximum 



at x equals - and 
x equals 1. 



a minimum at 



It is these points which have 
physical significance and about which 
the text discussion is centered. These 
significant maxima and minima are 
usually referred to as local maxima and 
mimima to distinguish them from other 
kinds . 



The text has defined the deriva- 
tive to be equal to the slope of the 
tangent line on the curve at any point 
x in the interval under discussion. 
When the tangent line to the curve is 
parallel to the X axis, the value of the 
slope is zero. The tangent line can be 
parallel to the X axis (have a slope of 
zero) at only two points . These points 
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are at x equals - where the curve is 

maximum, and at x equals 1, where the 
curve is minimum. 

Because the derivative is equal to 
the s lope of the tangent to the curve , 
maxima and minima can easily be found by 
determining the derivative, setting the 
derivative equal to zero , and determining 
the values of the independent variable 
that will make the derivative equal to 
zero. Since, 



dy 
dx 

and 



= 15x - 12x - 3 



15x - 12x -3=0 



then 



3 (5x* - 4x - 1) = 0 



or 



(5x - 4x - 1) = 0 



^ In answering items 3-38 and 3-39 , 
determine the values of the 
independent variable for all maxima and 
minima of the given function. 

3-38. There exists either a maximum or 
a minimum point on the curve 

y = 2x - 8x at x equals 

1. 1 

2. 2 

3. 8 

4. 4 

3-39 . On the curve 

s = it 3 + *t 2 - 12t + 4, 

where -7 <_ t <_ 6, there are either 
maximum or minimum points at t 
equals 

1. 2 and -5 

2. 3 and -4 

3 . 3 and 6 

4. 3 and -2 



By factoring , 

(5x + 1) (x - 1) =0 

such that 

x = - 4 and 1 

The coordinates on the curve where a 
maximum or a minimum occurs can be found 
by substituting the determined values 
of x back into the original equation of 
the curve to find corresponding values 
of y. Thus when x = -1/5, then 



Learning Objective: 

Differentiate explicit and imp licit 
functions through the use of rules and 
formulas . 

^ The formulas on the following page 
may be used for reference . In 
these formulas a, n, and C always 
represent a constant and u and v always 
represent a function of x. 



■ »(- 1) -«(-*)- 3 (- i) ♦ > 



= 3 



8 



25 



Therefore, the coordinates of the maxima 
are (-1/5,3 8/25). when x = 1 

y = 5(1) 3 - 6(1) 2 - 3(1) + 3 

= -1 



Therefore, the coordinates of the minima 
are (1,-1) , 
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Table 3A. --Formulas Involving Common 

Derivative Forms 



20. d_(e u ) 
dx 



= e 



u du 



1. d_(a) _ 
dx 



0 



21. d_(a x ) 
dx 



' = (In a) a 



x 



2. d (x) 
3x" 



= 1 



22. d_(a u ) 
dx 



(In a)a u ^ 
dx 



3- d (x n ) , nx n-l 

dx 



4- = anx n-l 



5. d (u + v) _ du dv 
dx dx cTx 



3-40. The derivative of a constant is 



1 . one 

2 . zero 

3. an infinitesimal 

4 . the constant 



6. d_(uv) _ u dv du 
dx cTx dx 



7. d_fu^ 



dxv 



du dv 
dx dx 



v 



8. d (au n ) = anu n-l du 

dx dx 



9. & 



a£ = a5 a£ Cchain rule) 



3-41. Given the function y = 12, as you 
move from point x to x + Ax, what 
happens to the value of y + Ay? 

1 . It increases 

2. It decreases 

3. It varies in proportion to Ax 

4. It remains the same 

3-42 . The derivative of f(x) = x^ is 
1. x 3 



10. d^ = 
dx 



dy 



11. d__(sin u) 
dx 



= cos u 



du 
3x~ 



2 . x 



3. 4x' 



4 . 4x 



12. d_(cos u) 
dx 



= -sin u 



du 
dx 



13. djtan u) = sec 2 u du 
dx dx 



14. d__(cot u) 
dx 



^^2„ du 

-CSC U 

dx 



15. d (sec u) _ , „ du 

-= — = sec u tan u -= — 

dx dx 



16. d (esc u) 
o^x" 



= -CSC u cot u 



du 
3x 



17. d_(ln x) = 1 
dx x 

18. d (In u) = 1 du 
tlx u dx 



3-43. If f(x) = x n and 



dx AX-+0 



(x + Ax) n - x n 
Ax 



then as Ax approaches zero, f'(x) 
equals 

1. x 11 " 1 

0 



2 . x 



n-1 



TTx" 



3 . nx 



n-1 



4 . x + Ax 

Ax 



19. d_(e x ) = e x 
dx 
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3-44. ^ of y = kx 2 is 



1. 
2. 
3. 
4. 



2x 

2kx 

kx 

k 

x 



3-49. The derivative of the product of 
two dif f erentiable functions of x 
equals the product of the deriva- 
tives of the functions. 

1 . True 

2. False 



3-45. 



3-46. 



The derivative of the sum of two 
or more dif f erentiable functions 
of x is equal to the 

1. product of their derivatives 

2. product of their limits 

3. sum of their limits 

4. sum of their derivatives 

Find of y = tx 4 + sx 3 + x 2 + 6 . 

1. 4x 3 + 3x 2 + 2x + 1 

2. 4tx 3 + 3sx 2 + 2x 

3. 4tx 3 + 3sc 2 + 2x + 1 

4. 4x 3 + 3x 2 + 2x + 6 



In answering items 3-50 through 
* 3-52, employ the theorem for 
finding the derivative of a product. 

3-50. Find ^ of y = x 2 (3x). 

dx 

1. 6x 2 

2. 6x 2 + 3x 

3. 3x 2 + 6x 

4. 9x 2 

3-51. If f(x) = (x 2 + 3x) (x 3 + 4), what 



is 



dy_ ? 

dx 



In answering items 3-4 7 and 3-48, 
• refer to the following information : 

The relationship between the time, t, 
of flight in seconds and the altitude, 
a, in feet of a projectile is given 
approximately by the formula 

a = vt - 16t 2 , where v is the muzzle 

velocity of the projectile . Assuming 
that a gun having a muzzle velocity of 
384 feet per second is fired, the formula 
for the projectile's altitude becomes 

a = 384t - 16t 2 . 



3-47. 



How long after the gun is fired 
will the altitude be maximum? 



(Hint: Solve for 



da 
dt 



and use the 



procedure for determining a 
maximum value.) 

1 . 14 seconds 

2. 12 seconds 

3. 10 seconds 

4. 8 seconds 



3-48. What will be the maximum altitude 
reached by the projectile? 

1 . 1 ,152 feet 

2. 2,304 feet 

3 . 3,456 feet 

4. 4,608 feet 



1. 6x 3 + 9x 2 

2. 5x 4 + 12x 3 + 8x + 12 

3. (x 2 + 3x) {3x 2 + 1) 
+ (x 3 + 4) (2x) 

4. (x 2 + 3x) (3x 2 + 1) 
+ (x 3 + 4) (2x + 3) 

3-52. ^ of 3x 2 (2x + 4) (tx 3 ) is 
dx 

1. (2x + 4) (tx 3 ) (6x) 
+ (3x 2 ) (tx 3 ) (6) 

+ (3x 2 ) (2x + 4) (3tx 2 ) 

2. (3x 2 ) (2x + 4) (3x 2 ) 

+ (2x + 4) (3tx 2 ) (2) 
+ (3x 2 ) (tx 3 ) (6x) 

3. (3x 2 ) (2x + 4) (3tx 2 ) 
+ (2x + 4) (tx 3 ) (2) 
+ (3x 2 ) (tx 3 ) (2) 

4. (3x 2 ) (2x + 4) (3tx 2 ) 
+ (2x + 4) (tx 3 ) (6x) 
+ Ox 2 ) (tx 3 ) (2) 
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3-53. If w = g(x) and z = h(x) , then 
the derivative of — equals 

l wg 1 (x) - zh ' (x) 

l ' 2 

z 

o wh 1 (x) - zg' (x) 

W 

zg ' (x) - wh' (x) 

* 2 

z 

4 zh ' (x) - wg' (x) 

4 " 2 

w 



3-54. The derivative of 

x 2 - 3x + 3 . 



f(x) = 



is 



3-57. Express the function 
f(x) = 1 



V(x + 



3) 



using fractional exponents 



1. (x + 3) 

2. (x + 3) 

3. 1 



-3/2 
3/2 



(x + 3) 
4. 1 



-1/2 



x J + 2 



(x + 3)" 3/2 



1. 



2. 



3. 



4. 



4 3 2 

-x + 6x + 9x + 6x + 3 



, 2 
(x 


+ 2) 2 


x + 6x + 


9x 2 + 6x - 3 


, 3 
(x 


+ 2) 2 


4 j. a 3 
-x + 6x 


2 

- 9x + 4x - 6 


(x 


+ 2) 2 


x 4 + 9x 3 - 


2 

9x + 4x - 6 


, 3 
(x 


+ 2) 2 



3-58. 



^ of f (x) = 
dx 



4x - 6 



Vx + 



equals 



3x + 2 



1. (4x 2 - 9)Vx 2 + 3x + 2 



+ 4Vx 2 + 



3x + 2 



2. 



9 - 4x' 



+ 



Vx 2 + 3x + 2 V^ 2 + 3x + 2 



3-55 



3-56 



If y =, tu(x) ] 

1. t [u(x) ] t_1 [u' (x) 3 

t-1 u' (x) 



dy_ 



, then g^- equals 



2. t[u(x)] 



t' (x) 



3. t[u(x)] 
tu' (x) 



t-1 



4. 



t-1 



Eu(x) ] 

What is the derivative of 
g(x) = (x 4 + 3x 3 + 2x) 5 ? 

1. 5(x 4 + 3x 3 + 2x} (4x 3 + 9x + 2) 

2. 5(x 4 + 3x 3 + 2x) (4x 3 + 9x 2 + 2) 

3. 5(x 4 + 3x 3 + 2x) 4 (4x 3 + 9x + 2) 

4. 5(x 4 + 3x 3 + 2x) 4 (4x 3 + 9x 2 + 2) 



3. 



4x - 9 



Vx 2 + 3x + 2 V(x 2 + 3x + 



2) 



4. 



4x z - 9 



Vx 2 + 3x + 



+ 4Vx 2 + 3x + 



3-59. If y = (z + 3) 2 and z = x + 3, 

then according to the chain rule, 



dv_ 
dx 


equals 


1. 


dy 
du 


du 
dx 


2. 


dy 
dx 


dx 
dz 


3. 


dy 


dz 
cTx 


4. 


dz 

air 


& 
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3-60. If y = (t 2 + 1) 3 and t = (x 2 + 5) , 
then *L equals 

1. 12x(t 2 + 1) 2 

2. 12(x 2 + 5) [(x 2 + 5) 2 + l] 2 

3. 3 [ (x 2 + 5) 2 + 1 ] 2 

4. 12x(x 2 + 5) [ (x 2 + 5) 2 + 1 ] 2 

3-61. The derivative of an inverse 
function is equal to 

1. the negative reciprocal of the 
derivative of the direct function 

2. the reciprocal of the derivative 
of the direct function 

3. the derivative of the direct 
function 

4. the negative of the derivative 
of the direct function 



3-62. If x - - + y 2 , then ^ equals 



d (x 2 ) 

The expression means to 

0 dx 

take the derivative of the quantity 

within the parentheses with respect to 

dx 

x; in this case 2x _ or simply 2x 



because 



dx 
3x 



is 1. 



Another example would be 

d (x 2 + 2z + 5)^ which means to take the 
dz 

derivative of the term x 2 + 2z + 5 with 

respect to z, or 2x ^ + 2, Since the 

dz 

ratio ^21 is unknown, it is necessary to 
dz 

retain it as a factor. 



3-65. Find djcos 6) . 

dx 

1. SID 6 g- 



1. y^(2y 3 - 5y) 



-1 



2. y 2 (2u 3 - 5) " 2 

z: 



3. »2 



2y^ - 5 

4. y 2 

2y 3 - 5y 



3-63. 



Which of the f ol lowing statements 
is TRUE regarding the expression 



ax 2 + xy + y 2 = 0? 



1. x is an explicit function of y 

2. y is independent of x 

3. y is an explicit function of x 

4. y is an implicit function of x 

3-64. The derivative ^ of the function 

ax 

2 2 
x +xy + y = 0 is 



2. -sin 6 



3. -cos 6 



de 
dx 

de 

dx 



4. cos 0 -5— 
dx 



When differentiating trigonometric 
• functions , it is important to 
remember to find the derivative of the 
angle in addition to the derivative of 
the function. The following example 
illustrates this point : 



^ of y = cos 49 equals 



d[_(cos 46) 

de 



-sin 49 * < 46 > 

d9 

d6 

de 



- -sin 46 (4) 



= -4 sin 49 



-2x - y 
x * 1 + 2x 

-2x - y : 
z * 1 + 2xy 

- 2x + y 2 
J ' 1 + 2x 

4 2 * + y 2 

1 + 2xy 
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When using trigonometric functions 
raised to powers, you first apply the 
power rule for differentiating, then you 
apply the rules for differentiating the 
function , and finally you differentiate 
the angle . (PFA--power, function, angle 
— in that order.) 

For example, if y = (tan 49) 2 , 
then you determine f*Z by first applying 
the power rule, 

= 2 (tan 49) ^_ (tan 49) 



3-67. The function y = sin 2x cos x 
has a derivative of 

1. -sin 2 x -I- 2 cos^x 

2. -sin 2x sin x + cos x cos 2x 

3. -sin 2x sin x + 2 cos x cos 2x 

4. sin 2x sin x + 2 cos x cos 2x 



3-68. If y = (tan 29) 2 (sin 29), then 

a£ equals 



1 . (tan 26) (cos 20) 



Next you apply the rule for 
differentiating tan 46, 

% = 2 (tan 46) (sec 2 46) ^ U9) 



+ (sin 2G) (2) (tan 29) (2) (sec 29) 
2. (tan 2 29) (2) (cos 29) 

+ (sin 29) (2 tan 29)(sec 2 29) 



Finally, you differentiate the angle 46, 
|£ = 2 (tar, 46) (sec 2 46) (4) 



d9 

or 
dy_ 

de 



= 8 tan 46 sec 2 46 



r> ee ^ /sin U\ . . 

J-66. a"x\ cos u ) 13 ec 3 uxva - Leri ' t: to 



1. 1 du 
sec^u ux 



2 y 

2 . (cos u + sin u) du 

2 cJx 
sec^u 

-> 2 du . 2 du 

3. cos z u 



dx 



- sin u 



dx 



2 

cos u 



4 . (cos u) (cos u) 



du 
dx 



cos 2 u 



{ sin u) ( -sin u) 



du 
dx 



cos^u 



3. (tan 29) (cos 29) 

+ (sin 29) (2) (tan 26) (sec 2 20) 

4. (tan 2 20) (cos 29) (2) 

+ (sin 29) (2) (tan 29) (sec 2 29) (2) 



3-69. Find ^ of y 

dx 



= e 2x 



+ 1 



1. 


2e 2x + 1 


2 . 


e 2x + 1 


3. 


2e 2x 


4. 


2xe 2x 



3-70. Find ^ .of y - 



8 4x + In (x 4 ) 



1. 8 4x + I 



x 



2. 4 (In 8) 8 4x + - 

x 



3. (In 8)8 4x + | 



4. 4 (In 8) 8 4x + 4x 3 
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Assignment 4 



Textbook assignment: Chapter 6, " Integration , " pages 6-1 through 6-28 and 

Chapter 7, "Integration Formulas," pages 7-1 through 7-37. 



Learning Objective: 

VoA&iminz €lA(lcl6 undoA cuav<z& thAough inXcgAcution 
and apply intcgAcution to walk piob£em4. 

4-1. Which of the following statements 
regarding integration is FALSE? 

1. It is the inverse of addition 

2. It is the direct opposite of 
differentiation 



4-2. 



4-3. 



4-4. 



3. F(x) = j f(x) dx 



4. The derivative of a function is 
given and the function must be 
found 

In the integral / f(x) dx, dx is 
known as the 

1. limit of integration 

2. integral sign 

3 . differential 

4 . integrand 



If y 
the 



= j x dx, 



then x is known as 



1 . integrand 

2. differential 

3. integral sign 

4. limit of integration 

An integral is used only to 
represent an area under a curve. 

1 . True 

2. False 



Another way of viewing the 
expression 



n 



A = lim 1 f (x^) Ax 
n+«> k=l 

is to substitute the value of the x 
coordinate into the function f(x^) to 
find the corresponding y coordinate. 
Hence, for k = 1 to n, y n = f(x Q ), 

y l = f(x l>' Y 2 " f < x 2>' y n = f(x n> 



Therefore, the sum of the areas of the 
rectangles with width Ax and heights 
Yq' Y±f Y2' Y n ma Y t* e written as 



A = lim (y Q Ax + Y-^Ax + v 2^ x + 
n -*co 



The limit of this sum of products as 
n +co equals the integral from a to b 
of y dx, or 



y dx 




X 



Figure 4A.--Area AA. 

IN ANSWERING ITEM 4-5, REFER TO 
FIGURE 4A. 

4-5. Under what condition can AA 
closely approximate the area 
under the curve y = f(x) 
between points x and x + Ax? 

1. When Ax is extremely small 

2. When f(x) equals f(x + Ax) 

3. When point B moves to the 
right 

4. When Ax increase without 
limit 
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f (bL 




4-9. 



X 



Figure 4B . --Intermediate value between 

a and b. 

IN ANSWERING ITEM 4-6 f REFER TO 
FIGURE 4B. 

4-6. The Intermediate Value Theorem 
actually measures the area of a 
rectangle with width b - a and 
intermediate height 

1 f(b) - f(a) 
2 

2. f(b) - f(a) 

3. f(a) + f(b) 

4. f(c) 

When calculating the area under a 
• curve, you must ensure the curve, 
for example y = f(x), is continuous at 
all points over which the area is being 
computed. If the curve is not continuous, 
the area cannot be calculated by direct 
methods . 



4-10 



* A . A 

d (x 4 ) d_(x 4 
clx ' dx 


+ 


* A — v 

5) , and f < x " 8 > 

dx 


are equal to 






1. 4x 3 






2. 4x 3 , 4x 3 + 


5, 


4x 3 + 8 


3. 4x 3 , 4x 3 + 


5, 


4x 3 - 8 


4. 4x 3 , 4x 3 - 


5, 


4x 3 + 8 


All integrals 
have the same 
integration . 


of a given function 
constant of 



1 . True 

2. False 



4-11. If J fix) dx = F(x) + C, which 
statement concerning C is TRUE? 

1. It has only one value 

2. It has only positive values 

3. It has only negative values 

4. It has an infinite number of 
values 



4-12. 



4-7. 



4-8. 



If ^A v = F(x) - F(c) and x = n, 

then the area between points c 
and n on a curve equals 

i F(n) + F(c) 

1. _ 

2. F(n) - F(c) 

3. F(n) + F(c) 

4 F(n) - F(c) 
2 

Which of the following is 
equivalent to ^ j g(x) dx? 

i d g(x) 
* dx" 

2 . g (x) 
d G(x) 



3. 



dx 



The statement "The integral of a 
differential of a function is the 
function plus a constant" is 
illustrated by 

1. J 2x dx = x 2 + C 

2. J dy = y + C 



3 
4 



. | ax dx = ax 2 + C 
.J a dx = ax + C 



4-13. Which expression is TRUE if g is 
a constant and y is a variable? 

1. Jgdy=JgJdy 

2. j g dy = 



3 
4 



. J g dy 
. J g dy 



gy 
g 
y 



J dy 



4 . Both 2 and 3 above 
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4-14. If f (dx + dy + dz) 

= j dx + J dy + j dz, then 

j dx + ^ dy + J dz is equal to 



1. x - y + z 

2. x+y+z + C 

3. x + y + z 

4 . x + y - z 



4-15. Evaluate the integral J x 2 dx. 



1. 2x 



2. 



x 



3. x + c 



4. * + C 



4-16. 



Which of the following integrals 
CANNOT be determined by applying 

.n+1 



the rule 



1 
2 
3 
4 



./x 
./x 

./ 

./x 



du = 



u 



n+1 



+ C? 



-1 



dx 



dx 



x dx 



2/5 



dx 



4-17. Evaluate the integral 



lb 



dx 



1. 



x 



2. — + C 



3. 



x 



+ C 



4. 4x + C 

4-18. Evaluate the integral 
/ 7U 1 / 2 + x) dx. 

1. §x 3 /2 + xi + c 

2. ^4x 3 /2 + *i + C 

3. 14 x 3/2 + 7 x 2 + c 

4. | x 3/2 + |! + 7 



4-19. Given 



/«*-/ 



dx = 



_ x 



+ c, 



what is the value of the constant 
of integration when x = 3 and y = 5? 

1. It has an infinite number of 
values 

2. -110/3 

3. 14 

4. -4 

4-20. How do definite integrals differ 
from indefinite integrals? 

1. The variable must be assigned 
a numerical value before the 
constant of integration can 
be found 

2. The result of integration 
has a definite value 

3. No constant of integration 
is needed 

4 . Both 2 and 3 above 



4-21 



/ 



f(x) dx is an integral with 



which one of the following 
characteristics? 

1. b is the lower limit 

2. a is the upper limit 

3. b is more positive than a 

4. a and b must both be positive 



4-22 



10 



f(x) dx = F(x) 



10 



is the 



same as 



1. F(10) - F{5) 

2. F(10) + F(5) 

3. F5 - F(10) 

4. F(5) - F(10) 

4-2 3. The area bounded by the curve 

y = x 2 + 3, the X axis, and x = 1 
and x = 3 is 

1. 8 2/3 

2. 10 2/3 

3. 12 

4. 14 2/3 

2 

4-24. The area above the curve y = -x 
but below the X axis and between 
x = 0 and x = 3 equals 



1. 
2. 
3. 
4. 



-9 
-9 

3 

-3 
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4-25. The area bounded by the curve 
y = -x + 3 , the X axis, x = 0, 
and x = 6 equals (Hint: Be sure 
to sketch the graph of the curve) 

1. 0 

2. 9 

3. 18 

4. 36 



W = / F(x) dx 
a 



-/ 

/ 



80x' 



80x dx 



1/2 



The work, W, done in moving an 
^ object from coordinate a to 
coordinate b is given by 

W = / F(x) dx 
J a 

where F(x) is the variable force applied 
to the object. 



= 40x 2 



1/6 
1/2 
1/6 



This expression for work has 
application to the force required in 
stretching a spring. The force, F(x), 
required to stretch an elastic spring 
is directly proportional to the extension 
of the spring (Hooke 1 s Law) or 

F(x) = kx 

where k is the constant of proportionality. 

EXAMPLE : If the natural length of 
a spring is 18 inches and a force of 20 
pounds will stretch the spring to 21 
inches, find the amount of work done in 
stretching the spring from a length of 
20 inches to a length of 24 inches* 

SOLUTION: Since it is given that 
a force of 20 pounds will stretch the 
spring 3 inches (21 inches - 18 inches) 
or 1/4 foot, then solving F(x) = kx for 
k gives 
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= 10 - 10/9 

= 8 8/9 foot-pounds 



Find the work done in stretching 
a 21-inch spring to 24 inches if 
a force of 12 lbs is necessary 
to stretch the spring from its 
natural length of 21 inches to 
21 1/2 inches. 



1. 
2. 
3. 
4. 



7 ft-lbs 
9 ft-lbs 
12 ft-lbs 
14 ft-lbs 



or 
and 



20 pounds = k(l/4 foot) 
k = 80 pounds per foot 
F(x) = 80x 



The work done in stretching the spring 
from 20 inches (20 - 18 = 2-inch 
extension or 1/6-foot extension) to 
24 inches (24 - 18 = 6-inch extension 
or 1/2-foot extension) is then given by 



You may also use the expression 

• f b 

W =/ F(x) dx in determining the 
J a 

work done in pumping water out of the 
top of a tank. For a vertical 
cylindrical tank with radius r feet and 
height h feet, the weight of the water 
remaining in the tank is equal to 

F(x) = kirr 2 (h - x) 

where h - x is the height of the water 
remaining in the tank and k = 62.5 
(since water weighs about 62.5 pounds 
per cubic foot). Therefore, the work 
required to pump all of the water out 
of the top of the cylindrical tank is 
given by 



W = 



/ 62.5tt 
J 0 



r^(h - x) dx 
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4-27. Calculate the work required to 

completely pump all of the water 
out of the top of a vertical 
cylindrical tank whose radius is 
2 feet and height is 10 feet. 

1. 8,000-tt ft-lbs 

2. 9, 500-it ft-lbs 

3. 11,000tt ft-lbs 

4. 12, 500tt ft-lbs 



Learning Objective: 

Simplify and solve integrals using 
formulas . 



_ The formulas below may be used for 
* reference . In these formulas a, 
n, and C always represent a constant 
and u and v always represent a function 
of x. 



Table 4A. --Formulas Involving Common 

Integral Forms 

1. j du = u + C 

2. | a du = a J du = au + C 



3, J (du + dv) = J du + J 



dv 



= u + v + C 



du = 



u 



n+1 



+ C, n ^ -1 



5. / u" 1 du = / ^ du 

= In | u | + C, u 0 

6. J e u du = e u + C 

7 - / a u du = ^ + C, a > 0 

8. J sin u du = -cos u + C 

9. j cos u du = sin u + C 

10. J sec 2 u du = tan u + C 

11. j csc 2 u du = -cot u + C 

12. j sec u tan u du = sec u + C 
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esc u cot u du = -esc u + C 



4-28 



4-30 



In answering items 4-28 through 
4-38, evaluate the given integral. 



4x J dx is 



1. x + C 



2. 4 x 4 + C 



3. 12x^ + C 



4. 12x 4 + C 



4-29. j (5x 3 / 2 - ttx + 2x 5 ) dx is 



1. 25^5/2 _ 7^2 _ x 
2 2 2 



-4 



+ C 



2. 2xV2 _ 



\2 + c 



3. 2x 



4. 2x 



5/2 



5/2 



7T 5 X 

T X 2 



-4 



+ C 



- TT - 



X 



-4 



+ C 



j (x + 2) 2 dx is 



1. ^-{x + 2) 3 + C 

2. x 2 + 4x + 4 



3. 2x + 4 + C 

4. 2(x + 2) 3 + C 

4-31. j (x 3 - 3) 1/2 x 2 dx is 

■ 3) 1/2 + C 



1. J(x 3 



2. |<x 3 - 3) 



3/2 + 



3. (x J - 



3) 1/2 x + C 



4. 



(x* - 3) 



3/2 



+ C 
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/ 


(x2 - 


6x + 2) 


2 (2x - 6) 


dx 


1. 


5x - 


*? 

- 2x + 


x + C 




2 


2 (x 2 


- 6 x + 


2) + C 




3. 




- 6x + 


2) 3 + C 




4. 




- 6x + 


2} 3 (2x - 


6) 2 


/ 


(x 2 - 


8) (x 3 - 


24X)" 1 / 2 


dx 


i. 


l<* 2 


- 8) 2 + 


C 





2. - i(3x 2 - 24) ~ 3/2 + C 

3. x~ 3 / 2 - 24" 1/2 + C 

4. 2 (x 3 - 24x) 1/2 + C 



2x 



dx is 



(1 + x 2 } 3 
1. -1 (1 + x 2 ) 2 + C 



2. - 



2(1 + x 2 ) 2 



+ C 



3. 



4(1 + x 2 ) 4 



+ C 



4. 



+ C 



(1 + x 2 ) 3 



1. 



x - 1 
(2x - x 2 ) 1/3 
3(x - l) 2 
8(2x - x 2 ) 4 /3 



dx is 



+ C 



2. 2(2x - x 2 ) 2 / 3 + C 

3. - 3 (2x - x 2 ) 2/3 + C 

4 

4. - 4 (2x - x 2 ) 4 /3 + c 



4-36 



" J x + 1 



dx is 



1. In |x + 1 + C 
1 



2. 



3. 



x + 1 
2 



+ C 



(x + 1) 



+ C 



4. 2 (x + 1) z + C 



4-37 



8 



dx is 



1. * In |x - 8 | + C 

2. |(x - 8) 2 + C 



3. 



8 



(x - 8) 



+ C 



4. 4 In x - 8 I + C 



/ n 2 
J 2 x - 



4-38. / dx is 

2x" - 5 



1. 4 In 2x z - 5 + C 



2. \ In [ 2x 2 - 5 I + C 
4 1 1 



3. 



4. 



(2x 2 - 5) 2 
2 

2 

(2x 2 - 5) 2 



+ C 



+ C 



4-39. When it is necessary to integrate 
a fractional function whose 
numerator contains a term to a 
higher power than any term in the 
denominator, the first step is to 



1. apply the form J ~ 



du 



2 . divide the denominator into the 
numerator 

3. integrate each term in both 
numerator and denominator 
separately 

4. divide each term of both 
numerator and denominator by 
the independent variable raised 
to the highest power contained 
in the numerator 
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^ When the degree of the polynomial 
^ in the numerator is greater than 
or equal to the degree of the polynomial 
in the denominator, then division of a 
polynomial by a polynomial can be 
performed. 

For example, 

(x 4 + x 2 + 2x - 80) t (x + 3) 
could be determined as follows: 
x 3 - 3x 2 + lOx - 28 



x 



+ 3^ x 4 + 



Ox 3 + 



x + 2x - 80 



x 4 + 3x 3 



-Ox- 3 + 



-3x 3 - 9x 2 



10x 2 + 2x 



10x z + 30x 



-28x - 80 
-28x - 84 



So, 



x 4 + x 2 + 2x - 80 
(x + 3) 

= x 3 - 3x 2 + lOx - 28 + — ^—^ 

x + 3 



4-41 



x 4 - 3x 2 - 4 
x + 2 



dx is 



1. 


4x 3 


- 6x + In |x + 


2 I 


+ C 


2. 


1 v 4 
4 X 


- ».» ♦ & . 


In 


1 






(x+ 2) 2 


3. 


X * 4 


- v ♦ §* 2 - 


2 In Jx + 2 | 


4. 


1 4 


2 3 1 2 
- 3 x + 2 x - 


2x 


+ C 



+ c 



4-42 



• / e x 



dx is 



1. 


e x + C 




2. 


1 V 2 




3. 


x-l 
xe* + c 




4. 


e x 

-~ — + c 




In x 




•/ 


(x 2 - l)e( 3x " x3 ) 


dx is 


1. 


- i In |3x - x 3 


+ C 



2. - le(3x-x 3 ) + c 

3. e (3x ~ x3 ) + C 

4. 3e (3x ~ x3) + c 



In answering items 4-40 through 
4-54, evaluate the given integral. 



4-40. 



/ 



x dx is 
x-l 



4-44. / 2 X dx is 
1. 2x + C 



2. 2 X In 2 + C 



1, 2x + C 

3 2 + 9 

2. - - x — ZL_£2i + c 

x 2 - 2x - 1 



3. 



(x + 1) 



+ In Ix - 1| + C 



3. 



4. 



TFT5 + c 

nX+1 



X + 1 



+ C 



1 0 

4. jx* + x+ln|x-l|+C 
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4-45. / 5 f x / 2 - 3 ) dx is 



j r (x/2-3) , 

^TFl 1 + c 



4-49. j esc j cot |- d0 is 



8 8 
1. 2 cos j tan + C 



2. lx - 15 + C 
2 



2. 2 sec 2 (|) + C 



3. 



5 {x/2-3)2 
Tn~5 



+ C 



3. - | cot | + C 



4. ±x - 3 In 5 + C 
2 



4. -2 esc |- + C 



4-46. / sin * dx is 
J 2 



4-50. J CSC 1 T ~ dx is 



: 2 ^ 



✓x 



1. - 1 cos * + C 



2. -2 sin J + C 



3. -2 cos 2 + C 



1. - ^ cot 3 (x 1/2 ) + C 



2. cot /x + C 



3. -cot x 



-1/2 + 



4. 2 tan ^- + C 



4. -2 cot /x + C 



4-47. x cos 2x z dx IS 



4-51 



/2 2 
x sec (1 - x ) tan (1 - x ) dx is 



1. -sin 2x z + C 



2. I sin 2x 2 + C 
4 



3. ^- cos ^-x 3 + C 



4. 4 sin 4x + C 



4-48 



. J (cos 2x - sin i) dx is 



1. sin 2x + cos ~ + C 



2. 6 cos 2x sin + C 



1 x 
3. ^- sin 2x + 3 cos -j + C 



4. 2 sin 2x + + C 



1. - j sec (1 - x 2 ) + C 



2. -sec 2x tan 2x + C 



3. -esc (1 - x z ) + C 



4. tan (1 - x z ) + C 



4-52. ^ sec 2 ax dx is 



1 3 
1. -=r- sec ax + C 
3a 



2. - tan 2 ax + C 
a 



3. — tan ax + C 
a 



4 . a tan ax + C 
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4-53. -6 J cos^x sin x dx is 

1. -6 cos x + C 

2. -2 cos x 2 + C 

3. 2 cos 3 x + C 

4. 2 sin 3 x + C 



4-54. J sin 3 ^*-) cos dx is 

1. ^ .in4(x) + C 

2. | sin 4 /*) + C 

3. J cos 4 (f) + C 

4. cos 4 (f) + C 
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Assignment 5 



Textbook assignment: Chapter 8, "Combinations and Permutations/ 1 pages 8-1 

through 8-27 and Chapter 9, "Probability," pages 9-1 
through 9-29. 



Learning Objective: 

Apply the concepts of combinations 3 
principle of choice^ and permutations 
to problem solving. 



n! 



5-1. 



5-2 



Permutations and combinations are 
different in that permutations 
are ordered and combinations are 
not ordered. 

1 . True 

2. False 



The symbol 7 C 3 means combinations 
of 

1. three groups with seven items 
each 

2. three items grouped in seven 
different ways 

3. seven groups arranged in three 
different ways 

4. a group of seven items taken 
three at a time 



5-3, Find the value of 7». 

1. 7 

2. 28 

3. 720 

4. 5,040 

5-4. Subtracting 2! from 4 1 gives 



5-5 



5-6 



1. 2! 

2. 2! (21 

3. 11 

4. 22 



- 1!) 



(n + 4) ; . . 

( n + 2} — 1S equivalent to 

1. (n + 3) (n + 4) 

2 . (n + 3) ! (n + 4) 

3. (n + 4) (n + 3) (n + 1) ! 

4. (n + 1) ! (n + 2) (n + 3) (n + 4) 

The value of ,C n is 

-> o 

1. 1 

2. 5 

3. 0 

4. undefined 



5-7. The formula C = — — , — 

n r r 1 (n - r) i 

is equivalent to which of the 
following results when n = r? 

1. 1 

2. 0 

3. oo 

4. An undefined quantity 
5-8. gC^ equals 

1. 56 

2. 336 

3. 40 

4. 6,720 

5-9. In how many ways can a committee 
of four people be chosen out of 
seven people? 

1. 28 

2. 35 

3. 840 

4. 5,040 

5-10. If a division consists of eight 
ships, how many combinations of 
two ships each can be made up 
from the division? 



1. 
2. 
3. 
4. 



16 
28 

1,230 
1,680 



5-11. 



If 10 children are on a baseball 
team's roster, how many different 
teams of 9 players may be formed? 

1. 10 

2. 11 

3. 19 

4. 90 



5-12. Find the value of C C^*,C* 

D O J £. 



1. 10 

2. 13 

3. 21 

4. 30 
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5-13. A person buying a pizza has a 
choice of one size from three 
and two toppings from six. How 
many different pizzas are possible? 

1. 18 

2. 45 

3. 3 

4. 15 

5-i4. S division has 5 workers, A 

division has 7 workers, and K 
division has 8 workers. How 
many possible working parties 
composed of 2 workers from S 
division, 3 workers from A 
division, and 3 workers from K 
division can be selected? 

1. 101 

2. 15,423 

3. 17,647 

4. 19,600 

5-15. The number of permutations of 
four items taken together is 
equal to 

1. 9 

2. 10 

3. 20 

4. 24 



5-17. .P. equals 



1. 48 

2. 60 

3. 64 

4. 72 

5-18. How many five-digit student 

identification numbers can you 
form using the digits 1 through 
8 if each digit can be used only 
once? 



5-19. A jeweler is presented with 10 
rings and asked to select the 4 
she likes best and to rank them 
from first to fourth. What is the 
number of possible outcomes? 

1. 40 

2. 210 

3. 5,040 

4. 151,200 

5-20. Find the value of n P„* c P rt . 



1. 9! 

2. 126 

3. 216 

4. 3,024 

5-21. The letters of the word THE can 
be arranged in several ways. If 
two of these arrangements are THE 
and HTE, the remaining arrangements 
are 

1. HET, ETH, EHT , TEH 

2. HET, ETH , EHT 

3. HET, ETH, TEH 

4. TEH, ETH, EHT 

5-22. How many arrangements can you make 
using the letters in the word 
AIRCRAFT? 

1. 1,680 

2. 9,760 

3. 10,080 

4. 20,160 

Using the digits 1 through 7, how 
many more three-digit numbers can 
you form with repetition than 
without repetition? 

1. 64 

2. 118 

3. 133 

4. 154 

5-24. Using the digits 1 through 8, how 
many even four-digit numbers can 
you form without repetition? 

1. 24 

2. 840 

3. 1,250 

4. 1,680 



5-16. The number of permutations of 

three items taken together exceeds 
the number of combinations of 
these three items taken together 
by 

1. 0 

2. 5 

3. 6 

4. 4 



1. 40 5-25. How many possible outcomes are 

2. 56 there in answering at random four 

3. 6,720 true-false questions? 

4. 32,768 

1. 16 

2. 8 

3. 32 

4. 4 
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Learning Objective: 

Apply the basic concepts of probability 
to problem solving . 



5-31 



5-26. If a trial must result in any of 
n equally likely outcomes, and if 
s is the number of successful 
outcomes and u is the number of 
unsuccessful outcomes, then the 
probability of succeeding is 
represented by which of the 
following equations? 



1. 



2. 



u + n 



s + u 



A box contains 3 red balls and 
2 green balls. If drawing a red 
ball is considered successful , 
what is the probability of 
failing? 



1. 
2. 
3. 
4. 



0.2 
0.3 
0.4 
0.6 



5-32 . 



A shipment of 500 light bulbs 
contains 95 defective bulbs. If 
you purchase 1 of these 500 bulbs, 
what is the probability that the 
bulb will work? 

1. 0.81 

2. 0.19 

3. 0.99 

4. 0.01 



5-27 . 



5-29. 



3. 1 
n 

4 . Both 2 and 3 above 

A bookshelf contains four chemistry 
books , three physics books, and 
five mathematics books. What is 
the probability of selecting a 
mathematics book? 



5-33. 



1. 
2. 
3. 
4. 



1 

5/12 
7/12 
1/5 



5-34 . 



5-28. If a pair of fair dice are tossed, 
what is the probability of getting 
a sum of 12? 



1. 
2. 
3. 
4. 



1/2 
1/3 
1/18 
1/36 



The probability of an event always 
lies in the range from 0 and 1 , 
inclusively. 



5-35. 



If a man draws cards at random 
from a complete deck (52 cards) 
and replaces each card prior to 
the next draw, how many spades 
can he expect to draw out of 80 
attempts? 



1. 
2. 
3. 
4. 



13 
20 
39 
40 



A contractor bids on a job to 
construct a building. There ! s a 

0. 7 probability of making a 
$175,000 profit. What is the 
contractor's mathematical 
expectation? 

1. $52,500 

2. $250,000 

3. $175,000 

4. $122,500 

If the outcome of one event has 
no influence on the outcome of 
another event, the events are 
said to be 



1 . True 

2. False 



5-30. If the probability of success is 

s then the 
s 



equal to -, 

M s + f 

expression 1 - 



s + f 



represents 



1. separate 

2 . independent 

3. unattached 

4. disjointed 



1. a problematic outcome 

2. the probability of success 

3. the probability of failure 

4 . the number of possible outcomes 



36 



5-36 



5-37 



5-38 



5-39 



When dealing with independent 
events, you calculate the 
probability that one and then 
the other event will occur by 
combining their separate 
probabilities through 

1 . subtraction 

2. division 

3. addition 

4 . multiplication 

If a coin is flipped three times, 
what is the probability of heads 
showing up all three times? 

1. 1/8 

2. 1/6 

3. 1/3 

4. 1/2 

What is the probability of 
answering four true- false 
questions correctly? 



1 
2 
3 
4 



1/18 
1/16 
3/16 
1/2 



If the outcome of one event 
influences the outcome of another 
event, the events are said to be 

1. equivalent 

2. additive 

3. dependent 

4. exclusive 



5-40. Assuming no replacement after 
each drawing , what is the 
probability that you will draw 
first a nickel and then a dime 
out of a jar containing three 
dimes, four nickels, and five 
pennies? 

1. 1/5 

2. 1/6 

3. 1/11 

4. 1/12 

5-41. A shipment of 40 items contains 6 

defectives. What is the probability 
of randomly selecting 3 defective 
items in a row? 

1. 9/20 

2. 3/20 

3. 27/8,000 

4. 1/494 



5-42, A workshop is attended by 10 men 
and 12 women. If the instructor 
randomly selects 4 attendees for 
a special project, what is the 
probability that they are all 
women? 

1. 1/3 

2. 9/133 

3. 2/11 

4. 1,296/14,641 

5-43. Mutually exclusive events differ 
from dependent events in that 
with the former the occurrence of 
one event 

1. precludes the other event from 
occurring 

2. makes it possible for the other 
event to occur 

3. increases the probability of 
the other event occurring 

4. reduces but does not eliminate 
the probability of the other 
event occurring 

5-44. What is the probability of drawing 
a red ace or a red king from a 
standard deck of 52 playing cards? 

1. 1/26 

2. 1/13 

3. 2/13 

4. 4/13 

5-45 . If each of eight horses in a race 
has an equally likely chance of 
winning, what is the probability 
of choosing a horse that finishes 
first or second? 



5-46 



1. 
2. 
3. 
4. 



1/2 
1/8 

3/8 

1/4 



A class consists of 7 physics 
majors, 10 chemistry majors, 
5 biology majors, and 14 
mathematics majors. What is the 
probability that you will select 
one student who is either a 
mathematics or a chemistry major? 

1. 1/24 

2. 35/324 

3. 2/3 

4. 1/9 
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5-47. Which of the following is NOT a 5-49. 
characteristic of empirical 
probability? 

1. All possible outcomes can 
always be listed 

2. It is used in industrial 
quality control 

3 . Probabilities are estimated 
from experience and observation 

4. Probabilities are obtained from 
situations that are not equally 5-50. 
likely to occur 

5-48. An adequate statistical sample is 
one that is large enough that 
accidental runs of luck offset 
each other. 

1. True 

2. False 



If a batter hits 5 home runs in 
200 times at bat, what is the 
statistical probability that he 
will hit a home run the next 
time at bat? 

1. 0.4 

2. 0.04 

3. 0.05 

4. 0.025 

A grocery store is planning to 
sell unmarked boxes of candy, 
cookies, and chips. The unmarked 
assortment contains 200 boxes of 
candy, 250 boxes of cookies, and 
300 boxes of chips. If one box 
is selected, what is the 
probability that it is a box of 
cookies? 

1. 1 

2. 1/3 

3. 1/250 

4. 1/2 
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